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Abstract

The life predictionof singlecrystalcomponentswasstudiedin this work throughan
experimental approachandnumericalmodelling. It hasbeenobservedthata goodevalu-
ationof the life mustincludebotha crackinitiation modelanda predictionof thecrack
propagation.
Themaincontribution of thethesisdealswith crackinitiation: a hugeexperimentaldata
baseon SC16hasbeenmade,andtwo original approacheshave beenproposedfor the
simulationof the tests.Most of thetestsperformedin thestudyareuniquein the litera-
ture,speciallythesectionconcerningthenotchedspecimenswith

�
001� , � 011� and

�
111�

crystallographic orientations.Severalnotchedradii andorientationsof thematerialhave
beenused.Metallurgical observationshave beenmadeto characterizecracklocationand
therupturemode.
The simulation sectionincludesfirst the identificationof the materialparametersfor a
crystallographic modelvalid for nonisothermalcyclic loadings, in thecompletetemper-
aturerange,a specialattentionbeingpayedto 950� C. The samesetof coefficients is
valid for monotonic loadings, includingcreep,andcyclic loadings with or without hold
periods,for all thecrystallographic orientationstested,with eithersingleor multiple slip.
This modelwasusedto simulateisothermallow cycle fatiguetestson circumferentially
notchedspecimenusinga FE technique.Crackinitiation modelscanthenbeappliedin
a post-processorto achieve the life prediction. A new definitionof thecritical variable,
basedon the resolved shearstress,hasbeenvalidated. On the other hand,it was ob-
servedfrom micrographsof thesurfacerupturesthatthecracksinitiatefrom castingpores
presentnearthesurface. An secondapproach,a statistical failuremodeltakingaccount
of thedefectsdistribution in thelife prediction, hasbeensuccessfulyappliedtoo.
Themethodology derivedfrom thespecimenobservationis thentestedon a “technologi-
calspecimen”by theindustrial partner, Siemens(KWU), simulatingthemostcritical zone
of a turbineblade.Theclassicalproceduresusedin industry for life predictionaremore
andmorequestionable, dueto the increasingcomplexity of the thermalandmechanical
loadinghistory. The FE modelwas taken from KWU, and the two previously defined
assessmentrulesweresuccessfullyapplied.Both lifetime andcracklocationgivenby the
modelwerefoundin goodagreementwith experiment.
The lastsectionof this work is a numericalstudyconcerningthestrainlocalisationpat-
ternsat the crack tip in f.c.c. singlecrystalsunderplanestrainconditions at low tem-
perature.This hasto beseenasa first stepfor a betterunderstandingof thecrackprop-
agationprocess,having in view the competition betweenstrainlocalisation modelsand
fracturemechanicsapproach.Our contributionconcernsthemodificationof thetheoreti-
calclassicalcontinuummechanicsresultsproducedby theintroductionof thegeneralized
continuum theory. A Cosseratmodel for singlecrystalhasthenbeenused,for several
orientations of a CT specimen,andwasshown to predicta qualitatively differentanswer
to theproblemof strainlocalisationat a cracktip andto give pertinentexplanations for
crackbranchingafterstablecrackgrowth.
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Résuḿe

La duŕee de vie de structuresmonocristallines a ét́e abord́ee selon une approche
expérimentaleet unemod́elisation numérique.Suiteà desobservationsil s’avérequ’une
satisfaisante déterminationde la duŕeede vie doit inclure un mod̀eled’amorçageet une
prévisiondela propagationdefissure.
La principalecontribution decettethèseconcernel’amorçagedefissure:uneimportante
campagned’essaisa ét́e accompliepour le SC16et deux approchesoriginalesont ét́e
misesenoeuvrepourleur simulationnumérique.La plupartdesessaiseffectúespendant
cetteétude,en particulier la partie traitantdesessaissur éprouvettesentailĺeesavec les
orientations cristallographiques

�
001� , � 011� et

�
111� , constituentdesresultatsinédits.

Plusieurrayonsd’entaille et orientationsdu mat́eriau ont ét́e test́es. Des observations
métallographiquesont permisdecaract́eriserla localisation defissureet le modederup-
ture.
La partiesimulation traite d’abordde l’identification desparam̀etresdu mod̀ele cristal-
lographique valablespour deschargementscycliquesanisothermes,couvrantun large
intervalle de temṕerature,uneattentionparticulìereétantprêterà 950� C. Le mêmejeu
de coefficientssatisfait les chargementsmonotones(tensionet fluage)et cycliquesavec
ousanstempsdemaintien,pourdifferentesorientationscrystallographiques,avecglisse-
mentsimple ou bienmultiple. Cemod̀elea ét́e utilisé poursimuler desessaisisothermes
LCF sur éprouvettesentailĺeesutilisant la méthodedesElements-Finis.Des mod̀eles
d’amorçagepeuventalorsêtreappliqúespardespost-processeurspouraboutirà la duŕee
de vie. Une nouvelle définition de la variablecritique, issuede la cissionresolue,a ét́e
validée.Par ailleurs,il a ét́eobserv́esurdesmicrographiesdesurfacesderupturequeles
fissuress’initient à partir deporesprésentsauvoisinagede la surface. Unesecondeap-
proche,un mod̀elederupturestatistiquetenantcomptedela distribution dedéfautsdans
l’estimationdela duŕeedevie, a également́et́eappliqúeavecsucc̀es.
La méthodologie obtenueà partir de l’ éprouvette de laboratoirea ét́e test́ee sur une
“ éprouvette technologique” par le partenaireindustriel, Siemens(KWU), simulant les
zonesles plus critiquesd’une aubede turbine. Les méthodesclassiquesutiliséesdans
l’industrie pour la détermination de la duŕee de vie sont de plus en plus discutables,
dû à la compĺexité croissantede l’histoire du chargementthermoḿecanique. A partir
du mod̀ele Element-Finisde KWU, on a montŕe queles deuxméthodespréćedemment
définiesprésententun bon caract̀ereprédictif. La localisation de fissureet la prévision
dela duŕeedevie obtenues̀a l’aide decesmod̀elessontenbonaccordavec lesrésultats
expérimentaux.
La dernìere partie concerne l’ étude numérique des bandesde localisation de la
déformationen pointe de fissure d’un monocristal en déformation plane et à basse
temṕerature.Il s’agitd’unepremìereétapepourunemeilleurecompŕehensiondela prop-
agationde fissures,ayanten vue la comṕetition entreles mod̀elesde localisationde la
déformationet l’approchede la mécaniquede la rupture. Notre contribution concerne
la modificationdesrésultatsobtenuspar la mécaniqueclassiquedesmilieux continus,
produite par l’introduction dela théoriedesmilieuxcontinusgéńeraliśes. Un mod̀elede
Cosseratpour le monocristal a ét́e utilisé, pourdifférentesorientationsd’une éprouvette
CT, et on a montŕe qu’il prévoit unesolution qualitative différenteauprobl̀emedelocal-
isation de la déformationenpointedefissureet qu’il donnedesexplicationspertinentes
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pourlesbifurcationsdefissureapr̀espropagation stable.
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rôled’éveilleur.
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Part I

Intr oduction

This thesishasbeenperformedat theBAM, FederalInstitute for MaterialsResearch and
Testingfrom Berlin (FRG),duringmorethantwo yearsandat theCentredesMatériaux
del’ EcoledesMinesdeParisduringseveralmonths.
The work was performedin the laboratory“Computational Analysis of Material and
Components”, in the framework of the Brite-EuramProject“AdvancedAnalysisTools
to PredictFailureMechanismsin TBC CoatedandUncoatedSingleCrystalSuperalloy”
[Boubidi et al., 1998,Boubidiet al., 1999].

Thegrowing demandfor energy saving hasled to thedevelopmentof combined cy-
cle plantsfor basepower generation.The demandfor high efficiency in industrialgas
turbines,aswell asthanin aircraft engines,canbe satisfiedby raisingthe turbineinlet
temperatureor by reducingthecoolingof thehot sectionof thecomponents. Threedif-
ferentwayscanbefollowedto improve theperformanceof thecomponents:

(1) useof bettermaterials (materialssciencedomain),In the past,significantadvances
have beenmadeconcerningmaterialdevelopment:thematerialsusedin thehot partsof
theenginesareNickel-basesuperalloys. They presentagoodresistanceagainsthightem-
peratureandenvironmental effects,
(2) havea betterdesignof the blade, to lower the temperatureof the metal for a given
temperatureof the gas(fluid mechanics,studyof the temperaturefields, structuralcal-
culations). The geometriesarenow very elaborate,with hollow blades,anda complex
systemof cavitiesandholes,in orderto ejectcoolgasat thesurfaceof theblade,to make
aprotectivefilm,
(3) improvetheknowledgeof thematerialbehaviourandits failureproperties(fieldof de-
sign,mechanicsof materials).Our contribution concernsthis lastpoint. Theaim of the
projectconcerningtheBAM wasto build numericaltoolsto assessthelifetimeof turbine
blades,especiallygasturbinebladesusedin powergeneration.

A thoroughreview of high temperaturedurability methodsfor calculatingtime to
crackinitiation on engineeringcomponentsworking at high temperaturecanbefoundin
[LemaitreandChaboche,1985,Halford,1991]. Recentinvestigationshave shown that
high temperaturefatigue behavior of polycrystalline superalloys is well known, with
many lifetime prediction methodsavailable for that classof material [Danzer, 1988,
Rémy, 1993]. Nevertheless,the knowledge concerningthe fatigue life behavior of
anisotropic structuralmaterialslike directionally solidified or single crystalline super-
alloys is ratherpoor [Nissley et al., 1992]. Progressis neededon this point, having in
view thefactthatsevereandcomplex multiaxialthermomechanicalloadingconditionsare
foundin thecomponents,andthattheroughsurfaceandthemicro-cracksof thefilm cool-
ing holesproducedby manufacturing,leadto fatiguecracks.Dependingon the loading
conditions, thesecrackswill develop or might bestopped.A reliablepredictionmethod
shouldthenincludethreesteps,thefirst oneconcerningtheevaluation of the stressand
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strainfields,thesecondonethecrackinitiation models, thethird onethecrackpropaga-
tion models.Onecanreasonablyconsiderthatsteponeis solved now. So, the topic of
the thesiswork wasfirst to contribute to steps(2) and(3). Thecrackinitiation problem
wastreatedwith BAM, andpreliminaryelementsconcerningstep(3) wereinvestigatedat
CentredesMatériauxduringthelastyear.

In thefirst part,we presenta constitutive modelfor singlecrystalsat smalldeforma-
tions alreadydevelopedat CentredesMatériaux in the framework of a previous thesis
[Méric,1991].Thegoodpredictivecapabilitiesof thismodelandits simplicity for Finite
Elementanalysesis confirmedin thisstudy.
Thematerialparametersarecalibratedfor a largeexperimental datebaseonsinglecrystal
superalloy SC16at low andhigh temperatures.A thoroughnumericalidentificationis
performedat 950� Csincewe investigatetheLow-CycleFatiguebehavior of thematerial
at this temperatureandunderisothermalloading.

Thesecondpart dealswith the influenceof notcheson LCF behavior of the alloy at
high temperature,from anumericalandexperimentalpointof view.
SeveralLCF notchedspecimenshave beentestedat 950� C. Threedifferentnotchradii
andthreecharacteristicorientationsof thecrystalhavebeeninvestigated.Metallographic
observationsshow theeffect of anisotropicbehavior of thematerialon thecracklocation
in thenotcharea.A ”good” life predictionmodelmustbeableto predictthesetestswith
materialparametersidentifiedon thesmoothspecimens.Numericalsimulationsarethen
performedto model the stress/strainstatein the notcharea. They will allow us to test
several approachesfor crack initiation, involving new critical variables,taken from the
crystallographicmodel(model1), or addingthe probabilistic aspectandtaking into ac-
countthepopulationof defects(model2).

In the third part, we apply the crack locationandthe lifetime assessmentrulesto a
”technological specimen”,which is a platewith severalholes,usedto simulatethecool-
ing holesof turbineblades.SeveralLCF testshavebeencarriedoutby KWU with repre-
sentative loadingconditionsfor theblades.Micrographsof thesurfaceof thespecimens
duringthetestallow to analysepreciselythecrackmechanismat theholes.On theother
handFinite Elementcalculationsof thesetestsareperformed.Thelifetime andthecrack
locationassessmentrulesareappliedfrom thenumericalanalyses.A comparisonbetween
experimental andnumericalresultsis made.

Thefourthpartis thepreliminarystudyof thelargecrackgrowth in singlecrystalsu-
peralloy. Thehighstraingradientsat thecracktip leadusto useageneralizedcontinuum
theoryonthelocalizeddeformationpatternsin thisanisotropicmaterial.After areview of
recentpublicationsaboutlargecracksin monocrystallinematerials,theconstitutiveequa-
tionsof thegeneralizedcontinuummodelis briefly recalled.Thencalculationsof some
representativecrackconfigurationswith thismodelarepresented.Theresultscharacterize
themodificationof thestrainlocalisationbandsdistribution. Moreoversomeexplanations
of crackbranchingafterstablecrackgrowth aregiven. Finally someencouragingexperi-
mentalresultsaregivenin thelastsection.
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Part II

Constitutive model for singlecrystals at
small deformation

1 Intr oduction

The high costof mechanicaltesting on structuresneedsto promotethe developmentof
efficientnumericaltechniquesandmethods.Indeednowadaysa lot of effortsaremadeto
havehighperformancenumericaltools. In particularlyit is essentialto designanaccurate
andpredictive modelfor thematerialsusedin turbinebladesundersevereconditionsof
thermomechanicalloadings. Nickel-basesinglecrystalsuperalloys presentthe required
propertiesto resistcreepat high temperatureandthereforeto increasethelifetime of the
components. Unfortunatelytheir specificmicrostructure leadsto a complex behaviour.
For that reason,a lot of modelshave beendeveloped for singlecrystalsduring the last
twenty years. In this sectionwe give a review of the most representative andwe will
presentthemodelusedin ourwork. Themainpropertiesthatweseek,for amodelwhich
hasto beusedto performstructuralcalculations,canbesummarizedasfollows:� Themodelmusthave predictive capabilitiesfor a volumeelementandfor a com-

ponentwhich hasa nonhomogeneousstateof stressandstrainunderuniaxialand
multiaxial loadingconditions.� Thetimeof computationmustberelatively low in orderto stayin theframework of
industrial applications.� A reducednumberof materialparametersmustdefinethemodelfor a given tem-
peratureandmustbeeasyto calibrate.

Viscoplastic modelsfor cubic single crystalsbasedon Hill’ s criterion can be used
for onedimensional cyclic loadings[NouailhasandFreed,1992]. The reducednumber
of statevariableis an advantagefor F.E. computations. But this type of model is a lit-
tle simplistic: for instance,it doesnot take into accountthe experimentalobservations
madeon tubular specimensundertorsional loading,which presentinhomogeneousde-
formation along the circumference[Nouailhaset al., 1995]. Moreover the application
of the Schmidlaw shows that the strainandstressdistribution cannotbe homogeneous
[NouailhasandCailletaud,1995].
On the other hand, a similar class of models based on a tensorial generaliza-
tion of a uniaxial non-linear rheological model allows to determine the creep
behavior of structural elements in single crystals [BertramandOlschewski, 1991],
[BertramandOlschewski, 1996].

At thescaleof theprecipitatesotherauthorsperformedfinite elementcalculationsof
two-phaseperiodiccells in orderto give a descriptionof the internalstressesandstrains



16

in themicrostructure[Espíe,1996], [NouailhasandLhuillier, 1997], [Bussoet al., 1998].
For eachphaseaphenomenologicalconstitutivebehavior hasbeencalibrated.
From a representative two-phasecell one can also obtain the constitutive equa-
tions of the homogeneousequivalent medium with the self-consistent scheme
[ForestandPilvin, 1996].

At a lowerscalethemicromechanicalapproachesmodeltheelementarymechanisms.
[Fenget al., 1996] hastaken into accountresidualstresses,direction-dependentlattice
parametersand lattice misfits in the γ� phasein a finite element-modelling of a tensile
creep-deformedmonocrystallinenickel-basesuperalloy SRR99.
Froman analysisof themaindeformationmechanismswith theexplicit introductionof
thedislocationnetworks [Fedelich,1999] hasdesigneda constitutive modelfor theme-
chanicalbehavior at high temperaturesof superalloys with a high volume fraction of γ�
phase.This analysisallows to giveclearphysical interpretationsof theinternalvariables
usedby themodel.Neverthelessthelargenumberof internalvariablescouldbeanobsta-
cle for finite elementstructuralanalyses.

An intermediatewaybetweenmicromechanicalapproachesandthemacroscopicphe-
nomenological onesis crystallographicslip theory. This approachis known for a long
time [Taylor, 1938, Bui, 1969, Mandel,1971]. On the other hand,it is now moreand
moreefficient, dueto thedevelopmentof thecomputers(startingwith [J. Asaro,1983]).
Ourapproachis basedonaversionof thesemodelsdevelopedatEcoledesMinesdeParis
[Cailletaud,1987, Forest,1996].

Many paperscanbefoundonthemodelingof Nickel Basesinglecrystals,for instance
PWA 1480athigh temperature[WalkerandJordan,1989], [Nissley etal., 1992]. A good
agreements generallyfound betweenmodelandexperimentfor the uniaxial hysteresis
loops, if oneintroducesbothoctahedralandcubicslip in themodelling.

The modelwe usein this work wasdevelopedin a previous thesis,usingconstitu-
tiveequationswhichinvolvebothkinematicandisotropichardening[Méricet al., 1991a].
The equationsare written at the scaleof the crystallographicstructure. The simplic-
ity of this approachand the relatively small numberof variablesto integrateallow the
model to be implementedin a finite elementcode[Méricet al., 1991b]. Moreover due
to its physical basis it can be also successfullyapplied for biaxial loadings. Good
agreementswere found in the caseof tensionand torsion loadingsfor the nickel base
single crystal superalloy CMSX2 at high and low temperature[Nouailhaset al., 1995],
[NouailhasandCailletaud,1995], for AM1 [Hanriot,1993, Espíe,1996] and more re-
centlyfor SC16[Forestet al., 1996].

In thenext sectionwe give theprincipalconstitutive equationsof this modelwritten
at small deformations. Thenwe proposea parameterset for the singlecrystalSC16at
low andhigh temperaturesafteran identificationfrom a largeexperimentaldatabaseof
uniaxialtestsonbulk smoothspecimens.
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2 Presentation of a crystallographic model

Dueto thecubicsymmetryof theFCCmaterialtherelationbetweenthestresstensor, σ� ,
andthe elasticstraintensor, ε� e, is determinedby threeindependentconstantsC1111, C1122

andC1212 of theelasticitytensorC�
σ��� C�
	 ε� e (1)

with thepartitionof themechanicalstraininto anelasticanda plasticpart

ε��� ε� e � ε� p 	 (2)

For single crystalsthe viscoplastic deformationresultsfrom the effects of dislocation
motiononcrystallographicplanesby slip processes:

ε̇� p � 18

∑
g=1

γ̇g
1
2


lg � ng � ng � lg � (3)

where lg and ng respectively are the slip direction and the normal to the slip planeof
slip systemg which definethe symmetric secondordertensor. As at room temperature
[Hanriotet al., 1991], [Forestet al., 1996], we considerbothoctahedral(12 � 111�  110� )
andcubic(6 � 100�  011� ) slip systemsat high temperature[WalkerandJordan,1989].
Theflow rule is

γ̇g � ���
τg � xg

� � rg

k � n

sign

τg � xg ��� (4)

theisotropichardeningrule is givenby

rg � ro
� q∑

r

Hgr � 1 � e� bvr �
with v̇r � �

γ̇r
� � (5)

andthe kinematichardeningis governedby the equation,valid with the isothermalas-
sumption:

ẋg � �
γ̇g
� 

c sign

γ̇g � � d xg � ��� � xg

�
M � m

sign

xg � 	 (6)

Wecall totalcumulatedslip in aslip family G thequantity ∑
g � G

vg, wherevg is thecumulated

slip of theslip systemg.
Theresolvedshearstressis obtainedfor eachsystemg by theclassicalSchmidlaw

τg � 1
2


lg � ng � ng � lg � : σ� 	 (7)

Thematerialhasanelasticbehaviour with cubicsymmetryuntil thedifferencebetween
the resolved shearstressτg andthe kinematic hardeningvariablexg reachesthe critical
shearstressrg of theslip systemg. TheinteractionmatrixHgr allows to take into account
theself hardeningandthecrosshardeningbetweenthedifferentsystems. An additional
termhasbeenintroducedin thekinematichardeninglaw in orderto accountfor theeffect
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of the static recovery presentat high temperature.This term dependson two material
parametersM andn.
Themodelis implementedin thefinite elementprogramZéBuLoN[Méricetal., 1991b],
[Bessonet al., 1998], [BessonandFoerch,1998].
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3 Identifi cation of the model for SC16at different tem-
peratures

3.1 Presentationof the material

The efficiency of gasturbinesfor power generationrelies in part on temperatureresis-
tanceof turbinebladeandvanematerials. The composite structureandthe absenceof
grain boundariesallow the singlecrystal to have bettercreep-fatigueresistancethanits
conventionallycastpolycrystallinecounterparts.
Fig. 1 shows a typical morphology of SC16γ� precipitates.The non homogeneousmi-
crostructureis obtainedafter heattreatment,seetable6, andconsists of 35 % cuboidal
γ� particleswith a meanedgelengthof 450nm andabout5 % sphericalparticleswith a
meandiameterof 80nm [Jiaoet al., 1996].
Thechemicalcomposition of thealloy is given in table7. Thesinglecrystaldevelopsa
simpleunidirectional dendriticstructureandalsoexhibits significantinterdendritic poros-
ity. The initial orientationof eachspecimenwaschecked by the Laue back-reflection
X-ray techniqueandaregiven in the standardtriangleof the stereographicalprojection
in theappendixA (Figs. 98, 99 and100) in thestandardtriangleof the stereographical
projection.

γ’

γ

Figure 1: Microstructureof SC16afterheattreatmentat 950� C.
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3.2 Methodologyand results

3.2.1 Elasticity constants

Two techniquescanbeusedtodeterminetheelasticconstantsof singlecrystallinesuperal-
loys [Olschewski, 1997]. A methodbasedon resonancemeasurementsallows to identify
dynamic or adiabaticelasticities [Han,1995]. The alternative methodis to obtainwith
tensile andtorsionteststhestaticor isothermalelasticparameters.However it hasbeen
assessedthat the differencesbetweenbothsetof constantsarenegligible if onestaysin
the framework of engineeringapplications. [Olschewski, 1998] hasshown how experi-
mentalerrorsandthespecimenorientationusedin thetensileandtorsiontestsinfluence
theaccuracy of thecubicelasticconstants.

For a given temperaturetwo monotonic tensiontestsin differentdirectionsandone
torsion testarerequiredto obtainthreelinear independentequationsin which theelastic
constantsarethe unknowns. At 650 and950� Cwe followed the staticmethodbecause
one torsion teston tubular specimenwasavailable. Unfortunatelyit was not the case
for 850� Candanapproximatesolution hasbeenfoundat this temperaturefrom aninitial
setof constantsgiven in the literature[Han,1995] for anothernickel basesingle crystal
superalloy SRR99.At roomtemperaturewe have takentheparametersalreadygiven by
[Forest,1996] for thesamematerial.Table1 summarizesthevaluesof elasticconstants
atvarioustemperaturesusedin thiswork.

3.2.2 Calibration of the viscoplastic constantsat low and high temperature

From a large experimentaldatabase(testsperformedat the BAM for differentorienta-
tions, strainratesandstrainranges)wecalibratedtheviscosity (k � n), thehardeningparam-
eters(c � d � ro � q � b) andtheconstantsof thestaticrecovery(M � n) for eachslipsystemfamily
with aclassicaltechniqueof numericaloptimizationprocess[CailletaudandPilvin, 1993]
appliedto avolumeelementof thecrystallinematerial.
The identificationis first performedon onehandon [001] specimens,on theotherhand
on[111] specimens,sincethey respectively producepureoctahedralandpredominantcu-
bic slip. Thematerialparameterscanbedeterminedindependentlyfor eachfamily. The
othertestsarethenintroduced,andfinally thewholedatabaseis includedfor polishing
theidentificationprocedure.

Previousstudies[Poubanne,1989]haveshown thatthemostpertinentinteractionma-
trix is adiagonal.Anyway, only alow cyclic softeningis generallypresentin thematerial,
so that the correspondingtermsgenerallyremainsnegligible. The comparisonbetween
experimental resultsandthecorrespondingnumericalsimulationsis given Figs. 2 to 10.
For the Low-CycleFatiguetestswe have plottedtheexperimentalandsimulatedvalues
for theinitial andthestabilizedloops.

For 20� C, only monotonic tensiontestswereavailable.At theselow temperaturesthe
influenceof strainrateis negligible, seefor examplethetestsfor 10� 2 s� 1 and10� 3 s� 1
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of a
�
001� specimenin Fig. 2. Thustheparametersetof eachslip systemfamily canbe

identifiedindependently from thetestsperformedwith a strainrateof 10� 3 s� 1 andwith
specimenswhich are

�
001� and

�
111� oriented. At 20� Cthe identificationis satisfying,

seeFig. 2,whereasat650� Ctheinitial isotropic hardeningof thecubicslip systemfamily
is a little too low to describeaccuratelytheexperimental values,seeFig. 3 (right). Indeed
we cannotincreasethis radiusif we want a gooddescriptionof the global curve shear
stress-shearstrainof a monotonic torsionteston a

�
001� tubular specimen,seeFig. 4.

Theaxisof thespecimencoincidesapproximately with thecrystallographicaxis[001] of
thecrystal. Only cubicslip systemsareactivatedaccordingto themodelandfour zones
of concentrationof the equivalent inelasticstrainareexpectedalongthe circumference
andoppositeto the secondarycrystallographicdirections[100] and[010]. The contour
plot of thetotal cumulatedslip of thecubicslip systemin thecrosssectionof thetubular
specimenshows thatthesoft zones,theblackoneson theFig. 4, area little rotatedfrom
the ideal positionsincethe deviation of the singlecrystalhasbeentaken into account.
Localmeasurementsof similar testsat roomtemperaturehaveconfirmedsuchinhomoge-
neousstrainandstressdistribution alongthecircumferenceof thetubefor singlecrystal
superalloy [Forestet al., 1996].

An analysisof themonotonicandcyclic behaviour of SC16smoothspecimensathigh
temperature,suchas850and950� C, shows the necessityto take into accountthe local
kinematic hardeningandtheviscosity. Theseobservations confirmtheonesalreadydone
for othersinglecrystalnickel basesuperalloys [Méricet al., 1991a],[Hanriot,1993].
At 850� Ctwo cyclic testsfor the orientation

�
001� , the samestrainrate10� 3 s� 1 but a

differentstrainrange,allow us to determinethe kinematichardeningfor the octahedral
slip system,seeFig. 6. The calibrationis goodfor the small strain range(1 	 2%) and
acceptablefor a largerstrainrange(2%). Theagreementbetweenthesimulation andthe
experimentof thetensiontestsis notasgoodasfor 20� Cdueto thelargernumberof tests,
seeFig. 5. Notetheimportantviscosity of thematerialat this temperature.
At 950� Cwe have extendedtheexperimentaldatabaseto creeptests.Thereforewe have
thelargestexperimental databasewith 18tests.Fivetensiontestsfor differentstrainrates
have allowedto proposeanacceptableparameterssetfor theviscosity of theoctahedral
slip systemfamily, seeFig. 7. In additionto the isotropic andkinematichardeningpa-
rametersof thecubicone,theparameterscharacterizingviscosity areobtainedfrom three
LCF tests,givenFig. 8, with specimenswhich are

�
011� and

�
111� oriented.Theagree-

mentis goodfor theorientation
�
001� andthesimulationis not far from theexperimental

valuesfor
�
011� and

�
111� . FromthecreepteststestsgivenFig. 9, 10 theconstantsof

thestaticrecovery have beencalibratedfor bothslip systemfamily. Only onecreeptest
(R1604113from Fig. 10) for theorientation

�
111� is not correctlysimulated.

The viscoplastic constantsof SC16at different temperaturesaregiven in tables2, 3, 4
and5. Due to the negligible viscosity at low temperaturethe constantk (respect.n) is
relatively low (respect.high) for 20 and650� Cwhereasin contrarya high (respect.low)
valueof k (respect.n) characterizetheimportantviscosity of thematerialabove850� C.
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4 Conclusion

Froma large experimentaldatabaseof nickel basesuperalloy SC16we have calibrated
a crystallographic viscoplasticmodelat four characteristictemperatures.Unfortunately
becauseof thelackof cyclic testsat low temperaturewedonothavetheparameterssetof
thematerialto simulatecyclic loadingat roomtemperature.On theotherhandthegreat
numberof tension, cyclic andcreeptestsidentifiedat950� Cprovidearealisticsetof con-
stantsfor typical loadingconditions,suchasa full poweroperationmodefor instance,in
anindustrial gasturbine.

As far aswe areconcernedwe only considerin the following the cyclic operating
modeof theturbineat this temperature.Moreover we will investigatein thenext section
how stressraiserscouldaffect thelife of bladesunderisothermalloading.
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T C1111 C1212 C1122 E[001] G[001]� C GPa GPa GPa GPa GPa

20 272 184 118 124 118
650 253 185 95 97 95
850 222 160 91 88 91
950 208 153 86 78 86

Table1: Elasticity constantsof SC16.

Slip system k n ro

Family MPa1 n MPa

Octahedral 90 20 280
Cubic 50 15 400

Table2: Material constantsof SC16 at
20� C.

Slip system k n ro

Family MPa1 n MPa

Octahedral 90 5.0 300
Cubic 70 18 225

Table3: Material constantsof SC16 at
650� C.

Slip system k n ro c d
Family MPa1 n MPa MPa

Octahedral 889 5.0 8.8 200000 1536
Cubic 541 2.7 160 96660 4553

Table 4: Viscoplasticconstantsof SC16at850� C.

Slip system k n ro q b c d M m

Family MPa1 n MPa MPa MPa ! MPam� 1s" 1 m
Octahedral 700 4.7 4.6 3.9 3.7 96536 1050 3 	 0 107 4.9

Cubic 1172 2.4 17.3 -4.4 2.7 77081 1056 1 	 2 107 9.9

Table 5: Viscoplasticconstantsof SC16at950� C.
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Figure2: Simulatedandexperimentaltensiontestson SC16smooth bulk specimensat
20� C( � exp, � sim).
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Figure3: Simulatedandexperimentaltensiontestson SC16smooth bulk specimensat
650� C( � exp, � sim).
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Figure5: Simulatedandexperimentaltensiontestson SC16smooth bulk specimensat
850� C( � exp, � sim).
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Figure6: Simulatedand experimental Low-Cycle Fatiguetestson SC16smooth bulk
specimensat850� C( � exp, � sim).

Time (h) T ( � C) Environment

3 1260 vacuum
4 1100 vacuum
24 850 air

Table6: Heattreatmentof SC16.

Cr Al Ti Ta Mo Fe C Ni
MassFraction(%) 15.4 3.5 3.5 3.6 2.8 0.3 ] 0.005 balance

Table7: Chemicalcomposition of SC16.
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Figure7: Simulatedandexperimentaltensiontestson SC16smooth bulk specimensat
950� C( � exp, � sim).
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Figure8: Simulatedand experimental Low-Cycle Fatiguetestson SC16smooth bulk
specimensat950� C( � exp, � sim).
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Figure9: Simulatedand experimental creeptestson SC16smoothbulk specimensat
950� C( � exp, � sim).
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Figure10: Simulatedandexperimental creeptestson SC16smoothbulk specimensat
950� C.
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Part III

Analysisof Low-Cycle Fatigueat
notchesin a singlecrystal superalloyat
high temperature

1 Intr oduction

Theaim of thework coveredby this chapteris to developassessmentstools for the life
predictionof uncoatedsinglecrystalsuperalloy structuralcomponentssuchasgasturbine
bladesoperatingunderfatigueloadingconditions.

In particulargasturbinebladesaresubjectedto severeandcomplex thermalloading
conditions which have beenincreasedtheselast yearsin orderto raisethe turbineinlet
temperature.Thusit wasnecessaryononehandto introduceadvancedmaterialwith high
temperaturecapabilityand in the otherhandto designefficient cooling air channelsto
reducetheeffectsof thermalgradienttowardthewall of theblade,seeFig. 11. Unfortu-
natelythesechannelscreatestressraisersandespeciallytheir intersectionwith theouter
or innersurfacesof thecomponent.Indeedsuchregionsleadoftento fatiguecrackiniti -
atingdueto high localizationof cyclic plasticity. Moreover thepresenceof notchesin the
componentleadsto threeprincipaleffects:� A highstressconcentration.� A stressgradientbehindthenotch.� A tridimensional stateof stress.

From engineeringdesign practice point of view lifetime prediction of gas tur-
bine hot sectioncomponentsare still basedon thermo-elasticfinite elementanalysis
[Satoet al., 1985],[GuédouandHonnorat,1993]. Inelasticcalculationsof high tempera-
turecomponentsareveryexceptionalbecauseof highcomputationalcostsanddifficulties
relatedto the identificationof viscoelasticconstitutive models. A life predictionproce-
durebasedontheNeuber’srulehasbeensuccessfullyusedfor isotropichigh-temperature
alloys [ChaudonneretandChaboche,1986]. The local inelasticbehaviour of the most
critical partof thestructureis assessedfrom theelasticstress-strainstateby usingNeu-
ber’s hyperbola[Neuber, 1961]. Thenthermalfatigueis predictedby usingtheassessed
local inelasticstrainandcorrespondingthermalfatiguedata.Finally thepredictionis con-
firmedthroughacomparisonwith experimental data.
For multiaxial stateof stresstheresultsarestill acceptableif oneusesthesecondinvariant
of thestressandstraintensordeviator [Chaudonneret,1994]. A similar methodbasedon
anenergeticapproachgivesanacceptableapproximatesolution for cyclic aswell asfor
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creeploading[MoftakharandGlinka,1992].

The samelifetime assessmentrule basedon theclassicalNeuber’s law hasbeenap-
plied for low cycle fatigueon nickel baseSC16singlecrystal superalloy at high tem-
perature[Bischoff-Beiermann,2000]. Unfortunatelythe crack initiation life of sucha
structuralengineeringmaterialis veryconservative.
As farasweareconcernedweonly try to assessthecrackinitiation life in theframework
of low cyclesfatigueloadingat a relatively high strainrateandhigh temperaturefor the
samealloy [Boubidi andSievert,2000]. Thusoxidation, corrosionanderosionphenom-
enahavebeenneglectedin thiswork,but they haveto betakeninto accountat lowerstrain
rates[Gallerneau,1995, Fleury, 1991].
I will proposein thenext sectionstwo methodsfor the lifetime modelling. Thefirst one
is basedon the anisotropic behavior of singlecrystalwhich shouldinfluencethe crack
initiation mechanism. Thesecondoneintroducesa statistical approachdependingon the
defectsdistribution responsiblefor thefailure.

This analysisof low cycle fatigueat notchesin singlecrystalsis experimentaland
numerical. In addition to a considerabledatabaseavailable in a previous gasturbine
projectat the BAM [Wedelletal., 1996] for the single crystallinemodelmaterialSC16
especiallyat 950� C, severaltestsonnotchedspecimenshavebeencarriedout.
The results,presentedin the next section,confirm the physicalbasesassumedin our
lifetimeassessmentrulesandallow to valid thesenumericaltools.

2 Low-CycleFatigue testson SC16notched specimens

2.1 Material and experimentalprocedure

Threecastrodssamplesin SC16(seetheSection3.1 in thepreviouspart for thecharac-
teristicsof thealloy) wereprovidedby ThyssenGussAG (tests1, 2 and3, seein table8),
whereastheotherswerecastby HowmetLtd. In orderto checkif thetwo alloyshave the
samebehavior, at leastin Low-cycle Fatigue,we have performedseveral uniaxial LCF
testswith zeromeanstrainon SC16(providedby Howmet) bulk smoothspecimensfor
theorientations

�
001� , � 011� and

�
111� . Thenwehaveput theexperimentalvaluesin the

fatiguediagramobtainedfrom thematerialof Thyssenin thesameconditions of testing,
seeFig. 12. Finally we have observed no differencebetweenthe LCF behavior of the
singlecrystalSC16of eachsupplier.

Theexactorientationof therodsgivenby themanufacturerswascheckedby standard
X-ray diffraction techniqueafter machiningandelectropolishing the specimens.Figure
in AppendixB shows thattherealorientationof eachspecimensis not far from theideal
one,exceptfor one“

�
011� ” orientedspecimen.Thedeviation is never higherthan5 � for

thespecimensorientednear
�
001� .
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In orderto studytheeffect of thestressconcentrationon low cycle fatiguefor single
crystals,wechosethegeometryof thenotchedspecimengivenFig. 13in accordancewith
theASTM norm.
Theroot of theV-shapednotchhadthreedifferentradii, 0.2mm,0.5mm and1 mm,see
Fig. 13. They allow usto estimate theinfluenceof multiaxial proportionalloadingon fa-
tiguebehaviour. Moreover thelastoneis of theorderof magnitudeof thenotchedradius
of theturbinebladeair coolingchannels[Bischoff-BeiermannB., 1999]. This geometry
allowsusto haveastress-concentrationfactorbetween2.1and2.6.

A prior measureat roomtemperatureof the negligible bendingtorqueallows to en-
surethat the axis of loadingcoincideswith the centerline of the specimen.A picture
of the testingequipmentis given in Fig. 14. A threezoneAC furnacehasbeenusedto
control the homogeneoustemperaturealongthe axis of the specimen.At 950� C, in air,
constantstrainamplitudefatiguetestswith zeromeanstrainwereperformed. The dis-
placementmeasuredby theextensometerwith a 21.5mm gaugelengthover thenotches
was ` 0 	 3225mm, which correspondsto a “global strainamplitude” of ` 0 	 15%. The
strainratewas10� 3 s� 1 for all thetests.

Usually we definethe fatiguelife Nf as the numberof cyclesshowing a 5% stress
drop in loadwith respectto decreasingregressionstraight-linesincludingpointsbehind
saturation(seetable8).
Exceptfor the test2, which wasperformeduntil ruptureandan interruptedone,test5,
we stoppedthe testsafter 10% stressdrop in tension. Somephotomicrographsof the
surfaceof thesespecimensweretaken.Thenthespecimenstestedagainto failureatroom
temperature.
Somemicrographsof their rupturesurfaceweretaken in orderto characterizethecrack
initiation andcrack growth mechanisms.The test5 was interruptedafter successively
54, 236 and406 cycles. We examinedthe surfaceof the notchwith scanningelectron
microscopeaftereachinterruptionto detectacrack.This testis particularlyinteresting to
quantifythecracklengthanddepthat thenotchwhichproducesthestressdrop.

2.2 Experimental results

2.2.1 Metallographic observations

Thefractographicobservationsof near
�
001� notchedspecimens(Figs.15,16,17)with a

scanningelectronmicroscope(SEM)show two maincracks,perpendicularto theexternal
load,but indeedthey arosenot directly at thenotchroot, insteadthey areshifteda litt le
awayfrom there.Figure16showsthateachmaincrackonthesurfacegrowsnotperfectly
straight.Thusit is reasonableto assumethatcracksinitiateor growth in ascatterbandof
about400µm accordingto Fig. 24 which is thelargervalueafter the investigationof the
wholecircumference.
For near

�
011� orientedspecimenthe maincrackseemsto be concentratedat the notch

root, seeFig. 19. On onefaceof the
�
111� orientedspecimen,seeFig. 20 above, the

maincrackis perfectlyat thenotchroot. On theotherhanda crackoccursa litt le above



36

this one,seeFig. 20 below. Onecanobserve, especiallyin thecaseof the tests3 and4
an oxidisedlayer which is commonly met for singlecrystalsat high temperatureon air
[DefresneandRémy, 1990],[Mück,1997].
The“squareshape”of thecrackfront (Figs. 21, 22) allows us to assumethat thecracks
do not grow isotropicallyin thedepth.Moreover themaximum crackdepthseemsto be
closeto thesecondarycrystallographicaxis[010].

Theinterruptedtest5 gives moreinformation aboutthecrackingmechanismandthe
crackdepthwhich correspondsto thenumberof cyclesto failure of our criterionof the�
001� notchedspecimens.Fig. 25shows thattheinterruptions donot influencetoomuch

theevolutionof themaximum axial forcein comparisonwith thereference.
Onecanclearlyseein Fig. 26 thedarkzonesnearthesurfacerupturewhicharethecrack
depthsafter eachinterruption. Moreover we have drawn thesecondarycrystallographic
axison themicrographof thesurfacerupture.Unfortunatelynopreciseconclusioncould
bedrawn aboutthecorrelationbetweenthepositionof thecrackinitiationalongthecir-
cumferenceof thespecimenandtheorientationof thecrystal.
Accordingto Figs. 23, 27, 18, 28 and29 andasalreadyobserved for suchsinglecrys-
tal nickel basesuperalloys which containsa low quantity of carbonand for this rela-
tively low strain rate, the cracksstart from the castingporeslocalisednearthe surface
([DefresneandRémy, 1990],[Defresne,1989], [Fleury, 1991]).
In Fig. 29 we observe a holenearthesurfacebut it is not possibleto know if it is really
aninitiationsite.Notethesmallporewith approximatelyameandiameterequalto 10µm
left to thisholeandnearthesurface.Thesituation is clearerwith thelocalobservationof
thevicinity of thesurfacein thecaseof theinterruptedtest,seeFig. 27. We have in this
zonethreecrackinitiationsitesnearthesurface.Moreover wecanmeasurefrom thispic-
tureacrackdepthof about0.4mmwhichis ourcharacteristiccrackdepthfor thelifetime
becausethe testhasbeenstoppednot far from the numberof cyclesto failure assessed
with the testL1610609,seetable8. If we observe morepreciselyeachcrackinitiation
site,seeFigs.18,28and29, it is reasonableto assumethattheholenearthesurfacewas
initially a poresinceits meansizeis about20µm.

2.2.2 Fatigue life results

A lot of axial straincontrolledLCF testsat high temperatureswerealreadycarriedoutat
the BAM on SC16smooth specimens[Wedellet al., 1996]. Despitethe relatively large
scatter, thefatiguediagramat 950 � Cand10� 3 s� 1 strainrate,Fig. 46,shows essentially
no dependenceof the lifetime on the orientationof the singlecrystalat the sametotal
stressrange.Betweenthedotedlinesthenumberof cyclesto failureareundera factor3
in comparisonwith thecorrespondingvalueof the line obtainedafterfitting. Of course,
thestressesitself arisein dependenceon thecrystalorientation.The sameobservations
havebeenmadefor AM1 singlecrystalsuperalloy by [Fleury, 1991].For example,at the
sametotalstrainrange,thelifetime is lowerfor near

�
011� orientationthanfor near

�
001�

orientation, but thestressrangeis higherat
�
011� , seeFig. 8. Thus,we obtainwithin a

scatterbanda verysimple assessmentrule,seeFig. 46. It is noteworthy thattheinelastic
strainrangeincreasestoo,at

�
011� orientationdueto thehigherelasticstiffness(Young’s

modulus) in thisdirection.
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Thenumberof cyclesto failureof thenotchedspecimensaregivenin table8. Themaxi-
mumequivalent Misesstressrangeat thenotchis calculatedby FE methodfor thestabi-
lizedcycle.
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Figure11: Notcheffectsdueto thepresenceof thecoolingair channelsin turbineblades.
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Figure12: Fatiguediagramof SC16onbulk smoothspecimensfor differentorientations
at 950� C. The line is fitted to thedataof thematerialprovidedby Thyssen,
whereasthe symbols arethe valuesobtainedfrom the singlecrystalcastby
Howmet.

Spec. Test Notchedradius(mm) Orientation È σMises (MPa) N f

1 L1604424 0.2
�
001� 1508 120

2 L1604423 0.2
�
001� 1508 127

3 L16018L5 0.2
�
001� 1508 131

4 L1610609 1.0
�
001� 966 583

5 L1610617 1.0
�
001� 966 É

6 L1610603 1.0
�
011� 1286 120

7 L1610604 1.0
�
011� 1286 120

8 L1610623 1.0
�
111� 1154 80

9 L1610624 1.0
�
111� 1154 75

Table8: LCF testsonSC16circumferentiallynotchedroundspecimensat950� C. È σMises

denotesthemaximumMisesstressrangein thenotchfor thestabilizedcycle. É
interruptedtest.
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Figure13: Geometryof thenotchedspecimens.



Analysisof Low-CycleFatigueat notchesin asinglecrystal 41

Figure 14: Testingequipmentof theLCF testsat high temperature.
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Figure15: Notchof the
�
001� SC16specimen3 with 0.2mmnotchradiusafterN = 250

cyclesat950� C.
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Figure16: Notchof the
�
001� SC16specimen4 with 1 mm notchradiusafterN = 810

cyclesat 950� C.
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Figure17: Notchof the
�
001� SC16specimen5 with 1 mm notchradiusafter N = 560

cyclesat950� C.
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Figure18: Notchof the
�
001� SC16specimen5 with 1 mm notchradiusafterN = 560

cyclesat 950� C.
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Figure19: Notchof the
�
011� SC16specimen6 with 1 mm notchradiusafter N = 165

cyclesat950� C. Theviewscorrespondto two differentpositions.
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Figure20: Two oppositefacesof the
�
111� SC16notchedspecimen8 with 1 mm notch

radiusafterN = 128cyclesat 950� C.
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Figure21: Fracturesurfaceof the
�
001� SC16specimen1 with 0.2mmnotchradiusafter

N = 275cyclesat 950� C
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Figure22: Fracturesurfaceof the
�
001� SC16specimen4 with 1 mm notchradiusafter

N = 810cyclesat 950� C.
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Figure23: Fracturesurfaceof the
�
001� SC16specimen1 with 0.2mmnotchradiusafter

N = 275cyclesat 950� C.
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Figure24: Notchof the
�
001� SC16specimen4 with 1 mm notchradiusafter N = 810

cyclesat950� C.
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Figure25: Maximum axial force versusthe numberof cyclesof LCF testson notched�
001� orientedspecimens.
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Figure26: Fracturesurfaceof the
�
001� SC16specimen5 with 1 mm notchradiusafter

N = 560cyclesat 950� C.
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Figure27: Fracturesurfaceof the
�
001� SC16specimen5 with 1 mm notchradiusafter

N = 560cyclesat 950� C.
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Figure28: Fracturesurfaceof the
�
001� SC16specimen5 with 1 mm notchradiusafter

N = 560cyclesat 950� C.

Figure29: Fracturesurfaceof the
�
001� SC16specimen5 with 1 mm notchradiusafter

N = 560cyclesat 950� C.
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3 Model predictions and comparison with the experi-
mental results

In this sectionwe will proposea physically relevant variable for the damageof our
anisotropic materialunderlow-cycle fatigueat high temperatures.The previous exper-
imentalobservationsconcerningthe crack locationat the notch lead to choosea local
approachfor thecrackinitiation. Moreover it is absolutelynecessaryto take into account
theanisotropicbehavior of thesinglecrystaltoo.

Thusnumericalsimulationswith thecrystallinemodelof theseLCF testson notched
specimenswill bepresentedfirst in orderto confirmsuchexpectedinhomogeneousstrain
andstressdistribution at the notch. Thenwe will proposea simple lifetime assessment
rule for nickel basesingle crystalsuperalloy basedon a deterministic approach.Finally
analternativemethodbasedonastatisticalapproachwill beexplainedin thethird part.

3.1 Viscoplasticstrain-stressbehaviour at notches

3.1.1 Conditions of the FE analysis

We give in this sectiontheresultsof thecalculationsfor two geometriesandthreeorien-
tationsof thespecimen:

�
001� , � 011� and

�
111� . In orderto investigatethe influenceof

sucha geometryon thestress-strainstateandon the fatiguelife of thesinglecrystalwe
havecomputedanotchedspecimenwith two radii: 0.2mmand1 mm.
Finite elementcalculationshave beenperformedfor thesinglecrystalideally orientedto
reducethe sizeof the problem. It is particularly the casefor our LCF testsspecimens
which deviatesfrom the [001] crystallographicaxisof about5o, seeappendixB. More-
over, dueto thecubicsymmetry, weonly needto meshoneeighthof thestructure,which
is the lengthof the extensometer, seeFig. 30. The meshof the 0.2 mm notchedradius
specimenhas642isoparametricandquadraticelements.Thenumberof degreesof free-
domis 9384with the appropriateboundaryconditions. The meshof the 1 mm notched
radiusspecimenhas690 quadraticelementsand the numberof degreesof freedomis
9816.
TheLCF testshave beencarriedout with displacementcontrolandwe prescribedin the
calculationsthedisplacementat theendof thestructurein orderto accountfor theexperi-
mentalvalueat thelocationof theextensometer:adisplacementamplitudeof ` 0 	 016125
mmfor thegaugelength,anda loadingrateof 10� 3 s� 1.
The materialconstantsof SC16at 950� Cpreviously calibratedin the first part (section
3.2.2)hasbeenusedin thisfinite elementanalysis,seetable5.

3.1.2 Results

Calculationsof torsionally loadedtubular specimenshave shown the inhomogeneityof
theviscoplasticstrainalongthecircumference[Méricet al., 1991b]. More recentlyat the
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BAM it wasconfirmedwith experimentalresultsandeven for tension-torsion teststhe
goodagreementbetweentheFE modelandthelocal measurementsat roomtemperature
[Forestet al., 1996].
Dueto thecomplex stateof stressin thenotcha similar inhomogeneityof thestrainfield
is expectedat thenotchaccordingto themodel.

Unfortunatelyit is impossible to usethe samelocal measurementdue to the high
temperatureand the geometry. However we have comparedthe position of the crack
locationin thenotchwith theoneof thetotal cumulatedslip distribution.
From that point of view the

�
001� orientednotchedspecimenis distinguishedfrom the

others.

Specimen
�
001� oriented:

Contraryto the resultsof a tensiontestof a
�
001� singlecrystalsmoothspecimen,the

presenceof thenotchactivatesbothslip systemfamilies,seeFigs. 31 and32. Thetotal
cumulatedslip computedfrom cubicslip is higherthantheonecomingfrom theoctahe-
dral slip.
Moreovercubicslip is notlocatedexactlyat thenotchrootinsteadit is shiftedalittle away
from there.Thetotal cumulatedcubicslip is maximumin theplane � 010� but a precise
evaluationof its variationalongthecircumferenceis notpossible from thiscontourplot. I
haveplottedthecumulatedslip alongtwo differentlinesonthesurface,seeFig. 35. Thus
we deducefrom thesecurvestheweakvariation of thetotal cumulatedslip for thecubic
slip systemsalongthecircumference.

Fromtheanalysisof themicrographsatthenotchesascatterbandfor eachmaincracks
on the surfacecanbe definedfor two geometries,seeFigs. 38 and39, except for the
specimenof theinterruptedtest.Wehaveassessedanaverageof thedistancebetweenthe
maincracksdespitetherelativeprecisionof sucha measurement.Moreover thedistance
betweenthemaximumcubiccumulatedslip locatedat thenotchhasbeencalculated.The
agreementbetweenthemaincrackslocationandtheposition of themaximumtotalslip is
acceptableif we take into accounttheinaccuracy of themeasurements.

Specimen
�
011� oriented:

Fig. 33showsthatbothslip systemfamiliesareactivatedin thenotch.
Thehighervalueis reachedby thecubicslip systemfamily. In orderto know whereits
maximum alongthecircumferenceis, which is not clearfrom thecontourplots, we have
plotted the total cumulatedcubic slip alongthreecharacteristiclines, seeFig. 36. The
maximum is reachedat thenotchedroot in thecrystallographicplane � 100� . Notehow-
ever thatthecubicslip is high (1 %) in the � 011̄ � planetoo.

Figs. 41 and42 show that the locationsof the cracksis consistentwith the zoneof
high total cumulatedcubicslip at thenotchedroot.

Specimen
�
111� oriented:
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The octahedralslip is negligible in comparisonwith the cubic onein the notch,see
Fig. 34. Moreover thecubicslip is moreconcentratedat thenotchroot thanfor the

�
011�

notchedspecimen.Thecurvesplottedin Fig. 34confirmthissituation.

Figs. 43 and44 illustratethat the total maximumcumulatedslip andthemaincrack
arelocatedat thesamearea.

Summary:

If we considerthemaximumtotal slip asa relevantvariablefor thecrackinitiationat
thesurfacein thenotchandif wetakeinto accountthescatterattachedto theexperimental
definitionof thelocationof thecrack,theexperimentalresultsarein goodagreementwith
theFE analyses.
For the

�
001� notchedspecimen,two symmetric maincrackscanbeobserved. They are

not locatedat thenotchroot, whereascracksinitiate at thenotchroot for theorientation�
011� and

�
111� .

For the
�
001� orientedspecimen,thetotalcumulatedslipof thecubicslipsystemsisquasi-

homogeneousalongthecircumference.Thusthecrackinitiationshouldbedeterminedby
the statistical distribution of the poresalongthe circumferencein the areaof maximum
total cumulatedslip.
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Figure30: Meshesof oneeighthof the notchedspecimensfor 0.2 mm (above) and1
mm (below) notchradius. The axes(X;Y;Z) correspondto a

�
001� oriented

specimen.
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Figure31: Total cumulatedslip for the octahedralslip systemsfor two notchradii (0.2
mm(left) and1 mm(right)) of a

�
001� specimen.
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Figure32: Total cumulatedslip for the cubic slip systemsfor two notchradii (0.2 mm
(left) and1 mm(right)) of a

�
001� specimen.
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Figure33: Totalcumulatedslipsof a
�
011� orientedspecimenandfor 1 mmnotchradius

(octahedral(left) andcubic(right)).
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Figure34: Totalcumulatedslipsof a
�
111� orientedspecimenandfor 1mmnotchradius

(octahedral(left) andcubic(right)).
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Figure35: Total cumulatedslip for eachslip systemfamily of the Y 001Z orientedspec-
imenon two lineson thesurfaceof the notch(radius1 mm). “[100] cubic”
denotesthetotal cumulatedslip of thecubicslip systems on thethe line, the
redone,in theplane [ 010\ .
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Figure36: Total cumulatedslip for eachslip systemfamily for the Y 011Z specimenfor
the lineson the surfaceof the notch(radius1 mm) in threecrystallographic
planes,[ 01̄1\ , [ 21̄1\ and [ 100\ . For example,thecurve “ � 01̄1 � Cubic” cor-
respondsto thecubicslip on theredline in theplane [ 01̄1 \ . Theblueline is
on thecrystallographicplane [ 21̄1 \ .
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Figure37: Total cumulatedslip for eachslip systemfamily for the Y 111Z specimenfor
the lineson the surfaceof the notch(radius1 mm) in threecrystallographic
planes,[ 12̄1 \ , [ 2̄11\ and [ 1̄01\ . For example,thecurve “ � 12̄1� Cubic” cor-
respondsto thecubicslip on theredline in theplane [ 12̄1\ . Theblueline is
on thecrystallographic plane [ 2̄11\ .
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Figure38: Correlationbetweenthe locationof the maximumcumulatedslip andnotch
cracking. Y 001Z orientedspecimen1 with 0.2mmnotchradius.
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Figure39: Correlationbetweenthe locationof the maximumcumulatedslip andnotch
cracking. Y 001Z orientedspecimen4 with 1 mmnotchradius.
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Figure40: Correlationbetweenthe locationof the maximum cumulatedslip andnotch
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Figure41: Correlationbetweenthe locationof the maximum cumulatedslip andnotch
cracking. Y 011Z orientedspecimen6 with 1 mmnotchradius.
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Figure42: Correlationbetweenthe locationof the maximumcumulatedslip andnotch
cracking. Y 011Z orientedspecimen6 with 1 mmnotchradius.
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Figure43: Correlationbetweenthe locationof the maximumcumulatedslip andnotch
cracking. Y 111Z orientedspecimen8 with 1 mmnotchradius.
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Figure44: Correlationbetweenthe locationof the maximum cumulatedslip andnotch
cracking. Y 111Z orientedspecimen8 with 1 mmnotchradius.
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Figure45: Resolvedshearstressesalongthecircumferenceof the1 mmnotchradiusandY 001Z orientedspecimenat the axial heightof maximuminelasticstrainof
oneslip family, i.e. of cubic slip. The angleof 0o correspondsto the [100]
secondarycrystallographicaxis.
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3.2 A deterministic approachfor LCF at notches

3.2.1 Definition of a critical variable

Thedamageof crystalline materialsis influencedby intersectingslip systemsat thesur-
face(Cottrell-Hull mechanism[Cottrell andHull, 1957]). Theresolvedshearstresseson
suchslip systems,which representnot thefull stressstatebut arephysicalcomponentsof
it, arethemoreadequateloadingquantitiesfor asinglecrystal.
Thus,a possible choiceof critical variablefor damageis to take at thepointof maximum
total cumulatedslip on the surface, the valueof the maximumresolvedshearstressfor
thisslip family.

3.2.2 A τ-N fatigue diagram

In orderto designa fatiguediagramfor the resolved shearstresswe have simulatedall
the LCF testsgiven in Fig. 46 for a homogeneous volume element. The calculations
give theirmaximumresolvedshearstressranges,takenfrom the18valuesof thetwo slip
families(cubicandoctahedral),versusthenumberof cyclesto failure,seeFig. 47. Thus
it is possible to draw a straigthline in this log-log representation.If we assumethat the
scatter, includedin the “f actor3” scatterbandlimitedby thedottedlines, is acceptable,
this diagramis suitable to assessthe lifetime of the point on the surfacewhich hasthe
highesttotal cumulatedslip.

For example,Fig. 45shows thatthedistributionof theresolvedshearstressfor cubic
slip along the circumferenceof the 1 mm notchradius Y 001Z orientedspecimenat the
loadingamplitudeof thefirst cycle whereSC16at 950oC is alreadycyclic saturatedes-
sentially. Theorigin of theanglecorrespondsto thepoint of theplane Y 100Z andwhich
presentsthe maximumtotal cumulatedslip for cubic slip systems(Fig. 35). The max-
imum resolvedshearstressrangeis 320MPa in this area. It is not the highestresolved
shearstressin thevicinity of thenotch.It is stronglydeterminedby theanisotropy of the
material.If we insertthisvalueof thecritical variableandthevalueof thelifetime (id est
583cyclesfor thetest4, seetable8) in this fatiguediagram,thepoint is within thescatter
band(seethesymbol ã in Fig. 47).
Theassessedlifetime at 0.2mmnotchradiusis lower thantheexperimentalonewithin a
factorof 3 too,seethesymbol ä in Fig. 47.
Notethat thesimplemethodbasedon theMisesstressdoesnot work for thesetests:the
symbols areoutof thescatterbandin Fig. 46.

As a result, the numberof cycles to failure of the performedLCF testson notched
specimensarecomparableto the lifetimes of smooth specimensat the samemaximum
resolvedshearstressvalueat maximumtotal cumulatedslip.
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Figure46: Experimentalfatigue life for different orientations dependingon the axial
stressrangefor thesinglecrystalsuperalloy SC16at uniaxialloadingfor dif-
ferentcharges(X,VM). ThemaximumMisesstressrangein the Y 001Z speci-
menwith 0.2and1 mmnotchradiusareinserted.
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Figure47: Experimentalfatiguelife for differentorientationsdependingon the maxi-
mum resolved shearstressrangesimulatedfor the singlecrystalsuperalloy
SC16at uniaxial loading for different charges(X,VM). The maximumre-
solvedshearstressrangeatmaximum totalcumulatedslip in the Y 001Z speci-
menwith 0.2and1 mmnotchradiusareinserted.
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3.3 A multiscaleprobabilistic failur emodel

3.3.1 Intr oduction

For many materials,the failure processstartsdueto local defectsintroducingperturba-
tions in the stress/strainfields,andgiving rise to stresslevelsunexpectedat the macro-
scopicscale.This is thecasewhendefectsor poresarecreatedby thematerialprocessing
(ceramic,castmaterials)[Dennis,2000]. On the otherhand,the effect of thesedefects
differsaccordingto their relativeposition with respectto thefreesurfaceof thematerial.
Thepresentmodelis designedto accountfor boththerealdistributionandlocationof the
defectsin thespecimen,andfor theresultingstatistical aspect.Themethodproposedcan
be appliedto varioustypesof transformationfrom the macroscopicstressstateandthe
stressusedfor deriving thecriterionandwith variousinitiation criteria.

3.3.2 General schemeof the method

Themodelcanbeappliedin a post-processing, aftera structuralcomputation, if we ne-
glect thecouplingbetweenstress-strainbehaviour anddamage.For theversionsshown
in the following, the input datais themacroscopicstresshistory. Macroscopicstrainor
any kind of macroscopicvariablemight alsobeused,dependingon thecritical variables
of thelocalmodel.

(1) The first stepis the evaluation of the transformedstresstensorσ¤ , trying to ap-
proacha variablebeingmorerepresentative for the realphysical phenomenon,knowing
thehistoryof themacroscopicstress¤ anda functiondescribingthedefectdistribution.

Defectsact asstressconcentrators,especiallyin the vicinity of the surface,andthe
relationbetweenthemicroscopicstressσ¤ arounda castingdefector poreandthemacro-
scopic ¤ obtainedby a classicalstructuralcalculationonanassumedflawlesscomponent
canbewritten:

σ¤¦¥ A¤¤ § r
d ¨ : ¤ (8)

In thecaseof classicalcontinuum mechanics,theoperatorA¤¤ dependson theratio r/d

(r=defectradius,d=distanceof thecentreof thedefectto thefreesurface).Characteriza-
tion of suchanoperatorby Finite Elementcomputationswastheobjective of a studyof
Pore-SurfaceInteractions[CailletaudandQuilici, 2000].

(2) the stressσ¤ is then usedin a local criterion, predictingeither abruptfailure or
initiation.
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In thefollowing, a simple initiationmodelof theform givenwill beconsidered:

Ni ¥ª© ∆σ
M «¬ m

(9)

(3) It is now possible to evaluatethetimeto failure(or initiation), allowing theuserto
estimateeitherthefailureprobability of thecomponent,or theprobabilityto reachagiven
numberof cyclesto initiation duringa fatigueloading(respectively Pf or Pf ® Ni ¯ ). The
function usedfor that purposeinvolvesan integral on the volumeV of the component,
andan integral on thedefectradiusr, measuringtheprobability of having a critical size
(r ° rc) at the currentpoint, the volumefraction fv ® r ¯ of defectof size r beingknown
from experiment:

Pf ® N ¯ ¥ 1 ± exp ²O±´³
V
© ³ ∞

rc µ N ¶ x · fv ® r ¯ dr « dV ® x ¯O¸ (10)

Using this equationis fully justified when the weakest link assumption is verified.
This is truefor brittle failure,andit will besupposedthatit remainsacceptablein thecase
of fatiguestartingfrom preexisting defects,whenthe defectvolume fraction is low, so
thatthereis nosignificantinteractionbetweenthevariousdefects.

y
x

z

Macroscopic scale Mesoscopic scale

F

Free surface

Defect

d(x) r

x

macro
Σ

σ
micro

Σ (x)

Figure 48: Applicationof themultiscalemodelonastructuralcomponent.

Theinitiationmodel,Eq. (9), definingthemicroscopicstresslevel σ¤ c giving initiation
in Ni cycles,thedefectcritical sizerc ® Ni ¹ x ¯ atapointwith coordinatex neededto perform
theintegrationin (10)canbederivedfrom equation(8):

σ¤ c ¥ A¤¤ © rc

d ® x ¯ « : ¤ ® x ¯ (11)

whered ® x ¯ is thedistanceto thesurfaceat coordinatex (seeFig. 48).
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3.3.3 Calibration of the material parameters

Thedefectvolume fraction:

Thedefectvolumefraction fv ® r ¯ integratedin equation(10) canbeobtainedfrom exper-
imental dataof densitiesof defectswith agiven size(Fig. 49).

A Gaussiandistribution has beenchosento fit thosemicrostructuralobservations
(equation12, whereV0 is a reference volume, typically chosenequal to 1 mm3, B, µ
andδ threefitting parameters).

fv ® r ¯ ¥ B
V0

exp º»± © r ± µ
δ « 2 ¼

(12)

Resultsof theparameteridentificationaresummarizedonFig. 50.

½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½
½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½½¾½
½¾½½¾½
¿¿¿¿¿¿¿¿¿¿¿¿¿
¿¿¿¿¿¿¿¿¿¿¿¿¿
¿¿
ÀÀÀÀÀÀÀÀÀÀÀÀÀ
ÀÀÀÀÀÀÀÀÀ
ÁÁÁÁÁÁÁÁÁÁÁÁÁ
ÁÁÁÁÁÁÁÁÁ Â¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾ÂÂ¾Â
Â¾ÂÂ¾Â
ÃÃÃÃÃÃÃÃÃÃÃÃÃ
ÃÃ

Ä¾ÄÄ¾ÄÄ¾ÄÄ¾ÄÄ¾ÄÄ¾ÄÅÅÅÅÅÅ Æ¾ÆÆ¾ÆÇÇ È¾ÈÈ¾ÈÉ¾ÉÉ¾É ÊÊÊËËË ÌÌÍÍ ÎÎÏÏÐÐÐÐÐÐÐÐÐÐÐÐÐ
ÐÐÐÐÐÐÐÐÐÐÐÐÐ
ÐÐÐÐÐ
ÑÑÑÑÑÑÑÑÑÑÑÑÑ
ÑÑÑÑÑÑÑÑÑÑÑÑÑ
ÑÑÑÑÑ

Ò¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾Ò
Ò¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾ÒÒ¾Ò
Ò¾ÒÒ¾Ò
Ó¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾Ó
Ó¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾ÓÓ¾Ó
Ó¾ÓÓ¾Ó

Ô¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾Ô
Ô¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾ÔÔ¾Ô
ÕÕÕÕÕÕÕÕÕÕÕÕÕ
ÕÕÕÕÕÕÕÕÕÕÕÕÕÖÖÖÖÖÖÖÖÖÖÖÖÖ

ÖÖÖÖÖÖÖÖÖ
×××××××××××××
×××××××××

ØØØØØØØØØØØØØ
ØØØØØØØØØØØØØ
ØØØØØØ
ÙÙÙÙÙÙÙÙÙÙÙÙÙ
ÙÙÙÙÙÙÙÙÙÙÙÙÙ
ÙÙÙÙÙÙ

ÚÚÚÚÚÚÚÚÚÛÛÛÛÛ
ÛÛÛÛ

Defect radius r (µm)

Density
µ( )-3m

Figure 49: Densityof defectsexperimentaldata.

Themacro-microrelationship:

The Finite Elementcalculationsperformedin [CailletaudandQuilici, 2000] to study
porosity-surfaceinteractionsaresummarizedin table9.

Theresultsaregivenfor traction/compression loadings(loadingfactor(R=-1)applied
ondefectgeometrieswith severald Ü r ratios,at thepointsituatedcloseto thedefectat the
freesurfacesidewheremaximumstresslevels areobtained.

Thecalculationsperformedunderrepeatedloadings (loadingfactorR=0)haveshown
thatafteranadequatenumberof cycles,meanstressdisappearsin themostcritical regions
undertheeffectof plasticflow, andthatthesamelocalstressamplitude is finally obtained
under(0,+2ε) and(-ε,+ε) loadings.

Thereforethemacro-microcalibrationrelationship canbeexpressedin termsof stress
amplitude:

∆σ ¥ A
§ r
d ¨ ∆Σ (13)

In thecaseof multiaxial loadings,∆Σ canbereplacedby a stressrange calculatedas
thediameterof thesmallestsphereincluding theloadingpath,avonMisestypeinvariant
being usedto calculatea distancein the 6-dimensionstressspace. Sucha methodis
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Figure50: Defectvolumefractionidentification.

alreadyimplementedin the FE codeZéBuLoN to evaluatefatiguelife undermultiaxial
loadings.

Maxima situatedat thefreesurfaceside
d
r ¥ 0 � d

r ¥ 1 � 1 d
r ¥ 1 � 4 d

r ¥ 2 � d
r ¥ 4 � d

r ¥ ∞ (macro)
sig33 (MPa) 543. 638. 578. 551. 528. 345.
ein33 (%) 0.29 2.08 0.64 0.42 0.32 0.077
eto33 (%) 1.12 2.99 1.44 1.19 1.07 0.64

Table9: Maximum stressin thetensileloadingdirectionfor differentdefectgeometries
of singlecrystalsuperalloy CMSX2.

Table9 alsoshows thatsignificantoverstressis mainly obtainedfor defectscloseto
thesurface ® d Ü r � 1 � 4̄ andthataroundopendefects(d Ü r ¥ 0) stresslevels arethesame
asfor defectssituatedfar from thesurface.Thisallowsusto neglecttheinfluenceof open
defects,andto replacetheintegration in (10)by anintegration from rc to d:

Pf ® Nf ¯ ¥ 1 ± exp ² ± ³
V
© ³ d µ x ·

rc µ Nf ¶ x · fv ® r ¯ dr « dV ® x ¯ ¸ (14)

In ordertogetaclosedformanalyticalsolution,amacro-microcalibrationrelationship
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of the form given by equation(15) is assumed.However, sucha simple relationship
is unableto predict correctly the results,and a direct numericinterpolationshouldbe
preferredfor theimplementationof a FE post-processor.

∆σ ¥ A ® ∆Σ ¯ bexp
§
a

r
d ¨ (15)

Thevaluesof theparametersA, b anda identifiedto fit theFEresultsaresummarized
onFig. 51.
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Figure51: Identificationof themacro-microrelationship.

Theinitiation modelby inverseproblem:

Ananalyticalapplication:

In orderto illustratethe capabilitiesof the model,a simple analyticalexamplecon-
cerningacylindric bar(seeFig. 52) is presentedin thefollowing.

On thissimplegeometrytheexpressionof theprobability of failurecanbewritten:

Pf ® Nf ¹ ∆Σ ¯ ¥ 1 ± exp ² ±´³
V
© ³ d

rc

fv ® r ¯ dr « dV ¸ (16)

Pf ® Nf ¹ ∆Σ ¯ ¥ 1 ± exp ² ± 2πh ³ R

0
ρ © ³ d µ ρ ·

rc µ ρ · fv ® r ¯ dr « dρ̧ (17)

with d ® ρ ¯ ¥ R ± ρ and rc ® ρ ¯ ¥ C2d ® ρ ¯
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Σ

h

R

Figure52: Applicationof themultiscalemodelon a cylindric barof lengthh andradius
R.

CoefficientC2 is derivedfrom theinitiationmodel(equation(9)) andthemacro-micro
relationship (equation(15)):

C2 ¥ 1
a

log

FG
MN ¬ 1

m
f

A ® ∆Σ ¯ b HI
Using the analyticalexpressionidentified for the defectvolume fraction (equation

(12)), theintegrationover radiusρ canbeexplicitly calculatedas:³ d µ ρ ·
rc µ ρ · fv ® ρ ¯ dρ ¥ B J πδ

2
² er f © R ± ρ ± µ

δ « ± er f © C2 ® R ± ρ ¯ ± µ
δ « ¸

Identification for SC16:

TheZébulonOptimizeris usedto find a valueof parametersM andm thatbestfit the
BAM fatigueresultsonsmooth specimen.Thepreviousanalyticalexpressionshavebeen
usedto identify asetof theseinitiationparametersfor SC16at 950oC.
For eachsetof trial M andmvaluescalculatedby theOptimizer, theanalyticalapplication
presentedpreviously is usedto derive numberof cyclesto failure(probabilityof 0.5) for
acylinder whosedimensions correspondto BAM fatiguetestsmoothspecimen:K radiusR=4.5mmK lengthh=26mm

Resultsof theidentificationaresummarizedonFig. 53.
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Figure53: Identificationof micro initiationparametersfor SC16at 950oC:
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Summarize:

Equationsandmaterialcoefficientsaresummarizedin table10.

Defectvolume fraction

fv ® r ¯ ¥ B
V0

exp º»± © r ± µ
δ « 2 ¼

(18)

ParametersB, µ, δ identifiedby microstructural observations
Macro-micro relationship

∆σ ¥ A ® ∆Σ ¯ bexp
§
a

r
d ¨ (19)

ParametersA, b, a identifiedby FE calibrationonrepresentative
defectgeometries

Micr oscopicinitiation model:

Nf ¥ © ∆σ
M « ¬ m

(20)

ParametersM, m identifiedby inverseproblem
whenapplyingthemultiscalemodelon fatiguetestresults

Table10: Summaryof themultiscalemodelequations.

Materialcoefficientssuchasvolume fractionof defectsandmacro-microtransitionrule
areassumedto be thesameasthosecalibratedfor CMSX2. Thewholematerialcoeffi-
cientssetis givenin table11.

B (mm¬ 4) µ (µm) δ (µm) A b a M (MPa) m

4.5910¬ 2 7.26 4.26 4.55 7.67110¬ 1 5.77110¬ 1 1550 8.1

Table 11: Parametersfor SC16at950� C.

3.3.4 Application to the notchedspecimen

The differentstepsneededto obtainprobabilities of failure (or moreexactly initiation)
with themultiscalemodelpresentedabovearesummarizedhereafter.

K Step1: FEelementcalculationof severalloadingcyclesupto astabilizedresponse,K Step2: Post-processingto evaluatethemulti-axial stressrange∆Σ of thestabilized
cycle,
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K Step3: Generationof a2D surfacemeshandtransferof resultsfrom the3D analy-
sis,K Step4: Application of themultiscalepost-processoron thesurfacemesh.

This methodology hasbeenappliedto the notchedfatiguespecimen(notch radius
1mm, seeFig. 13 for thegeometry)andfor thesinglecrystalSC16whichis orientednear�
001� .

Step1: FE calculation up to the stabilizedcycle.

Thefinite elementresultscomefrom section3. Theanalysisof two cycles(loading
factorR=-1) wasperformedwith Zébulon andthesingle crystalconstitutive modeliden-
tified in thefirst partsection3. Isocontoursof von Misesstressequivalentat thepointof
maximum tensileloadduring thesecond(stabilized)cycle areplottedon Fig. 55. Note
thatthemaximum valueis not locatedat thenotchedroot.
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Figure55: Isocontoursof Misesstressequivalent.
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Step2-3: Multiaxial ∆Σ calculation and transfer of resultson the surfacemesh.

Themultiaxial stressamplitudeduringthesecondcycle is calculatedusingtherange
post-processoravailable in Zpost. Resultsare then transferredto the surfacemeshas
shown onFig. 56.
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Dsig    map:1.000000   time:0.075       min:83.220520 max:966.830200

Figure 56: Isocontoursof multiaxial∆Σ on thesurfacemesh

Step4: Application of the multiscalemodelon the surfacemesh.

Becauseof theaxial symmetryonly oneeigthof thestructurehasbeenmodelled,and
acorrespondingmultiplicative factormustbeappliedwhencalculatingtheprobability of
failureby integrationover thesurfaceof thespecimen.Themodelgives curvesof proba-
bility of failureversusnumberof cycles.Sucha curve is drawn on Fig. 54, whereit can
beseenthattheprobability of failureonly becomessignificantafterabout100cycles.The
experimental numberof cyclesto failureis 583,seetable8. Thusthemultiscalemodelis
tooconservative for thiscomponent.
Isocontoursof failureprobabilitiesin agivennumberofcyclescanalsobeobtained.Such
plots for numberof cyclesN equalrespectively to 90, 100 and110 and120 are repre-
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sentedonFigs.57 to 60.

This resultrevealsthelimit of theconventionalcriterion. Theanalysisof thesurface
ruptureof a bulk smoothSC16specimenafter LCF testat 950� Cshows that the crack
depthcorrespondingto 7 � 6% stressdrop in tensionis equalto 3 mm. On theotherhand
Figs. 21 and22 show thatonly 1 mm crackdepthleadsto a stressdropof 10% for the
notchedspecimen.In consequenceonehasto comparethenumberof cyclescorrespond-
ing to thesamecrackdepthor length.Unfortunatelythemaximumcrackdepthin thebulk
smooth specimencorrespondingto 5%stressdropis notavailablefor SC16.
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Figure57: Isocontoursof failureprobability in 90cycles
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Figure58: Isocontoursof failureprobability in 100cycles
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Figure59: Isocontoursof failureprobability in 110cycles
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Figure60: Isocontoursof failureprobability in 120cycles
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3.4 Discussion

Two stepsshould be consideredto predict the lifetime of notchedcomponents, first the
computation of theviscoplastic strain-stressstateat thenotch,thenthe failurecriterion.
The proceduremustalsosave CPU time in orderto stayin the framework of industrial
applications. Chaudonneret[ChaudonneretandChaboche,1986] usedsucha methodfor
isotropic materials.An adaptedNeuber’s rule anda non linearcumulative fatiguedam-
ageled to accurateresultsfor differentloadings(purefatigue,hold time andcreep).For
axisymmetricalstructuressuchasa cylindrical notchedspecimenthe loadingis strongly
multiaxial. Thusthecrucialpoint, to applythesameapproach,wouldbethechoiceof an
equivalent stressfor ouranisotropic material.

Thanksto thedevelopmentof thenumericalalgorithmsandof thepower of comput-
ers,it is now reasonableto computerealcomponentsin 3D with therealisticconstitutive
equationsidentifiedin thiswork. Thetwo successivestepsarethefinite elementcomputa-
tion (nosimplificationto bemadeat this level), thena damagepost-processing.We have
built a lifetime assessmentrule for pure fatiguebasedon the maximumresolved shear
stress,apossible critical variablefor thedamage.

Anotherdifficulty is a pertinentdefinitionof theinitiation criterion. Theproblemre-
mainsthecharacteristicsizeof themacrocrackassociatedwith theconventional lifetime.
Traditionallyonedefinesthemacro-crackinitiationat the“engineeringlevel” whichcor-
respondsto a surfacecrack0.5 or 1 mm in depth[ChaudonneretandChaboche,1986],
[DefresneandRémy, 1990]. [DefresneandRémy, 1990]have checkedthis initiation cri-
terion (i.e. a surfacecrack0.12mm in depth)with observationsof fracturesurfacesof
interruptedtestspecimens.They foundthattheperiodof crackgrowth betweeninitiation
andtheformationof a macrocrackis no morenegligible for a life durationlessthan104

cycles.

Our interruptedtestof a
�
001� orientedspecimenprovidessuchan information for

our criterion. Somecrackswereobservedbetween236and560cycles.Our lifetime cri-
terioncorrespondsto thecrackdepthat 5% loaddrop. This loaddrop is reachedfor the
notchedspecimenwith 1 mm notchradiusat 583cycles,Figs. 27, 28 and29 show 0.32
mm maximumcrackdepthat that loaddrop. Thediameterof thesmallestcross-section
of this specimenis approximately half of the diameterof the smooth specimens.Thus,
maybethecrackdepthof thesmoothspecimensat 5% stressdropcouldbetwiceof 0.32
mm: thisgivesanassessmentof 0.7mmor moreroughly1 mmfor thecrackdepthof the
smooth specimensat thenumberof cyclesto failure,i.e. at 5%stressdrop.Accordingto
Figs. 22 and27, themaximumcrackdepthcangrow from 5% to 10%stressdrop,0.32
mmto 1 mm,respectively, by a factor3.
Concerningthesiteof thecrackfront relative to thecrystalaxes,theanalysisof thefrac-
turesurfaces,Figs.21,22, is adifficult task.Thecrackinitiationdependsalsoon thede-
fect (e.g. castingpore)locationon thecircumference.Nevertheles,thefracturesurfaces
illustratethestronganisotropy of plasticity, thecrackfront seemsto bewell defined,but
wecannotidentify thefractureplanewith asufficientaccuracy.
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[Neumann,1974] hasalreadysuggestedthatsuchcircumferentiallynotchedcrystalis
not pertinentto producemacroscopicallyplanefracturesurfaces.He showedhow some
well definedfatiguetestswith bendingspecimensof orientedcoppersinglecrystalscould
verify a modelbasedon slip processesat propagating fatiguecracks.At theBAM other
experiments on SC16orientednotchedspecimensrevealedmacroscopicallyplanefrac-
ture surfaces[ZiebsandFrenz,1997]. Neverthelessthe problemof the definition of a
pertinentcrackdriving forcesremains. [TelesmanandGhosn,1995] proposedto relate
themwith theresolvedshearstresseswhichcontroltheoctahedralcrackgrowth in single
crystalalloys at high temperature.They invoked the importantrole of the frequency in
thetypesfailureprocess.Indeedathigh temperatureoxidationshouldinfluencethecrack
growth mechanismat low frequencies[DefresneandRémy, 1990]. We assumein this
studythatsuchenvironmentaleffectsarenegligible for aglobalstrainrateof 10  3 s  1.

Besidestheinhomogeneity of resolvedshearstressesandslip onthesurface,decreas-
ing stressesbehindthe notch root arepresentwithin a critical volumefor crack initia-
tion. [ChaudonneretandChaboche,1986] hasalreadysuggestedthatsuchstressgradient
should be taken into account.A gradientdependentcriterion for high-cycle fatiguewas
developedin [PapadopoulosandPanoskaltsis, 1996]. So,onecanput forward the same
ideato low-cycle fatigueandsinglecrystalsin orderto includein lifetimeassessmentthe
influenceof thesmallsizeof thehighly loadedvolumeat sharpnotcheson thelifetime.

As classicallyobservedfor polycrystallinematerialsthetestednotchedspecimenslive
significantly longerthanthesmoothonesat thesamemaximum Misesstressat thenotch.
Compare,for example,thelifetimeatmaximumMisesstressrangein the

�
001� specimen

with 1 mm notchradius,Fig. 46,with theexperimentally obtainedlifetime for thatspec-
imen (test4) given in table8. That meansat leastthat the fatiguelife at notchesis not
determinedby themaximum valueof thisequivalent stressalone.
Thephysical mechanismof thecrackinitiationin SC16at this strainrateleadsusto take
into accountthe sizeof the materialto comparethe lifetime betweenthe bulk and the
notchedspecimens.Indeedfor thesamestateof stress,thevolume in thenotchedspec-
imenis smallerthantheonein thebulk specimen.Thustheprobability of failure in the
notchis the lowest. Finally theargumentof thesizeeffect givesa goodexplanation for
thetooconservativeapproaches.

4 Conclusion

Fractographicobservationson
�
001� orientednotchedspecimensshowed that the main

cracksarelocatednotdirectlyat thenotchroot, insteadthey areshifteda litt le away from
thesesymmetryplanes.This correspondsto thesimilarly shiftedmaximumtotal cumu-
latedslip thatis cumulatedoncubicslip systems accordingto thenumericalanalysis.
For the otherorientations

�
011� and

�
111� the main crack is moreconcentratedat the

notchedroot.
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In strain-controlledLCF testson SC16smooth specimensat differentorientations,
950 � Cand10  3 s  1 strainrate,essentiallyno dependenceof thefatiguelifetime on the
orientationwasfoundat thesameaxial stressrange.

Thelifetimesof theperformedLCF testson notchedsinglecrystalspecimenscanbe
assessedfrom thecyclesto failureof thesmooth specimenstakingaslifetime parameter
the maximum resolvedshearstresspresentat the locationof maximum total cumulated
slip in thenotch.This deterministic approachcanbeusedin theframework of industrial
applicationsdueto its simplicity.

The sizeeffect phenomenonshouldplay an importantrole for SC16singlecrystal
superalloy sincethecracksinitiate from castingporesat high strainrates.Thuswe have
designedaprobabilistic failuremodelling,complementaryto thepreviousone,takinginto
accountthestatistical distributionof thedefects[CailletaudandQuilici, 2000].

Both modelswill be appliedin the following on a componentrepresentative of the
turbinebladeair coolingchannels.
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Part IV

Application of the rules to a component

1 Intr oduction

The aim of this chapteris to simulate the influenceof film cooling holeson low cycle
fatigueof gasturbineblades.Siemens(KWU) hasproposedto checkour lifetime assess-
mentruleswith anothercomponentwhich wasespeciallydesignedto modelsuchstress
raisersandstressstatesat the leadingedgeof a bladewith shower headcooling. This
specimenwith holesis really suitedto observe the initiation andthe propagationof the
damageunderrepresentative loadingconditions.
In thenext section,experimentaldetailsof two LCF testscarriedoutby themanufacturer
onSC16at950� Cwill bepresented.Then,in comparisonwith theseresults,wewill show
how the lifetime andthecracklocationassessmenttools introducedin thepreviouspart
couldimprove theclassicalone.

2 Experimental results

Thegeometryof theLCF sampleis givenin Fig. 61. Holeshave beendrilled by a laser
drilling machineusingtheoperatingparameterstakenfor blademanufacturing.Thethick-
nessof thesampleis similar to thewall thicknessof theblade.Theholeshave a pattern
with hole density, diameterandangleto surfaceasfound in the leadingedge,wherea
showerheadcoolingis applied,giving thehighestcoolingholedensity, seeFig. 61.
The LCF testswereperformedon a servohydraulic testmachinewith inductive heating
undertotal straincontrol in air. Theoverall strainon the11 mm gaugelengthwastaken
asthecontrolsignal.
Theexperimental testshasbeeninvestigatedat 950� C. Themaximum strainin theload-
ing cycleswasplanedto bezeroandtheminimumstrainequalto ¡ 0 � 52%,with 10   3 s  1

asstrainrate.
Thesurfaceof thesampleswascontinuouslyobservedduringthetestsby a systemcom-
posedof two CCD-cameraswith a speciallydevelopedcontrol program,so that crack
initiationandgrowth is recordedautomatically by computer.

Thedefinitionof thelifetime, Nf , is conventionnalydefinedin LCF testsasthenum-
ber of cyclescorrespondingto a load amplitudedrop of 5%. Moreover the numberof
cyclescorrespondingto a cracklengthof 0.15mm definesthecrackinitiation cycle Ni.
Table13show thelifetime andthestrainrangefor all thetests.Thetotalnumberof cycles
is denotedby N. Notethedifferencebetweenthenumberof cyclesof initiationfor both
tests.

Fig. 64shows themaximumstressduringa loadingcycleasa functionof thenumber
of cycles. We definethestressasthe forcedividedby theeffective crosssectionalarea.
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Onecanobserve a relatively fastmeanstressrelaxation.Moreover the stressamplitude
decreasesat theendof thetestwhenlargercrackcouldbeobservedon thespecimen.

Thecrackpatternon the front andrearsurfaceof thespecimenat theendof the test
is givenin Fig. 65. After coolingdown thespecimenat theendof thetesttheloadof the
testmachinewasincreaseduntil final fracture.On canobserve (in darkgrey onFigs.66,
68) thesurfacesof thecrackcreatedby thecyclic loading.Black lineswithin theseareas
arestepsin thecracksurfacewheresinglecracks,whichareinitiatedatdifferentpositions
alongthe hole, are linked together, seeFig. 62. The cracksarenearlyperpendicularto
theloadingdirection.Thereis a small tilt towardstheaxisof thecoolinghole. Notethat
sucharesulthasalreadybeenobservedby [Panet al., 1999] with anisotropic cobaltbase
alloy.
Thelocationsof thecrackshave beendeterminedfor thespecimenof thetest3651-001.
Thecrackstartingpositionsaregiven in table12astherelativeheightaÜ ao measuredfrom
thecenterof thecoolinghole,seeFig. 63. We only considersevencrackinitiationareas
of onehalf of thespecimenandindicatedin Fig. 63since,dueto thesymmetry, theothers
arefoundon theright sideandtherearsurfaceof thesampletoo. For thetest3651-002,
thedistributionof thecrackinitiation locationsfor theright andleft row of holesdoesnot
respectthesymmetryof thespecimen,seeFig. 67. Actually, dueto manufacturingerror,
thepatternof theholesis not properlyalignedwith thecenterto thespecimenandcould
beanexplanationof thisphenomenon.

3 Application of the assessment rules

3.1 Conditions of the FE analysis

In orderto checkour cracklocationassessmentfor this componentseveral cycleshave
beencalculatedby finite elementwith thecrystallographic modelfor SC16at 950� C.
Only thepartof thetestspecimenbetweentheextensometerhasbeenmodelled.Despite
thesmalldeviationof theorientationof thecrystal,seeFig. 61,weassumethattheaxisof
theholescoincideswith thesecondarycrystallographicaxis[010]. Therefore,dueto the
cubicsymmetryof thesinglecrystalandto thegeometricalsymmetriesof thespecimen,
only onequarterof componenthasbeenmodelled.Themeshof thecomponentandthe
boundaryconditionsaregivenin Fig. 69. Theapplieddisplacementis calibratedto get
thenominalstrainandstrainrateover thegaugelengthof theexperiment, seeFig. 70.
Thesimulatedrelaxationof theforce is in goodagreementwith themeasuredvalue,see
Fig. 71.

3.2 Crack locationassessmentandcomparisonwith experimentalev-
idence

Thetotal cumulatedinelasticstrainfor eachslip systemfamily at themaximum loading
of thefirst cyclehasbeenplottedin Figs.73,74andgiveanideaof theviscoplastic strain
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at the holes. Theseresultsshow that the total cumulatedslip is not locatedat thenotch
rootsasin thecaseof thenotchedspecimensandin accordancewith thepositionof the
cracksaroundthenotchesobtainedon thespecimenaftertheLCF test,seeFig. 65.
Thecracklocationassessmentintroducedfor theroundbulk LCF notchedspecimensin
the secondpart (Section 3) is basedon the determinationof the position of the max-
imum total cumulatedslip at the notch for the stabilized cycle. But the global curve
plotted in Fig. 71 andthe experimentalonepoint out the necessityto take into account
thestress/strain redistribution. Thuswe have to determinetheslip locationat thenotches
till a stabilizedoneis obtained.

Moreover to simplify theapplicationof our methodthehole6 of the rearsurfaceof
thesamplerepresentedin Fig. 63hasbeenchosen.Thecontourof theinelasticcumulated
strainof eachslip family whichareconcentratedin thisholehavebeenplottedin Fig. 72
for anassumedrepresentativecycle. Theratioa¢ ao, whichis characterizedby theposition
of thecrackat theintersectioncurve coolinghole- outersurface,hasbeencalculatedfor
the maximumslip at the hole accordingto the definition given in Fig. 72. We have
obtainedfor thatparticularcasea locationratio equalto 0.61. Accordingto thetable12
theassociatedcracklocationratio is between0.5and0.65.
Finally theagreementbetweenthepositionof thecrackaroundthatholeandthemaximum
total cumulatedinelasticstrainlocationis satisfying.

3.3 Application of the deterministic method for lifetime

We apply in this sectionthe methodexplainedin thepreviouspart (Section3.2) for the
samehole6ontherearsurface.In ordertoassessthelifetimeof thispartof thecomponent
we have to calculatethe maximum resolved shearstressrangeover the stabilizedcycle
at the point wherethe equivalent inelasticstrain is maximum. Over the first cycle the
maximum resolvedshearstressrangeat this pointandof thesameslip family is equalto
307 MPa. From the diagramof Fig. 47 we obtain1300asnumberof cyclesto failure
for this valueof the critical variable. Our lifetime criterion is basedon 5% stressdrop
on smooth specimens,correspondingto a crackdepthof about0.7-1mm (comparethe
discussion in Section3.4 of Part 3). Accordingto the experimental results,suchcrack
lengthsarereachedbetween910cyclesattheevaluatedholein themiddle and3528cycles
at latest,seeFig. 65. Thereforethis approachallows us to assessa realisticlifetime, at
leastwithin a factorof 3.

3.4 Application of the probabilistic failur e model

Thefirst stepof thismethoddescribedin Part two, Section(3.3) is afinite elementcalcu-
lationof thecycledspecimenuntil thestabilizedcycle is reachedat950� C. Contourplots
of Misesstressequivalentat thepointof maximalloadareplottedonFig. 75.

Thenthemultiaxial stressamplitude,∆Σ, calculationhasbeenperformedandextrap-
olatedto thesurfacemeshasshown on Fig. 76. Rigorously, only thesurfacearoundthe
coolingholesshouldberetainedin thesurfacemesh.For demonstrationpurposessomeof
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theoutsidesurfacesof thespecimenhave beenkepthowever. Theprobabilityof failure,
beingconsiderablyloweron thoseregionsshould notchangetheresultsdramatically.

Finally the multiscalemodel hasbeenappliedto the surface. The probabilities of
failurecalculatedwith this modelfor differentnumbersof cyclesareplottedon Fig. 77,
whereit canbeseenthatthenumberof cyclesto failureis of about1000cycles.Contour
plots of failure probability for N equalrespectively to 500, 1500 and 2500 cycles are
representedonFigs.78to80. Theseresultsarein agoodagreementwith theexperimental
valuesof thenumberof cyclesto initiationgiven in Fig. 65.

4 Conclusion

Theexperimentalresultsof low-cyclefatigueat950� ConSC16specimenwith holescon-
firm thegoodcapabilitiesof thecrystallinemodelconcerningthecrackinitiation. Indeed
themaximunequivalentinelasticstrainis apertinentvariablefor theinitiation of thedam-
ageat suchstressraisers.

Two different lifetime assessmentruleshave beenappliedandgive comparablere-
sultsasthe experimentalonewhich have beenobtainedwith sophisticatedmeasuresof
thecracklengthduringthetestsat high temperature.
Thefirst approach,basedon thecalculationof theresolvedshearstressat thepointof the
componentwheretheequivalentviscoelasticstrainis higherover bothoctahedralandcu-
bic slip systemfamilies,constitutesasimplemethodfor SC16underrepeatedsymmetric
tensioncompressionloading.Thesecondonetakesintoaccountthestatistical distribution
of thecastingporesin thecomponentandthustherealphysicalmechanismof thecrack
initiation. However thesemethodsarestill conservativeevenif theassessedlifetime is by
a factorof 3 smaller thantheexperimentalone.
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Figure61: Geometryof theLCF specimenwith holes;orientation of therodswithin the
SC16slab(afterSiemens(KWU)).
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Figure62: Crackpatternalongthecoolinghole(afterSiemens(KWU)).

Figure63: Crack positions at the intersectioncurve cooling hole-outersurface (after
Siemens(KWU)).
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Table12: Crack startingpositions at eachholegivenFig. 63 for thetest3651-001(after
Siemens(KWU)).

Testnumber £ ε ¤ %¥ Ni Nf N

3651-001 0.494 920 3100 3528
3651-002 0.506 1600 3500 6380

Table13: Resultsof LCF testsat950� Conspecimenswith holes(afterSiemens(KWU)).
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Figure64: Global stressversusthe numberof cyclesof the test3651-001at 950� Con
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Figure65: Surfaces of theSC16specimenswith coolingholesafterN = 3528cyclesat
950� C. Test3651-001(afterSiemens(KWU)).
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Figure66: Surfaceruptureof the SC16specimenswith cooling holesafter N = 3528
cyclesat950� C. Test3651-001(afterSiemens(KWU)).
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Figure67: Surfaces of theSC16specimenswith coolingholesafterN = 6380cyclesat
950� C. Test3651-002(afterSiemens(KWU)).
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Figure68: Surfaceruptureof the SC16specimenswith cooling holesafter N = 6380
cyclesat950� C. Test3651-002(afterSiemens(KWU)).
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Figure 69: Boundaryconditionsof thespecimenwith holesof Siemens(KWU).

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0 5 10 15 20 25 30

S
tr

ai
n 

(%
)

�

time (s)

Figure 70: Loadingappliedon thespecimenwith holes.
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Figure71: GlobalcurveForceversusthenominalStrain.
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Figure72: Total cumulatedslip on the rearsurfaceof the hole 6 at the endof the first
cycle (octahedral(left) andcubic(right)).
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Figure73: Total cumulatedoctahedralslip of the specimenwith holesat the maximun
loadingof thefirst cycle.
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Figure74: Totalcumulatedcubicslip of thespecimenwith holesat themaximunloading
of thefirst cycle (cubic).
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Figure 75: Isocontoursof Misesstressequivalent.
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Figure76: Isocontoursof multiaxial ∆Σ on thesurfacemeshof thespecimenwith holes.
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Figure77: Failureprobability versusnumberof cyclesfor thespecimenwith holes.
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Figure78: Isocontours of failureprobabilityin 500cycles.
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Figure79: Isocontoursof failureprobability in 1500cycles.
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Part V

Strain localization phenomenaat a
crack tip in singlecrystals

1 Intr oduction

In theprevioussectioncrackinitiationandmacroscopicmodellingof thelifetime for sin-
glecrystalsuperalloy at high temperaturehavebeenstudied.
Thenext stepis thenthe investigationof largecracksgrowth in suchananisotropicma-
terial. The high straingradientsat the cracktip leadus to usea generalizedcontinuum
theoryon thelocalizeddeformationpatternsin f.c.c. singlecrystals[Forestetal., 2000].

I investigatein this part thestress-strainfield at a givencracktip in a singlecrystal.
First we will give a review of recentpublicationsaboutlarge cracksin monocrystalline
materials. Then we will recall briefly the main constitutive equationsof the extended
model. From numericalanalysesof somerepresentative crack configurationswe will
characterizethemodificationof thestrainlocalizationbandsdistribution with thegener-
alizedcontinuummodel.Importantconsequencesareexpectedregarding crackbranching
afterstablecrackgrowth. Finally in thelastsectionwe reportsomeencouragingexperi-
mentalevidence.

2 Lar gecracks in singlecrystals

The asymptotic stress-strainfield at a stationarycrack tip in elastic-ideallyplastic
f.c.c. and b.c.c. single crystals, as determinedby Rice [Rice,1973], [Rice,1984],
[RiceandNicolic, 1985],[Rice,1987],[Riceet al., 1990], turnsoutto belocally constant
within angularsectors.It involvessheardisplacementdiscontinuitiesatsectorboundaries,
thatcanbeinterpretedasstrainlocalizationbands.Whenthecrackorientationshavehigh
symmetry relative to the crystal,at leasttwo kinds of bandscanoccurat the cracktip:
slip bandslying in theslip planeof thelocally activatedslip system,or kinking modeof
shearwhich correspondsto thediscontinuity surfacesperpendicularto active slip plane,
seeFigs.81,82.
The numerical analysisof the sameproblem using finite strain crystal plasticity in
[Cuitino andOrtiz, 1993], [Mohanetal., 1992] reveals that the condition of constant
stressstatein eachsectormustbe relieved due to possible local elasticunloading, but
alsothat thestrainlocalizationpatternspertain.Theseauthorsfoundin theoutersection
of the plastic zonethe samesolution as Rice in the caseof a perfectly plastic behav-
ior and for small strainsand lattice rotation. Using an adaptative meshingtechnique,
[Ortiz andQuigley, 1991] obtaineda traceof the radial lines of displacementandstress
discontinuity (Fig. 83).
Discretemodelsbasedondislocation dynamicsalsoleadto stronglylocalizeddislocation
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distributionsnearthecracktip andto theprogressive formationof thepredictedsectors
[Cleveringaet al., 1999], asonecanseeonFig. 84.
Experimental observations in a b.c.c. singlecrystal in [ShieldandKim, 1994] confirm
theexistenceof suchintensedeformationbandsradiatingfrom thecracktip. Moreover,
accordingto theseauthors,therotationof thecrystallatticeshouldplaya significantrole
in theformationof strainfield structureobserved.
[Mesarovic andKysar, 1996] have studied theexperimentally observeddirectionallyde-
pendentcrackingalongthe interfacebetweena copperandaluminacrystals.They tried
to give someexplanationsabouttheeffect of continuum deformationon thecompetition
betweendislocationsnucleationatacracktip andcleavage.Particularlythey haveshown
how pronouncedthegeometricalhardeningandsofteningin idealplasticity analysisare.
Moreover thenatureof thelocalizationof theplasticdeformationchangeswith thecrack
tip orientation.
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Figure81: (a)Shearin bandlying parallelto theactiveslip systems. (b) Shearby kinking
modein a bandlying perpendicularto the slip direction. (c) Dislocations
generatedat thecracktip or from internalsources:slip-plane-parallel shear
band. (d) Dislocationsdipoleloopsnucleatedfrom internalsources:kinking
shearband. After [Riceet al., 1990].

Figure82: (a) Deformedmeshfor stationarycrack. (b) Line lengthsproportionalto ac-
cumulateddisplacements.From[Rice et al., 1990].
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Figure83: Final meshof the neartip region of a crackon the (010) planeof a copper
singlecrystal,with the crack front in the

�
1̄01 direction,andcrackgrowth

along[101]. From[Cuitino andOrtiz, 1993].

Figure84: Edge dislocations interactingwith a propagatingmode I crack. Disloca-
tion distributions for different obstacledensitiesand loading rates. From
[Cleveringaet al., 1999].
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3 Cosserat singlecrystal plasticity

3.1 Moti vations

The fact that the strongstraingradientsdeveloping in the vicinity of the crack tip may
affect the local mechanicalresponseof a crystalline solid suggeststhatgeneralizedcon-
tinuumtheories,includingCosserat,straingradientandnonlocalmodels, couldbehelpful
for computing morerealisticlocal stress-strainfields. Thestraingradientmodelusedin
[Xia andHutchinson,1996], [Wei andHutchinson, 1997] resultsin a substantial increase
of the tractionsaheadof the tip of a modeI crackwithin a domainof characteristicsize
describedby a constitutive intrinsic length. This monitoring of the local strainfield en-
ablesoneto improve thepredictionof subsequentcrackgrowth.

Theuseof ageneralizedcontinuummodelalsostronglyaffectsthelocalizeddeforma-
tion modesasdemonstratedin [Forest,1998] in thecaseof singlecrystals.In particular,
asalreadyseenabove,classicalcrystalplasticitytheorypredictstwo typesof deformation
bandsin singlecrystalsundergoing singleslip: slip bandslying in the slip planeof the
locally activated slip system,or kink bandslying in a planenormalto the slip direction
of the slip system[ForestandCailletaud,1995]. The formationof a kink bandis asso-
ciatedwith thedevelopmentof stronglattice rotationgradientsat its boundaryandmay
thereforebe precludedif the model incorporatesadditional hardeningrelatedto lattice
curvature[Forest,1998].

Onegivesin thissectionasummaryof theprincipalconstitutiveequationsof agener-
alizedcrystalplasticity modelfor singlecrystalsatfinite deformation[Forestetal., 1997].

3.2 Kinematics of the Cosseratcontinuum

A materialpointM of bodyB at time t0 is describedby its positionX andits innerstate,
for an arbitrary initial placement,chosenas the referenceconfiguration. At time t, its
position is x ¤ X � t ¥ andits innerstateR��¤ X � t ¥ , in agiven referenceframeE. If ¤ di ¥ i � 1 � 3 are
threeorthogonal latticevectorsin a releasedstateat t and ¤ d0

i ¥ i � 1 � 3 their initial placement
in E, thentherotationR� is definedthrough

di � R� d0
i (21)

with
R� R� T � 1� � R� ¤ X � t0 ¥ � 1� and DetR� � 1 � (22)

A rotatingframeE ��¤ M ¥ is attachedto the latticestructureat eachpoint M � B andeach
vectorandtensorvariabley consideredwith respectto E � will be denoted � y. The link
betweenthevectorfield φ¤ X � t ¥ andtherotationfield R� ¤ X � t ¥ is given by

R� � exp ¤ 1��� φ¥ � exp ¤�¡ ε� φ¥ (23)
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Thedisplacementfield is definedby thedifference

u ¤ X � t ¥ � x ¤ X � t ¥ ¡ X (24)

In theframework of theCosseratmediumu andφareregardedasindependentkinematic
variableswhichcanbeconnectedon thebalanceor constitutive level by someconstraint.
Thedeformationgradientclassicallytransformstheinitial infinitesimal materialsegment
dX to its currentpositiondx

dx � F� dX (25)

sothat
F� � u � ∇ � ui � j ei � ej (26)

Partialderivativesaretakenimplicitly with respectto X j .
In thesameway, wecomputethevariation dR� of microrotationalongamaterialsegment
dX. Definingδφby ¤ dR� ¥ R� T � 1� � δφ � ε� δφ (27)

Wederive [Sievert,1992]

δφ � ¡ 1
2

ε� ¤ dR� RT ¥ � K� dX (28)

With

K� � 1
2

ε� : ¤ R� ¤ R� T � ∇ ¥�¥�� (29)

From(28) onecanseethatδφ is nota totaldifferential.Contraryto F� , K� generallyis not
alwaysinvertible. With respectto thelocalspaceframeE � ,� dx � � F� dX and � δφ � � K� dX � (30)

Where � dx � R� T dx and � δφ � R� T δφ, and� F� � R� T F��� � K� � R� T K� (31)

The relative measures� F� and � K� canbe consideredasnaturalCosseratstrainsfor the
developmentof constitutive equationsdueto their invarianceunderany Euclideantrans-
formation[KafadarandEringen,1971]. They arecalledrespectively theCosseratdefor-
mation tensorandthewryness(or bend-twist, or torsion-curvature)tensor. An alternative
expression of thewrynesstensoris then� K� � ¡ 1

2
ε� : ¤ R� T ¤ R� � ∇ ¥�¥ (32)

In orderto computethetime derivativeof theCosseratstrainswe definethevelocity and
thegyrationtensor, v, by

v � u̇ � u̇i ei and υ� � Ṙ� R� T (33)

andwhichcanbereplaced,dueto its skew-symmetricproperty, by theassociatedgyration
vector �

υ � ¡ 1
2

ε� υ� (34)
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Thusthetime derivativeof theCosseratstrainscanberelatedto thegradientof thelatter
quantities: � Ḟ� � F�   1 � R� T ¤ v � ∇ c ¡ 1� � �

υ ¥ R� � (35)� K̇� � F�   1 � R� T

�
υ � ∇ c R� � (36)

where∇ c � ∂
∂xi

ei � F�   T ∇ (Euclideanrepresentation,c standsfor current).

v � ∇ c ¡ υ� is therelativevelocity gradientanddescribesthelocalmotionof thematerial
elementwith respectto themicrostructure.

3.3 Forcesand stresses

The introduction of forcesandstressesandtheassociatedequilibriumequationsarede-
ducedfrom theapplicationof themethodof virtual powerdevelopedin thecaseof micro-
morphicmedia[Germain,1973]. In [Forestetal., 1997] onecanfind how this methodis
adaptedto thecaseof a Cosseratcontinuum.Thevirtual power of theinternalforceshas
beenappliedin theframework of a first gradienttheoryandis a linearform of thevirtual
motionsandtheir gradients.Thedualquantitiesinvolved in this form aredenotedσ� and
µ� respectively andareassumedto beobjective tensors.Thusonehasobtainedthe local
equilibrium equations �

div σ��� f � 0

div µ� � 2

�
σ � c � 0

(37)

andtheboundaryconditions �
σ� n � t
µ� n � m (38)

where the partial derivatives are taken with respectto the current configurationand
f � c � t andm arethe externalforces. σ� is calledthe Cauchyforce stresstensorandµ� the
couple-stresstensor. They aregenerallynotsymmetric.

3.4 Isotropic elasticity

From the equationsobtainedin the framework of a hyperelasticmaterialand with the
assumptionsthatthestrain,torsioncurvatureandmicrorotationsremainsmall !#" R�%$ 1� � 1��� φ � 1�'& ε� φ� F� $ 1� � u � ∇ � ε� φ � 1� � e�� K� $ φ � ∇ � κ� (39)

whereκ� is thetorsioncurvaturetensor. Furthermore, � σ� $ σ� and � µ� $ µ� . Consequently,
for linearelasticity, two four rankelasticitytensorsareintroduced�

σ� � E�� : e�
µ� � C�� : κ� (40)
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Thesetensorshave somesymmetrypropertiesdueto thehyperlelasticity conditions and
materialsymmetries.Theform of theCosseratelasticitytensorsfor all symmetry classes
hasbeenestablishedby [Kessel,1964]. In theisotropic caseequation(40)getsthesimple
form �

σ� � λ 1� Tre� � 2µ ( e�*) � 2µc ) e� (
µ� � α 1� Trκ� � 2β ( κ� ) � 2γ ) κ�+( (41)

andthendependson the two classicalLamé constantsλ � µ complementedby four addi-
tionalparameters[WilmańskiandWoźniak,1967].

3.5 Elastoplastic Cosseratsinglecrystal

In the caseof single crystalswe usethe main principal resultsin Cosserattheory at
large strains[Sievert,1992]. Elastic and plastic Cosseratdeformationsand curvatures
are introduceddueto the non-homogeneouspermanentlattice rotations, which may be
inducedby non-homogeneousplasticdeformationsin singlecrystals.They aredenoted
by: � F� e � � F� p � � K� e and � K� p.
Weuse,asproposedin [Mandel,1971], themultiplicativedecomposition for theCosserat
deformation: � F� � � F� e � F� p (42)

Moreoveradecomposition of theentirewrynesstensoris [Sievert,1992]:� K� � � K� e � F� p � � K� p (43)

Theplasticdeformationof singlecrystalsis the resultof slip processeson slip systems.
For eachslip systems, wedefine

ms � bs,.- bs - (44)

Where bs is the Burgersvector. zs is the unit vector normal to the slip plane. In
consequencetheplasticstrainratetakestheform� Ḟ� p � F� p / 1 � ∑

s0 S

γ̇s � P� s � (45)

γ̇s is theslip ratefor thesystems. � P� s is givenby thekinematicsof slip� P� s � � ms � � zs (46)

where � zs � R� Tzs.
[Forestet al., 1997] proposedthefollowing kinematicsfor theplasticwryness� K̇� p � F� p / 1 � ∑

s0 S

θ̇s

l
� Q� s (47)

Theθs areanglesthatmeasuretheplasticcurvatureandtorsionover acharacteristiclength
l . At smallstrainwe imply have �

e� � e� e � e� p

κ� � κ� e � κ� p (48)
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3.6 Explicit integration of the constitutiveequations

Wegivebelow explicit integratedformsof thepreviousconstitutiveequations.

3.6.1 Kinematic of plastic deformation and curvature

The expressionof � Q� s is derived from the analysisof the dislocation density tensor
[Forestet al., 1997]. This one can be decomposedinto the contributions of edgeand
screw dislocations. In the following we usethe index 13254 as the lattice curvaturedue
to edgedislocationsandthesymbol 17684 asthe lattice torsiondueto screw dislocations.
Thusthe decomposition of the plastictorsion-curvature canbe written with the help of
two associatedorientationtensorsQ�:9 andQ�<;� K̇� p � F� p / 1 � n

∑
s� 1 = θ̇s9

l 9 Q� s9 � θ̇s;
l ; Q� s;<> (49)

And

Q� s9 � ξs � ms � Q� s; � 1
2

1�?& ms � ms � (50)

whereξs � ns � ms is theedgedislocation line vector.

3.6.2 GeneralizedSchmid law

ThePeachandKoehler’s formulagivenby [Kr öner, 1956] allows theSchmid’s criterion
to haveaphysicalmeaning.Thisoneis usedto computetheslip rateonslip systems

γ̇s �A@ Max 1 0 �CB τs & xs B�& rs 4
ks D ns

sign1 τs & xs 4 (51)

Whereτs � � σ� : � P� s. xs andrs areinternalkinematic andisotropic hardeningvariables.
They representrespectively theback-stressandtheyield threshold, whicharesupposedto
describewith sufficient accuracy the dislocationstructurefor a correctmodelling of the
hardeningbehaviour. Theviscosity propertiesarecharacterizedby theparametersks and
ns.
For theviscoplastictorsion-curvaturevariables[Forest,1996] proposedaexpressionsuch
as

θ̇s � = Max 1 0 �CB?� µ� : � Q� s BE& l rs
c 4

lks
c

> ns
c

sign1 � µ� : � Q� s4 (52)

wherers
c denotesthethresholdandks

c andns
c areviscosityparameters.Theformulais to

beappliedsuccessively for edgeandscrew dislocationsbelongingto thesamesystem.
Theevolution rulesfor thethresholdsr s andrs

c usedin thiswork arethen

rs � r0 � q
n

∑
r � 1

hsr 1 1 & exp 1F& bvr 4G4 � H HIB θs B with v̇s � B γ̇s B (53)
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rs
c � rc0

Thecomponents hrs of theinteractionmatrix accountfor self- andlatenthardening.The
thresholdfor plasticcurvatureis takenconstantfor simplicity. A simplelinearcoupling
termH H is addedto moreconventionalnonlinearcontributions.
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4 Numerical analysisof near tip fields for differ ent ori-
entations of the crystal

4.1 Conditions of the fini te elementcalculations

Wewill presentin thispartsomecalculationswith two models.Thefirst oneis aclassical
modelof singlecrystalsat large deformationsbasedon the constitutive equationspro-
posedby Mandel[Mandel,1971]. Thesecondis a Cosseratplasticity modelwhich takes
explicitly elastoplastic lattice torsion-curvatureinto account. Both are implementedin
thefinite elementcodeZéBuLoN[Forest,1998].

4.1.1 General conditions

Thefinite elementmeshof theconsideredsinglecrystallineCT specimento becomputed
underplanestrainconditionsis representedonFig. 85.

2=(abc)

1=[xyz]

Figure85: Finite elementmeshof the CT specimen(above, the meshof the pin is not
represented);meshof thecracktip zone,thenodesbelongingto theligament
beingrepresentedby blacksquares(below).
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A regularmeshwith quadraticelementsandreducedintegration is usedat thecracktip.
Sucha meshhasbeenshown in [ForestandCailletaud,1995] to beableto captureshear
bandsof any orientationandthusto minimize themesh-dependenceof theresultsassoci-
atedwith localizationphenomena.It is importantsincetheorientationof thelocalization
bandsmustbe a predictionof the model. Displacementin direction2, seeFig. 85, is
prescribedto thenodesof theligament.An additionalboundaryconditionneededfor the
generalizedcontinuumis a vanishing lattice rotationat the ligament for symmetryrea-
sons.Theorientationof thespecimenwill bedescribedby thecrackplane((abc)onFig.
85)andtheinitial crackgrowth direction([xyz] onFig. 85).

4.1.2 Conditions of the analysiswith classicalcrystal plasticity

We use the elastic constantsof the single crystal nickel-base superalloy SC16
[ZiebsandFrenz,1997]calibratedat650J Cwith aclassicalprocedure[Olschewski, 1997].
Octahedralslip only is taken into accountfor simplicity, involving 12 K 111LNM 110O slip
systems. Parameterk (resp.n) arechosenlow (resp.large)enoughin orderto geta rate-
independentbehavior. Moreover we introduce in somecasesa softeningin the isotropic
hardening,which hasan initial radiusof 500 MPa, anda diagonalinteractionmatrix to
amplify thelocalisationphenomena.

4.1.3 Conditions of the analysiswith the Cosseratmodel

For simplicity we only considerthe effectsof the local curvaturedueto the accommo-
dationof edge-typedislocations. Theelasticmoduli aresuchthat theCosseratelasticity
straine� e remainssymmetric andthebendingmoduliof C�� areequalto 10/ 3 MPam2. We

take a very small thresholdfor plasticcurvature.Theparametersaresuchthat thesame
behaviour is obtainedastheclassicalcrystalplasticity for a vanishing H H . ParameterH H
will varyfrom 0 to 10000MPato investigatetheeffectof latticecurvatureonlocalization.

4.2 Resultsand interpretation of the localization bands

4.2.1 Resultsobtained with the classicalmodel and the Cosseratmodel with van-
ishing H H

A summaryof all investigatedorientationsis given in table14. The structureof the lo-
calizationbandpatternsfoundat thetip of 1 0114 � 100 and 1 0014 � 100 cracksis illustrated
by theequivalentstrainin Fig. 86 for a calculationwith theclassicalmodelandFig. 87
(below) for a computation with the modelof Cosseratandvanishing H H . Both models
give almostidenticalresults.Moreover ananalysisof theslip systems activated in each
bandfor thesecrackorientationsallows usto know, almostfor certainbands,themotion
of the edgedislocationson planes. Fig. 89 shows a schematicrepresentationof such
dislocationmotionswhenthe interpretationis possible.In thefollowing we will usethe
bandnumbersgivenin Fig. 89. Fromtheseresultsacharacterizationof thebandsis given
in thenext section.
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4.2.2 Characteristic of the inelasticstrain localization bands

Mainly threetypesof strainlocalizationbandshavebeenfound.

Slipband:

In theband(2) of the 1 0114 � 100 crack(seeFig. 89,above),two slip systemsareactivated
simultaneouslywith the sameamountof slip, the resultbeingan effective macroscopic1 1004 � 011 slip band,seeFig. 86, above. Two symmetricslip bandsare found for the1 0014 � 110 orientedcracktoo,seeFig. 91,notethatthe 1 0114 � 100 orientedcrackof the
b.c.c. singlecrystalis a similar case.Moreover slip bandsinducealmostno latticerota-
tion at all, seeFigs.88 (above),91 (below).

Kink band:

From Fig. 86, 89 the secondband(1) of the 1 0114 � 100 crackcanbe interpretedasa
kink bandfor theeffectiveslip system1 1114 � 211 . Similarly theverticalbandon Fig. 91
(above)is akink bandfor the 1 0014 � 110 orientedcrack.In contrastwith thepreviouscase
significantlocalizedlatticerotationandthereforestronglatticecurvatureis observed,see
Figs.88 (above),91 (below).

Multislip band:

The patternobserved at the 1 0014 � 100 crack tip is much more complicatedand four
slip systemsare activated simultaneouslyin eachband,seeFig. 86 (below). In band
(2) of Fig. 89 (below), the activated slip systemscan be divided into two groups
of two slip systemswith different amountof slip for eachgroup. According to the
Fig. 88 (below) a high lattice rotation occursin the multislip bands. Contrary to the
two first typesthis one cannotbe apparentlyidentifiedascrystallographiclocalization
plane. Similar non-crystallographicshearbandsfor doubleslip have beenobtainedin
[ForestandCailletaud,1995].

A fourth situation is possibleconcerningthenatureof thestrainlocalizationat thecrack
tip of singlecrystalsbut it is not anothertype of band. In band(1) of the 1 0014 � 100
crackfor instance,theamountof slip is thesamefor the four systemsandthebandcan
beinterpretedasthesuperposition of aneffective 1 1014 � 101 slip bandandof aneffective1 1014 � 101 kink band,seeFig. 89 (below). As for themultislip bandstheamountof lat-
tice rotationis ratherhigh.
After this review of the main typesof bandsof strainlocalizationit is interestingto in-
vestigatetheirbehaviour whentheadditional hardeningdueto thelatticecurvaturein the
Cosseratmodelis takeninto account.

4.2.3 Consequencesof the intr oduction of hardening due to lattice curvature

If sufficiently strong additional hardeningH H is introduced,the picture is drastically
changed. Due to the small amountof the lattice rotation in slip bands,theseone re-
main, asshown on Fig. 90 (above). The oppositeresult is obtainedfor the kink band.
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For the 1 0114 � 100 crack,seeFig. 90 (above), thetwo kink bandshave disappeared,asit
couldhave beenexpectedfrom thebifurcationanalysisof [Forest,1998]. FromFig. 87
(above)we observe thatthecombination betweentheeffectiveslip andtheeffectivekink
is no morepresent,becauseof the non negligible amountof lattice rotation. The same
propertyexistsfor thecrackwhich is orientedalong 1 0014 � 100 , seeFig. 90 (below). For
the crackconfigurations1 0014 � 100 and 1 0114 � 01̄1 we observe that the multislip bands
remainevenif theamountof latticerotationis high,seeFigs.87 (above)and90(below).
Actually lattice curvatureinside thesebandsleadsto higherlocal stressesandtherefore
morelimitedlocalization.

It mustbenotedthatcontraryto theisotropicelastoplasticcase,thelocalizationpatterns
computedunderplanestressconditions arenotsignificantlydifferent.
Theintroductionof moderatework-hardeningleadsto morediffusedeformationbut does
notsignificantlyalterthestructureof thecracktip stress-strainfield.
For the 1 0114 � 100 orientedcrack, the global load-displacementcurve of eachmodels
have beenplottedon Fig. 92. The Cosseratmodelshows a strongerhardeningas the
classicalmodel.Moreover thecorrespondingexperimentalcurve canbeusedto identify
thevalueof theadditionalhardeningdueto latticecurvature.

4.3 Discussion

Thepreviouscomputationsindicatethat, if additionalhardeningdueto latticecurvature
is introducedin continuum modelling,(effective) kink bandsareprecludedat the crack
tip in favour of (effective) slip bands. If all possible bandsare associatedwith lattice
curvature,someof themsubsist. The physicalrelevanceof the result is difficult to as-
sesssinceonly scarcepreciseobservationsof thecracktip in singlecrystalsareavailable.
In [ShieldandKim, 1994], a b.c.c. singlecrystal is carefully studiedfor crackorienta-
tion that is similar to our 1 0014 �110 crack for symmetryreasons.Indeedthe vertical
kink bandexpectedin the classicalanalysis,seeFig. 91, doesnot seemto be present.
However no specialattentionis paidto this point in [ShieldandKim, 1994]. If localiza-
tion bandsareregardedaspreferentialbifurcationpathsfor possiblecrackbranching,the
presentwork leadsus to postulate thatcrackbranchingfrom a stablepathto a localiza-
tion bandwith stronglattice curvatureis not possible. This canbe supportedby some
experimental resultsprovidedin [HendersonandMartin, 1995] for aCT specimenandin
[ZiebsandFrenz,1997] for two sharplynotchedSC16specimensundercyclic loading,
describedin thesecondpart(seeSection5.2below).
However, for nickel basesuperalloysoneshouldintroducein thebehaviour thecubicslip
family. In orderto assesstheinfluenceof suchslip family onthestrainlocalizationpattern
at thecracktip, thecalculationin smalldeformationof the 1 0114 � 100 configurationhas
beenperformedwith theconstantsof theclassicalmodelcalibratedfor SC16at 650J C.
FromFig. 93 onecanobserve thepresenceof threebandsof inelasticstrainlocalization.
Two of themaredueto theoctahedralslip systemandtheotheroneis dueto thecubic
slip system.Theorientationof thesebandsis thesameasthe oneobtainedin thesame
problemanalysedonly with theoctahedralslip systemfamily. A detailedanalysisof the
activated slip in eachbandshows that the two symmetric bandsare identified as kink
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bandsandtheverticaloneis a slip band. Thus,even if thebandsof localizationdo not
belongto thesameslip systemfamily asin thesimplified calculationof Section4.1.3,the
natureof thebandsdoesnotchangeat all.
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Figure86: Strain localizationpatternat the crack tip obtainedwith the Mandelmodel:1 0114 � 100 crack (above) and 1 0014 � 100 crack (below), equivalent plastic

strain.
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Figure87: Strain localization pattern at the 1 0114 � 01̄1 (above, H H � 5000) and1 0014 � 100 (below, H H � 0) orientedcrack tip obtainedwith the Cosserat

model:contourof equivalentplasticstrain.
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Figure88: Amountof lattice rotationat the cracktip obtainedwith the Mandelmodel:1 0114 � 100 crack(above)and 1 0014 � 100 crack(below).
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[ShieldandKim, 1994]).
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crack numberof bands:classical(Cosserat)/
orientation bandcharacteristics(orientationandtype)1 0114 � 100 3 (1) / (55J kink), 90J slip, (125J kink)1 0014 � 110 3 (2) / 55J slip, (90J kink), 125J slip1 0014 � 100 4 (2) / (45J slip+kink), 68J multislip, 112J multislip, (135J kink+slip)1 0114 � 011 3 (2) / 68J multislip, (90J slip+kink), 112J multislip

Table14: List andstructureof investigatedlocalizationbandsfor several crackconfig-
urations;for the casesillustratedin Fig. 89, the bandorientationsandtypes
arelistedin theordergiven by thenumberson Fig. 89, i.e. counterclockwise
startingfrom theright; thebandsin bracketsdonotappearfor sufficiently high
valuesof H.
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Figure92: Comparisonbetweenthe classicalandthe Cosseratmodelfor singlecrystal
for the 1 0114 �100 orientedcracktip; load-displacementcurves.
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Figure93: Strain localizationpatternat the crack tip of the 1 0114 � 100 SC16oriented
specimenwith theclassicalviscoplastic modelfor smalldeformations: octa-
hedral(above)andcubic(below) equivalentinelasticstrain.
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5 Application to tridim ensionalnotchedspecimens

In oderto simulate theseexperimentalresultswe try to modelthe crackconfigurations
with, first, theequivalent two-dimensionalproblem,andthenthe3D specimen.For both
calculationstheclassicalcrystalplasticity modelatsmalldeformationhasbeenused.The
information resultingfrom numericalsimulationsandallow us to interpretsomeexperi-
mentalobservationsconcerningcracksbifurcations.

5.1 Analysisof the 2D equivalent problem

If weconsiderthepreviousinitial crackconfigurationwecanassumeaplanestraindefor-
mation in themiddlesectionnormalto thecrackplane.Thus,for aqualitativeanalysisof
thestrainlocalizationat thecracktip, themeshof theCT specimenalreadyusedin this
work is sufficient.

The similar two-dimensionalcalculationpreviously presentedin Section4.1.1 has
beenperformed.Thecubicslip systemsof thesinglecrystalSC16in additionof theoc-
tahedralslip systemhavebeenintroduced.Theinitial crackfront hasbeenorientedalong1 0014 � 110 . A calculationin tensionwith theconstantsof theclassicalcrystalline model
previously identifiedat 650J Cin smalldeformationhasbeencarriedout.

As for the caseof the 1 0114 � 100 orientedcracktip (Section4.3) the cubic slip sys-
temis activatedandoneverticalbandof inelasticstraincanbeobserved. Theothertwo
symmetric bandsof the octahedralslip systemhave the sameorientation asin the pre-
vious calculationperformedwith only the octahedralslip systemfamily (seetable14).
Moreover if we investigatein detailwhichslip systemsareactivatedfor eachslip system
family we obtainthesameinterpretationconcerningthenatureof thestrainlocalization
bands.Along

�
001 we have a kink bandandthe symmetric ones,which arethe traces

of theplanes1 1114 on thecrackplane,aretwo slip bands.As a consequence,we expect
to obtainwith the analysisof Cosseratandsufficiently strongadditional hardeningthe
sameresultssummarizedin table14: only the two symmetricbandsof inelasticstrain
localizationremain.

5.2 Comparisonwith experimental results

Low-cycle fatiguetestson Nickel basesingle crystal superalloy SC16have beenper-
formedonsharpnotchedspecimensat theBAM. After a shortpresentationof their main
characteristicswe comparetheresultswith thoseexpectedwith thenumericalapproach.
The diameterof the minimal crosssectionof the roundcylindrical specimensis 9 mm.

A notch 0.4 mm in depthon one side of the circular sectionhasbeensaw-cut. The
initial sharpnotchescorrespondto 1 0014EÇ100È and 1 0014EÇ110È orientedcracks. Uniax-
ial andsymmetriclow-cyclesfatiguetestshave beenperformedunderstresscontrolled
at 650J Cin air. Someinterruptions have beenmadein orderto identify thecrackgrowth
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Figure94: Strain localizationpatternat the crack tip of the 1 0014EÇ 110È SC16oriented
specimenwith theclassicalviscoplastic modelfor smalldeformations: octa-
hedral(above)andcubic(below) equivalentinelasticstrain.
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mechanismin singlecrystalandto determinetheplanesof thepossiblecrackbifurcations.

Themicrographsof thesurfaceruptureof thetwosharplynotchedspecimensaregiven
Fig. 95. After a certainnumberof cycles,crackgrowth becomesunstable.In the case
of the 1 0014EÇ 100È orientedcrack, the fracturesurfaceis complex but the crack remains
globally in its initial plane. In thecaseof the 1 0014EÇ 110È orientedcrack,it deviateson a1 1114 plane,asexpectedfrom thepreviousfinite elementanalysis.Indeedthe 1 0014�Ç 110È -
crackdeviatesonpureslip bands,compareFig. 94 above,andthe 1 0014�Ç 100È -crackdoes
not branchout on kink bandsor multislip bandswith latticecurvature,compareFig. 88
below. This observationsupportsthehypothesisthat thecrackbranchingon localisation
bandswith stronglattice curvatureis difficult. The agreementbetweenthe experiment
andthefinite elementcalculationis satisfactoryandencouragesusto improve themodel
for tridimensionalcomponent.

5.3 Analysisof the whole component

Thecalculationof the 1 0014EÇ 110È orientedinitial crack,machinedin a SC16cylindrical
roundspecimenhave beenperformed.The cubic symmetryof the materialandthe ge-
ometryof the specimenallow us to meshonly onefourth of the structure,seeFig. 96.
Themeshis composedof 2190linearelementsandthefinite elementproblemhas8613
degreesof freedom.Thestructurehasbeencomputedin tensionwith thesamemodelas
for theequivalent2D calculation.

The equivalentcumulative inelasticstrainfor eachslip systemfamily aregivenFig.
97. Even for the octahedralslip family we obtaina vertical bandof strainlocalization.
Notethat themeshhasvery few elementsin thevicinity of thecrackfront andalongthe
axial loading.Moreover linearelementsarenotwell-suitedfor localizationanalysis.For
thesereasonswe assumethat no conclusioncanbe drawn aboutthe localizationof the
inelastic strainat thecracktip from thiscalculation.Furthermorewe cannot compareits
resultswith thoseof theexperiment.

6 Conclusion

According to the previous numericalanalysesthe Cosseratmodel precludesthe kink
bandsat the crack tip of a nickel basesinglecrystal superalloy if sufficient additional
hardeningdueto lattice curvatureis introduced.If suchlocalizationbandscanbe con-
sideredasprivilegedbifurcationpaths,leadingto possible crackbranching,onehasto
promote a modelwhich precludesstronglatticecurvature.Furthermorea nonlinearad-
ditionalhardeningtermshouldbeintroducedinsteadof thetwo simpleH H terms.
A twodimensionalcalculationshowsthattheCosseratmodelis in agoodagreementwith
the experimental resultsfor oneparticularcrack configuration. A decisive experiment
would be to considera 1 0114�Ç 100È specimenfor which we expectno crackdeviation in
spiteof the kink bandspredictedby the classicalcrystal plasticity. Furthermoremore
realisticfully three-dimensional crackconfigurationsmustbeinvestigatednumerically.
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Figure95: Finalunstablecrackpathfor twosharplynotchedÇ 001È SC16specimensunder
cyclic loading(specimendiameter:9mm): fracturesurfacefor a 1 0014CÇ 100È
initial crack(left, thetensiledirection Ç 001È is normalto thefracturesurface)
andsideview of thefracturesurfacefor a 1 0014EÇ 110È initial crackshowing the
traceof thebifurcationplane 1 1114 (right).
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Figure96: Finite elementmeshof onefourth of thenotchedspecimen.Right thenodes
belongingto thecrackfront arerepresentedby blacksquares.
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Figure97: Strain localizationpatternat the crack tip of the 1 0014EÇ 110È SC16oriented
specimenwith theclassicalviscoplastic modelfor smalldeformations: octa-
hedral(above)andcubic(below) equivalentinelasticstrain.
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Part VI

Conclusion

Thelife predictionof single crystalcomponentswasstudied in this work throughanex-
perimentalapproachandnumericalmodelling. It hasbeenobservedthatagoodevaluation
of thelife mustincludebothacrackinitiationmodelanda predictionof thecrackpropa-
gation.

The main contribution of the thesisdealswith crackinitiation: a hugeexperimental
databaseon SC16hasbeenmade,andtwo original approacheshave beenproposedfor
the simulation of the tests. Most of the testsperformedin the studyareuniquein the
literature,speciallythesectionconcerningthenotchedspecimenswith M 001O , M 011O andM 111O crystallographicorientations.Severalnotchedradii andorientationsof thematerial
havebeenused.Metallurgicalobservationshavebeenmadeto characterizecracklocation
andtherupturemode.Onemaincrackis presentfor the M 011O and M 111O orientedspec-
imens,but two crackscanbe seenfor the M 001O orientedspecimen:they aresymmetric
with respectto theminimumsectionplane.As a matterof fact, thepositionof themain
crackscorrespondsto thespecimenareapresentingthemaximumtotalcumulatedslip for
thecubicslip systemfamily.

Thesimulation sectionincludesfirst the identificationof thematerialparametersfor
a crystallographicmodelvalid for non isothermalcyclic loadings,in the completetem-
peraturerange,aspecialattentionbeingpayedto 950J C. It hasto benotedthatthesame
setof coefficientsis valid for monotonic loadings,including creep,andcyclic loadings
with or without hold periods,for all the crystallographicorientationstested,with either
singleor multiple slip. Usually, this appearsto bea difficult problem,which is not often
successfullysolved.

This modelwasusedto simulateisothermalLCF testson circumferentiallynotched
specimenusinga FE technique.Crack initiation modelscanthenbe appliedin a post-
processorto achieve the life prediction. A new definitionof the critical variableis then
proposed:at thepoint of maximum total cumulatedslip on thesurface,thevalueof the
maximum resolvedshearstressfor thecorrespondingslip systemfamily. Evenif there-
solvedshearstressesrepresentthe “physical components”of the full statestressfor the
singlecrystal,we cannotknow with accuracy if its maximum valueis “physically” re-
sponsible for the damage.On the otherhand,it wasobserved from micrographsof the
rupturesurfacesthatthecracksinitiatefrom castingporespresentnearthesurface.A sec-
ondapproachis thenproposedto accountfor thisdefectdistribution in thelife prediction.
This is a “multiscaleprobabilistic failuremodel” basedon therealdistribution andloca-
tion of the defectsin the specimen.This statistical failure modelhasbeensuccessfully
appliedtoo.

Themethodology derivedfrom thespecimenobservation is thenvalidatedona“tech-
nological specimen”testedby KWU, simulating themostcritical zoneof a turbineblade.
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Theclassicalproceduresusedin industry for life predictionaremoreandmorequestion-
able,dueto the increasingcomplexity of the thermalandmechanicalloadinghistories.
The FE modelwastaken from KWU, andthe two previously definedassessmentrules
were successfullyapplied. Both lifetime and crack location given by the model were
foundin goodagreementwith experiment.

The last sectionof this work is a numericalstudyconcerningthe strainlocalisation
patternsat the crack tip in f.c.c. single crystalsunderplanestrain conditionsat low
temperature.This hasto be seenasa first stepfor a betterunderstandingof the crack
propagation process,having in view the competition betweenstrainlocalisation models
andfracturemechanicsapproach.Thetheoreticalresultsarewell known in theliterature
for classicalcontinuummechanics.Our contribution concernsthemodificationof these
resultsproducedby the introduction of the generalizedcontinuumtheory. A Cosserat
modelfor singlecrystalhasthenbeenused,for severalorientationsof thespecimen.The
analysisof theFE resultsshows threecharacteristicstrainlocalizationbands:slip, kink
or multislip bands.Theintroduction of sufficient additional hardeningdueto latticecur-
vaturein Cosseratmodelling shows thateffective kink bandsareprecludedin favour of
effectiveslip bands.If oneassumesthatcrackbranchingat thetip is on theseslip bands,
onehasto choosea constitutive modelwhich precludesthestronglatticecurvature.Few
experimental resultsareavailableto draw adecisiveconclusion, but at leasttheapproach
is now availablefor futurework.

Following this study, many pointsneedmoreinvestigations. First,experimental stud-
ieswouldbewelcome.Sincemostof thetestsmadehereareoriginal, it wouldbeniceto
confirm the resultsobtained,maybeon differentloadingconditions, like planestrainor
planestressspecimens,seekingalsoto checktheresultsfor othertemperatures.Theex-
perimentaldomainto cover includesnon-isothermaltestsundermultiaxial loading,and,
aspointedout previously, crackpropagation tests.Theresultsgiven by themodelsused
in this work shouldbecomparedwith thesenew experimentalresults.Sincetheproblem
in the bladesis relatedto crackinitiation from the coolingholes,onehasto investigate
shortcrackpropagation,three-dimensionalcrackfronts,andmainly, theinfluenceof the
coatingof theblade.

Moreover three-dimensional calculationsinvolving a larger number of elements
should be performedto correctlyreproducethe geometriesof the turbineblade(or any
modernindustrialcomponent...). ParallelFEcomputationsshouldbemadesimpleenough
to allow a routineusagein industry.

If comparedwith the classicalmechanicalapproach,Cosseratmodelwasshown to
predicta qualitatively differentanswerto theproblemof strainlocalisationat acracktip.
This studyhasto be extended,andconfirmedwith experimentalobservations. Anyway
suchanapproachseemsto bepromising,sinceit is well known thatagradienteffectmay
behelpful in rapidly varyingstressfields. It mayalsoprovide interesting information to
properlydefinethetransitionbetweencrackinitiationandcrackpropagation models.
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of anickel-basesuperalloy singlecrystal.In Conferenceonhightemperatureconstitu-
tivemodelling, pages139–150. ASME.

[HendersonandMartin, 1995] Henderson,M. B. andMartin, J.W. (1995).Theinfluence
of crystalorientationonthehightemperaturefatiguecrackgrowth of aNi-basedsingle
crystalsuperalloy. ActaMetall., 44(1),111–126.

[J. Asaro,1983] J.Asaro,R. (1983).Crystalplasticity. J. Appl.Mech., 50,921–934.

[Jiaoet al., 1996] Jiao, F., Bettge, D., Österle, W., and Ziebs, J. (1996). Tension-
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A Orientation of the SC16bulk smooth specimensused
in the calibrati on of the crystallographic model
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B Orientation of the SC16notchedspecimensusedin the
LCF tests
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