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Summary. A unifying thermomechanical constitutive framework for generalized continua including addi-
tional degrees of freedom or/and the second gradient of displacement is presented. Based on the analysis of
the dissipation, state laws, flow rules and evolution equations are proposed for Cosserat, strain gradient and
micromorphic continua. The case of the gradient of internal variable approach is also incorporated by
regarding the nonlocal internal variable as an actual additional degree of freedom. The consistency of the
continuum thermodynamical framework is ensured by the introduction of a viscoplastic pseudo—potential of
dissipation, thus extending the classical class of so—called standard material models to generalized continua.

Variants of the higher order and higher grade theories are also reported based on the explicit introduction
of the plastic strain tensor as additional degree of freedom. Within this new class of models, called here
gradient of strain models, one recognizes the fact that, in a second grade theory for instance, the plastic part of
the strain gradient can be identified with the gradient of plastic strain.

Simple examples dealing with bending and shearing of Cosserat or second grade media are given to
illustrate two types of extensions of classical J2-plasticity : single-criterion and multi-mechanism generalized
elastoplasticity.

Finally, formulations at finite deformation of the proposed models are provided focusing on proper
decompositions of Cosserat curvature, strain gradient and gradient of micromorphic deformation into elastic
and viscoplastic parts.

1 Introduction
1.1 Scope of this work

The sixties have definitely been the Golden Age of the mechanics of generalized continua with
the milestones [1]-{3], even though its origins go back to Cauchy, Voigt, Boltzmann and the
Cosserat brothers. The authors were mainly interested in the development of higher-grade
media, including higher derivatives of the displacement fields (second-grade medium for in-
stance, [4]), and higher-order continua that incorporate additional degrees of freedom (inde-
pendent rotation for the Cosserat continuum, and a full micro-deformation tensor for the
micromorphic medium, see [2], [3]). They provided us with a rigorous and almost exhaustive
corpus of balance and constitutive equations for generalized continua. They were however mainly
concerned with elasticity, hyperelasticity or even viscoelasticity. The renewal of the mechanics
of generalized continua started in the eighties and is still continuing. It has been stimulated by
the development of computational tools but also of experimental field measurement methods
well-suited for the study of localization phenomena [5]. It brings with it a real need for
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nonlinear elastoplastic or elastoviscoplastic constitutive equations for generalized continua.
Nonlinear models for higher order and higher grade continua remain scattered in the literature,
and a comprehensive treatise similar to Eringen’s books dedicated to balances and linear
constitutive equations [6], [7] is still lacking. Such models are often available since the early
seventies, especially for Cosserat elastoplasticity [8]. Due to the success of the internal variable
approach in the nonlinear constitutive modelling for classical continuum mechanics, a com-
peting theory appeared in the early eighties, namely the gradient of internal variable approach.
The introduction in the constitutive framework of the gradient of one properly selected internal
variable (cumulative plastic strain, dislocation density, [9]) can be sufficient to account for some
observed nonlocal effects. Even though it may look more simple, the gradient of internal
variable approach belongs to the mechanics of generalized continua and requires additional
boundary conditions similarly to higher-order and higher-grade theories [10].

When a significant gradient of macroscopic loading is already present over the size of the
relevant substructure (e.g., particles, grains, holes etc.) then the influence of that gradient of
loading on the material behavior within a macroscopic continuum element, which has to cover
the heterogeneity of the material, should be taken into account (e.g., the influence of the
accommodation of plastic deformation in the microstructure at localization phenomena). But
then, the deformation field within the macroscopic continuum element can be described no
more in the classical way, i.e. by a linear approximation on the basis of the macroscopic
displacement only. A systematic way to enrich the classical continuum is the introduction of
additional degrees of freedom, i.e., internal deformations (as, for instance, lattice rotation or
geometrical internal variables), or higher-order gradients of the degrees of freedom, e.g. the
second gradient of displacement.

The present work aims at providing a unifying thermomechanical framework for the de-
velopment of elastoviscoplastic constitutive equations for weakly nonlocal theories [11], namely
higher order and higher grade media. The case of fully nonlocal media involving an integral
formulation of the constitutive equations is not envisaged here. One first has to decide whether
a given variable, relevant for the material modelling, has to be treated as a hidden internal
variable or an actual degree of freedom. In the early stage of continuum crystal plasticity for
instance, this question arose for crystal lattice rotation. In [12], the author clearly asks the
question and recommends to deal with lattice rotation as a hidden triad of directors. This was
sufficient for the modelling of homogeneous or slightly heterogeneous deformation of large
single crystals. However, to account for size effects observed in crystal plasticity (grain or
particle size effects, strain localization phenomena), it is appropriate to consider lattice rotation
as an actual degree of freedom of the crystal, the gradient of which, lattice curvature, is
associated with couple—stresses [13], [14]. An alternative is to resort to strain gradient plasticity
in its second grade form [15] or gradient of internal variable form [16].

The continuum thermodynamical framework settled in [17] is extended to Cosserat, second
grade and micromorphic continua, and also to the gradient of internal variable approach
(Sects. 2-5). The notion of the pseudo-potential of dissipation that defines the special class of
so—called standard materials is introduced for elastoviscoplastic generalized continua in a
straightforward manner. This is the meaning to be attributed to the adjective standard used
throughout this work. Balance of momentum equations are recalled for each continuum in
order to clearly see the role of the higher order stress tensors that arise in the theories.

Explicit examples are provided in the case of Cosserat and strain gradient models enlight-
ening the role of the characteristic lengths associated with the elastic and plastic deformation
modes. Examples for the gradient of internal variable approach are more numerous in literature
[9], [16], [18]. The examples deal with extensions of classical J2-plasticity for each continuum.
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The plasticity models available in the literature usually include coupled criteria involving
classical and higher-order stress tensors. A multi-mechanism elastoviscoplastic framework is
also possible and presented here. Both model classes are compared for the considered simple
examples. The detailed (semi)-analytical solutions are given in Appendices C and D.

An intrinsic tensor notation is used throughout this work. It is described in Appendix A.

1.2 Method of derivation

For each continuum, balance equations, state laws and intrinsic dissipation are derived from
the successive application of the three following principles:

(i) Principle of virtual power

The method of virtual power has proved to be a powerful tool to derive the field equations and
the associated boundary conditions that the unknown fields must fulfill on a body V [19]. V
denotes the open body and OV its closure. In Sect. 3, the surface OV is considered twice
continuously differentiable, so that it possesses at each point a normal n and a mean curvature
R. The presence of edges and vertices must be treated as shown in [20]. The degrees of freedom
of the investigated continuum are the displacement u and additional fields denoted here by the
general term 7. The tensorial nature of y will be given for each continuum. The set of virtual
motions ¥"° contains the corresponding rate fields:

77 ={w, 7} (1)

One defines also the sets ¥~ and 7 of modelling variables entering the virtual power of internal
and contact forces, respectively. For a first grade theory, they read:

V= {E7 u® V»% VV}v V= {Ea ')’}7 (2)
for an enriched theory of second grade with respect to the displacement:
V={wueVvV.aevVeV,; v}, 7 ={aD.u,7}, 3)

where D,, is the normal gradient operator [20]. In the static case, the principle of virtual power
states that the virtual power of externally acting forces is equal to the virtual power of internally
acting forces, for all generalized virtual motions ¥* and for all subdomains & of body V:

PO e 1)y = P9 € 1. (4)

Body forces are not considered here for conciseness. The virtual powers of internal () and
contact (c) forces are supposed to admit densities according to:

20 = / pPav, 20 = / pds. (5)
9 19

The densities are then taken as linear forms on the appropriate set of generalized virtual motions.
Objectivity requirements reduce the number of the generalized virtual motions eventually ap-
pearing in the power densities. For each continuum, the final expressions of p® and p'©) are given
in the corresponding Section. The application of the principle of virtual power and the use of the
divergence theorem lead to the balance equations and the associated boundary conditions.

(i1) Energy principle

The specific internal energy ¢, entropy n and Helmholtz free energy ¥ = € — Ty are introduced
as functions of state and internal variables. The following local form of the energy principle is
retained in this work:
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pé =p!) —Q.V, (6)
where Q is the heat flux vector.
(iii) Entropy principle

The global form of the second principle reads: & > 2, where & is the global entropy of the
system and 2 is the total flux of entropy,

Q
T

7= / ondV, 25 = — / J,ndS and J, =7, (7)
14 )%

where J, is the entropy flux vector. No extra—entropy flux is assumed in the present theory,
although this can be considered for internal variables influencing the heat conduction as in [10].
For the consideration of degrees of freedom, an energy approach is definitely preferred here
(see [21], [22] and [23] for a discussion on this point and the consequences for the heat equa-
tion). This question is briefly addressed in Sect. 4.2. The following local form of the entropy
inequality is adopted:

pi+d,.V > 0. (8)

Combining (6) and (8), the Clausius—-Duhem inequality is obtained:

. . ) 1
—p(¥ +nT) +p — 7QVT >0, (9)

This inequality is used to derive the state laws and the remaining intrinsic dissipation D. The
case of second grade thermoelastoviscoplasticity incorporating also the temperature as full
degree of freedom, i.e. including also its gradient in the free energy, leads to a modification of
the state law for the entropy. This is not addressed here (see [22]).

Since the present work mainly deals with the constitutive framework for material modelling,
the derivation of balance equations is not detailed for each continuum. The equations of
balance of momentum and of moment of momentum are recalled in Appendix B. For the same
reason, the form of the boundary conditions required for the well-posedness of a boundary
value problem on V will not be given systematically.

For the clarity of the presentation, the constitutive frameworks are developed within the
assumption of small perturbations, in the isothermal case. Section 6 provides the necessary
extensions for application to finite deformation.

2 Cosserat media
2.1 Standard Cosserat materials

In a Cosserat medium, each material point is endowed with translational degrees of freedom u
and independent rotational degrees of freedom ¢:

v ={LaeV,¢.¢2V}, 7°={ué} (10)
The corresponding strain measures are the deformation tensor e and the curvature tensor k:
e=u@V+ed x=0¢xV. (11)

The dual quantities in the virtual power of internal forces are the non—-symmetric tensors of
force and couple-stresses, ¢ and p, respectively:
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p(i):g:g—l—p:l;(. (12)

The total deformation and curvature tensors are decomposed into elastic and plastic parts
according to:

e=e"+e’ K=k +x" (13)

The free energy is taken as a function of elastic deformation and curvature and internal
variable(s) g accounting for material hardening: ‘¥'(e’, k% q). As a result, the intrinsic dissi-
pation takes the form:

D:g:§+u:|5—p‘i’

14
B S 3 INUVINN (UL 2 IRVRN PSRN ) & (14)
TS e | E T\ E TP | R TS TRIR m oG
from which the state laws are deduced :
oY oY oY
=P Gee E*PGTSG" pra—q. (15)

The classical theory of so-called standard materials proposed in [24], [17] and [25] can be
extended to Cosserat media by choosing a viscoplastic potential Q(o,p,R), the so-called
pseudo—potential of dissipation, such that:
oQ oQ oQ
&b = 2 g = 2 16
The convexity of the potential Q with respect to its variables then ensures the positivity of
intrinsic dissipation. The Legendre—Fenchel transform can be used to define the convex dual
potential Q*(é,k”,q) such that:

oQ* oQ* oQ

oe Mo 700 "

g:

2.2 Single vs. multi—criterion Cosserat plasticity

Two main classes of potentials have been used in the past. In the first class, the potential is a
coupled function of force and couple-stresses, whereas in the second class the potential is a sum
of two independent functions of force-stress and couple-stress, respectively:

Qo =Q(6,R )+ Q.| n, R, (18)
(o) <01

in the spirit of [26] and [27]. Both situations can be illustrated for the rate-independent material
behavior. The first class of models involves a single yield function f(¢, p, B) and a single plastic
multiplier p:

LOf . .of

o0, O _ I
e’ K’ = qg= paR.

Y 1
é pag, K o’ (19)
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The second class of models requires two yield functions f(¢,R,R.) and f.(n,R,R.) and two
plastic multipliers:

N A (20)

ép:— K = — = P, = — .
é pag R =kop 4=Pap de=—Fpp

In the latter case, coupling between deformation and curvature comes from the balance equations
and possibly coupled hardening laws. This type of coupling between several hardening variables
has been investigated within the framework of multi-mechanism based plasticity theory in [28] for
the classical continuum. The treatment of the Cosserat continuum is very similar.

The first trials for an extension of classical von Mises elastoplasticity to the Cosserat con-
tinuum are due to [29], [30], [8], [5] and [31], [32]. They belong to the class of single criterion
plasticity models. The following form of the extended von Mises criterion encompasses these
previous models:

f(g’E’R) =J2(§’E)—R(p)7 (21)

Jo(o,p) = \/alg’ 10 +age 6T +bip:p+bop:p, (22)

where ¢’ is the deviatoric part of ¢, and a;,b; are material parameters. The flow rules and
plastic multiplier then read:

ai6’ +ase’” bip + bzp”
=y W=p— 23
©=P J2(0, ) £ =P J2(0, 1) @)
. ay . R ag, . . by . . ba L
= er : ér er : erT KP : KP KP : kT, 24
P \/a%—a%” Vg gy ¥ g gt Rt Yk (24)

The use of the consistency condition f = 0 under plastic loading yields the following expression
of the plastic multiplier:

N:I:]:g—i—Nc:g:l;(

p H+N:F~]:N+NC:(~]:NC (25)
This expression involves the normal tensors N and N, to the yield surface, the hardening
modulus / and the tensors of elastic moduli E and N(NJ for linear elasticity (for a material

admitting at least point symmetry):

aof af OR >PY Y

B N T A S P
< osT S o) op’ =  Oede’’ =  Ok°OK

(26)
The condition of plastic loading for the material point is that the numerator of Eq. (25) is
positive, provided that the denominator remains positive, which still allows softening behaviors
(H <0).

This is however not the only possible extension of von Mises plasticity since a multi—criterion
framework can also be adopted:

S(o,R) = Ja(6) —R(p, k), Je(w,Re) =J2(n) — Be(p, x), 27)

~
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Ja(0) = \/alg/ :0' +age : o, Jy(p)= [bip:ip+bop:pl. (28)

There are then two distinct plastic multipliers

. a; .. az . . ) b1 .. by ..
p:\/2 €0 e el e, k= oo KK K R (29)
ai —aj as —ay b —b b5 —b

2 2 1

The exploitation of two consistency conditions f = 0 and_f, = 0 under plastic loading leads to a
system of two equations for the unknowns p, x :

~

(H+N:E:Np+H*=N:E:¢, H"p+(H +N.:C:N)k=N,:C:K, (30)

where a coupling hardening modulus appears: H?° = OR/0x = R, /0p. Whether both plastic
mechanisms are active or not is determined by the sign of the solutions (, k) of the previous
system. If the determinant of the system vanishes, the value of the plastic multipliers can remain
undeterminate [27]. The choice of one viscoplastic potential for deformation or curvature can
be used as a regularization procedure to settle the undeterminacy:

) .00
p——% or kK= R, (31)

Such mixed plastic-viscoplastic potentials are already recommended in the classical case [33], [28].

An example of multi-mechanism elastoviscoplastic Cosserat material is the case of Cosserat
crystal plasticity described in [13], [34]. Single and multi—criterion plasticity including gener-
alized kinematic hardening variables can be found in [35]. Non-associative flow rules are
necessary in the case of geomaterials for which the yield function appearing in Egs. (19) and
(20) must be replaced by a different function of the same arguments. Some extensions of
classical compressible plasticity models are reported in [36].

2.3 Application to simple glide and bending

It is important to see the respective role of Cosserat characteristic lengths appearing in the
elastic and plastic constitutive equations in some simple situations. The difference between the
use of single or multi-mechanism Cosserat elastoplasticity can also be shown. Analytical so-
lutions for an isotropic elastic-ideally plastic Cosserat material involving one or two yield
functions can be worked out in the case of the Cosserat glide and bending tests. The considered
boundary value problems are depicted on Figs. 1 and 2, respectively. The detailed solutions are
provided in Appendices C.1 and C.2. Two characteristic lengths can be defined:

cccccc

plastic

elastic 1

Fig. 1. Simple glide test for a Coss-

/ / erat infinite layer: elastic and elasto-
plastic domains, boundary conditions
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plastic

h
Fig. 2. Simple bending test for a
Cosserat material: elastic and elasto-
plastic domains, boundary conditions
80 T T T T ~
7
/
60 - o021 MPa) ——— -

Uz MPaly)  —---- /

Fig. 3. Simple glide test for a single
criterion von Mises elastoplastic Coss-
erat infinite layer: force stress and
couple stress profiles along a vertical
line. A micro-rotation ¢ = 0.001 is
prescribed at the top A =5l,. Th
material  parameters are: E =
200000 MPa, v=0.3, u,= 10000
MPa, f=76923 MPa.l2, R, = 100

u>

MPa, a;=15,as=0,b; = 152

u
bs = 0. The micro—couple prescribed

at the top is pd, = 80 MPa.l,. I, is a
length unit

_|B _ |
lo = \/p l, = \[b (32)

in the simple case a; = a,az2 = 0,b; =b,by =0 (see also Eq. (C.7) for the definition of iso-
tropic Cosserat elastic bending modulus f). In the glide and bend tests, the material can be
divided into elastic and plastic zones (Figs. 1 and 2). The characteristic length [, explicitly
appears in the solution in the elastic zone, whereas the solution in the plastic zone is driven by
length [,. Classical solutions are retrieved for vanishing [/, and [,.

The use of a single coupled yield criterion (22) leads to a non-homogeneous distribution of force
and couple stress in the plastic zone for both glide and bending, as can be seen from Figs. 3 and 4.
In contrast, if no hardening is introduced, the use of two uncoupled criteria (28) gives rise to
constant values of the force and couple—stress components in the plastic zone of the bent beam.

2.4 Cosserat theory with a special dependence on plastic deformation
as additional degree of freedom

Looking at the definition of the Cosserat deformation measures (11), it appears that the cur-
vature tensor and the gradient of Cosserat deformation are related by the relation:

exV=uVaV+ ek (33)

2



Elastoviscoplastic constitutive frameworks for generalized continua 79

100 p——p=—=—===x T I I
80 \ =
Y =11
p=tu ——m_|
60 ‘ Iy=026l, ———-
40~
< 20
Ay
S of
© 20
40
60
-80F
-100 L L1 —=dea
-2 -1 0 1 2
a XZ/lu
90 T T T T T
80
70
60
=
<
E 50
— 40
g Fig. 4. Simple bending test of an
30 elastoplastic Cosserat material: influ-
20 ence of the characteristic length [, on
the profiles of stress components 1;
10 and p3;, obtained for a fully plastic
beam. The parameters are the same as
0 in Fig. 3 except that b =15 when
l. = 0.261,. The beam thickness is
b .Xz/lu h = 5l,,

Using the compatibility requirements, the gradient of the mean rotation of the displacement
field can be reduced to the gradient of the symmetric part of the displacement gradient [1], [37]:

ueVeoV=¢V-€.€ (Vs (34)

As a result, the curvature tensor is uniquely determined by the gradient of Cosserat defor-
mation. This expression reads:

1

5:52:(9®V+V®(g+gT)). (35)
This equation is explicited with indices in Appendix 8, Eq. (A.14). A five—rank linear operator
N can therefore be defined such that:

K= NieV). (36)
Thus it is natural to identify the elastic and plastic parts (13) of total curvature as follows [38]:

KR @), W2 R @ V), (37)
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so that a specific flow rule for k¥’ becomes unnecessary, provided that the entire driving force
for the evolution of e’ is known. This economical model represents an alternative to the
standard framework proposed in the previous sections. However it involves by
e"®V=e®V-e"®V also the second gradient of displacement in the constitutive
equations. Therefore, a consistent thermomechanical framework must be formulated, that
ensures a positive dissipation rate. For that, the classical Cosserat continuum theory has to be
enlarged.

This enriched theory can be seen as that of a Cosserat medium incorporating a part of the
gradient of the plastic deformation e” as additional degree of freedom. In this case, the sets of
modelling quantities include:

V= {g,gm, <i>,d>®v,gp,§f(gp ®V)}, 7 = {u, &} (38)

According to the virtual power method [19], the power of internal forces must be a linear form
with respect to all modelling variables. This argument leads to the introduction of four gen-
eralized stress tensors:

p(i)—g:g—l—u:ls—i—é:gp—i—(l}—u):(ﬁf(g@V)). (39)
The reason for introducing the difference (B — p) instead of a single generalized stress tensor is
a separation of the roles played by tensors p and B: they work then on k° and k”, respectively.
Tensor A is at first introduced for the sake of generality, but it will in fact play an important
role in the exploitation of the second principle. The expression (B.1) of the power of contact
forces must also be extended:

P9 = g.g+m.é+éc . eP

~ ?

(40)

where t,m and A® are surface simple, couple and generalized force vectors and tensor. The
application of the principle of virtual power (4) leads, on the one hand, to the balance equations
(B.2) and boundary conditions (B1.2) and, on the other hand, to two additional conditions:

A=(B-p):R).V, A°=(B-p:R)n (41)

~ = =

The following explicit dependence of the Helmholtz free energy is chosen: ‘¥ (e, k%, k”,q). The
intrinsic dissipation (14) now becomes:

D=g:é+p:k+A:e"+(B—p): K

v ., 0¥ ., oY ., Y.
pagg-swage-sﬂagp-z+paqq (42)

from which the state laws are deduced:

oY oY oY oY

= = B=p.—, R=p—.
S Phe BT Poer Borge 5

The intrinsic dissipation then reduces to:

D=1":¢"—Rq, with 17=¢c+A=0+(B—p):N)V. (44)
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The driving force for the activation of plastic flow is therefore not only ¢ but a sort of effective
stress I(f’ff . A systematic way of ensuring the positivity of the dissipation is to choose again a
pseudo-potential of dissipation Q(t%,R), convex in its arguments:

. oQ . oQ

For rate-independent materials and associative plasticity, the potential is the yield function
S(z% R). Since the stress tensor t% contains divergence terms according to (44), the yield
condition becomes a partial differential equation. It is similar to the case of material models
incorporating gradients of internal variables, analyzed in Sect. 4.

3 Strain gradient models

Early attempts of constitutive frameworks for elastoplastic strain gradient media go back to
[39] and [40]. They fall into the class of standard strain gradient materials eventually settled in
[15] and [41].

3.1 Standard strain gradient materials

For a second-grade continuum, the sets of modelling quantities in the volume and at a surface are:
The corresponding strain measures can be taken as

e=3Vou+ueV), K=:oV. (47)

The dual quantities in the virtual power of internal forces are the simple and double force stress
tensors ¢ and S (also called hyperstress tensor), respectively:

p=0c:¢+ S K. (48)
The balance equations resulting from the application of the principle of virtual power are given
in Appendix B. An additive partition of both strain and strain gradient into elastic and plastic
parts is postulated:

g=g +g, K=K"+K" (49)
The free energy is taken as a function of elastic strain and strain gradient, and internal vari-
able(s) g accounting for material hardening : W(g°, K°, q). As a result, the intrinsic dissipation
takes the form: ~

oY oY

D:6:§+§5§—p‘l’: g—pa—Ee (80 g—pailse

. , . oY .
‘K+¢:8"+ 8 : Iﬁp—l)aqu (50)

from which the state laws are deduced:

oY oY oY
— S = =p—=. 51
paﬁe’ = palsea paq ( )

0 =
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The classical theory of so-called standard materials can be extended to second grade media by
choosing a viscoplastic dissipation potential Q(s, S ,R) such that:

L e, 00 )

p - y —
9= "9r

cp I _
€ 8g7 = 8§7

(52)

The convexity of the potential ensures again the positivity of intrinsic dissipation.

In [41], a constitutive model for second grade elastoplastic porous materials is presented, as
an extension of Gurson potential. In [15], crystal plasticity theory is extended to second grade
media. In both cases, a coupled plasticity criterion is introduced, involving both simple force
stress and hyperstress tensors. In the same way as for the Cosserat continuum (Sect. 2.2), a
multi-criterion framework can also be developed and may have some advantages. The defined
potentials (free energy, dissipation potential) are functions of third-rank tensors so that the
isotropic functions of such tensors given in [42] can be useful.

3.2 Strain gradient model with the plastic strain as additional degree of freedom

In the previous theory of standard second grade materials, the elastic (resp. plastic) part of the
strain gradient is not equal to the gradient of the elastic (resp. plastic) part of strain. This point
has been emphasized in [15], [41]. In short, the plastic strain gradient is not the gradient of
plastic strain. It is however possible to build a theory, called here the gradient of strain model,
that respects the constraints:

K'2g'0V, K'Zg oV, (53)

The main consequence of such an assumption is that no specific flow rule for IS” is required
any more. The theory is therefore formally very similar to the modified Cosserat constitutive
theory presented in Sect. 2.4. There are in fact several arguments pleading for an identification
of K? and £ ® V. First, a vanishing elastic strain energy is not plausible at K = 0 if a non-
Zer0 £’ ® V still does exist, because some elastic energy should be connected with that gradient
of elastic strain. In short:

EOVAD = W AD,

where the free energy is assumed to be additively split into two parts, the first one W,
depending homogeneously on elastic quantities, the second one on the remaining internal
variables only. On the other hand, ¥, can be considered as vanishing if £ and &€°® V are
simultaneously zero:

£®@V=0 and =0 = Y¥.=0.

This motivates the introduction of £€° ® V as state variable in the free energy. Let us develop the
theory based on this assumption.
Again, the sets ¥~ and 7™ must be enlarged:

AV = {E: E® Va E® V ® V7 gpv sp & V}7 VC = {27 D’VZE7 Ep} (54)

The power densities of internal and contact forces must be taken as general linear forms on the
elements of ¥ and ¥, respectively:

P =66+ 8 K +A: &+ (B - Sy aV), (55)
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P =ta+MD,a+A°: & (56)

The reason for introducing the difference (B — S ) instead of a single generalized stress tensor
is a separation of the roles played by tensors E and B: they work then on K¢ and K7,
respectively. Tensor A is at first introduced for t};é sake o?generality, but it will ianact playN an
important role in the exploitation of the second principle. Simple and double force vectors t
and M, and surface generalized force tensor A have been introduced in the power density of
the contact forces. The application of the principle of virtual power (4) leads, on the one hand,
to the already known balance equations (B.3) and boundary conditions (B.4) and (B.5), and, on
the other hand, to two additional conditions:

A=(B-8)V. A°=(B-S)n (57)
The Helmholtz free energy must then be taken explicitly as a function of elastic strain, its

gradient and the gradient of plastic deformation: ¥(&°, £° ® V,£” ® V,q). The intrinsic dissi-
pation is then evaluated as follows:

D=¢:£+S:K+A:¢+(B - 8)i(’®V)—p¥

oY oY oY
=(6—p—):&° — (PV B-—p—)i(’ @V
(0 pog) 8+ (8 — g PHE V) (B —pp Qi o)
) oYy .

+(§+é)5£p—P8—qqy (58)

from which the state laws are deduced :
oY oY oY oY

S*Pagw E*PTEN :*Palgw Rip(‘Tq’ (59)
Finally, the residual intrinsic dissipation amounts to:
D=1 :¢ —RG with 7=¢+ (B — S).V. (60)

The driving force for the activation of plastic flow is therefore the effective stress 7%'. A general
form of the associated constitutive equations, ensuring the positivity of the intrinsic dissipation is
given by the choice of a convex potential Q (1%, R) (or pseudo-potential of dissipation), such that:

0Q . 0Q

oD

E =g Q—*%- (61)

3.3 Application to simple glide

The strain gradient models presented in the two previous Sections can be compared in the case
of simple glide. The same geometry of Fig. 1 is considered again but now for a second-grade
material. The situation is very similar to the example given for the Cosserat continuum. The
simple and double force vectors t and M are prescribed at the top, whereas the displacement
and normal gradient of displacement are given at the bottom. Note that additional boundary
conditions are necessary for the second strain gradient model, namely the prescription of g” or
A°. A detailed presentation of the boundary value problem and its solution in the elastoplastic
case is given in Appendix D.
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100 T T T T ;
90 /L Fig. 5. Simple glide test for a strain
80—~ standard strain gradient model /] gradient material : comparison of the
3 0 gradient of strain model ----- /o S22 hyperstress component for a
ch 60 |- - standard strain gradient material and
S 50k J/ _ the modified strain gradient model
‘5 sk // i 1pclud1ng the plastic strain as addi-
S 30k 7 | tional degree of freedom. A hyper-
o stress component Sygs = 100 MPa.2
20 //’/ N is prescribed at the top ~ = 5l,. The
10 T 7 material parameters are: E = 70000
e b ' : : MPa, v=0.3, ass = pu/l2 = 26923
0 ! 2 3 4 5 MPa2, Ry =100 MPa, I, = 2l,,. L,

is a length unit

Two characteristic lengths appear in each model. The elastic length scale 1/w, (see Eq.
(D.40)) is shared by both models. The yield condition (D.41) of the standard strain gradient
model involves a characteristic length [, that dictates the stress profiles in the plastic zone. The
yield condition (D.49) of the model with gradient of plastic strain involves also a characteristic
length +/c/R that dictates the plastic strain distribution, which is found to be parabolic. In
contrast, the stress profiles are described in this second model by the elastic length 1/w,. As a
result, there is a discontinuity, at xy = o, of the stress and hyperstress gradients in the standard
model but not for the gradient of strain model. The profile of the non—vanishing hyperstress
component for both models is given in Fig. 5.

The value of the position of the limit between the elastic and plastic zones is about the same
for both models : a = 3.19],, for the standard strain gradient model, o = 3.271,, for the model
with gradient of plastic strain, for the load level given in the caption of Fig. 5.

3.4 Gradient of Cosserat deformation

It is has been noticed in Sect. 4 concerning the Cosserat continuum that the curvature tensor
can be expressed unambiguously in terms of the gradient of the Cosserat deformation tensor.
This has led us to derive a constitutive theory for elastoviscoplastic Cosserat media which is
based on a single flow rule (45.1) instead of two (see (52)). However, the question arises why, in
such a theory, the only retained variable is X : (e ® V) and not the full information e ® V.
Looking at (33), this amounts to acknowledzing the fact that the second grade of the dis-
placement and the Cosserat curvature may have the same magnitude. They should therefore
play equal roles in the material response. The simultaneous introduction of the second gradient
of the displacement and of the curvature of independent directors has been felt necessary in [39]
and [43] (the latter in the case of laminate microstructures or composites). A first setting of the
theory with the gradient of the elastic Cosserat deformation as state variable has been presented
in [44]. Let us now reformulate this gradient of Cosserat deformation theory in the same spirit
as in the previous sections.

The set of degrees of freedom and modelling quantities for the Cosserat continuum also
sensitive to the second gradient of displacement with plastic deformation as additional degree
of freedom is the largest encountered until now:

YV ={@,uaev,aeVeV,d,éV,e" & @V}, 7 ={u¢D,mu e} (62)

or equivalently
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V:{g7$7eae®vvepvep®v}v VC :{gvévD’ﬂgvép}' (63)
The expressions of the power of internal and contact forces are:

P =¢:é+8:(exV)+A:¢ +(B - S)(e’@V), (64)

P =tha+md+MD,a+A": e (65)

The balance equation of momentum, the balance of moment of momentum and the balance of
remaining generalized stresses then read:

(6-8.V)V=0, €:(c—8V)=0, A=(B -

R

).V. (66)

In addition to the boundary conditions (B.5) found for the classical second-grade continuum,
the following ones must hold:

m=(e:S)n, A"=(B-S)n (67)

The free energy is a function ¥ (e’,e’ @ V,e” ® V,q). The state laws take the form :

oY oY oY oY
g:pa_ge’ ::p78g9®V7 gzpiagp@)V’ R:pa_q' (68)

The intrinsic dissipation involves an effective stress t% :

D=1¥:6"-Rqg, with 1726+ (B — S).V (69)

so that a quite general form of the constitutive equations is:

. 0Q . 179)
Sp*azeff’ 1= "k (70

where Q(t%,R) is a convex potential function.

4 Link to the gradient of internal variable approach

Classical nonlinear constitutive equations can be enhanced by incorporating not only time
derivatives but also spatial gradients of internal variables, in order to account for observed size
effects or deformation patterning in materials [9], [45]. This idea has already been encountered
in previous sections dealing with higher-order and higher-grade continua, since the gradient of
plastic strain arises naturally in the developments of Sects. 2.4 and 3.2. A thermodynamical
formulation of such models for internal variables is presented in the first section, that completes
the schemes presented in [46], [44], [47] and [16]. In the second section, it is compared to the
alternative formulation proposed in [10] based on the notion of extra-entropy flux.

4.1 Enriched power of internal forces

In such a model, one of the available internal variables q is selected as a good candidate for the
introduction of a nonlocal effect. This variable is denoted by y without reference to its possible
tensorial nature and appears explicitly in the set of modelling quantities and degrees of freedom:
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7 ={a, axVv,y, vV}, 77 ={a, y}. (71)

The power densities of internal and contact forces are general linear forms with respect to the
previous sets:

p? =¢:£+A7+B.Vj, pl9=ta+A%. (72.1,2)

The application of the principle of virtual power leads to the classical balance equations for ¢
and t, and two additional ones:

6V=0, A=BV, t=on, A°=Bn (73)

The term Ay + B.(V}y) = (7B).V in (72.1) represents a nonlocal power of internal forces of first
grade. The Helmholtz free energy is a priori a function W(g°, Vy,q)(y can still appear in g). The
state laws are:
oY oY oY
=p—, B=p—, R=p—. 74

S rog B=rgyy 5 (74)
The residual intrinsic dissipation then reduces to:

D=g¢:& +A7—Rq. (75)

A pseudo-potential of dissipation Q(g,A,R) can be chosen to derive the evolution equations:

o oQ o0 o0
Y S B P ~
£ ~ Oc’ T=oa 4 OR’ (76.1-3)

Let us now investigate two special cases in order to see the links with well-known Aifantis-like
models, on the one hand, and with the generalized continua explored in Sects. 2 and 3.

Scalar internal variable and rate-independent case
In several situations, the internal variable y is a scalar quantity. Furthermore, one often as-

sumes that an equivalent stress o, exists such that:

¢ : £ = a,). (77)

~

The residual intrinsic dissipation then takes the simple form:
D=1"y-RG with Y=g, +B.V. (78)
It suggests that the pseudo-potential of dissipation should be a function of % and R, i.e.,

Q (7, R):

0Q nl 9o, oQ
. D _ . eq s
V=G ¥ e 17 "ok (79)

One usually takes a quadratic potential in Vy, so that, in the cubic or isotropic case:
B=cV), A=cAy, (80)
where ¢ is a material parameter with the unit MPa.l2 (I, is a length unit). The sign of ¢ is dictated

by the definite positivity of the quadratic potential. The Laplacian operator is denoted by A. In
the rate-independent case, the yield criterion takes, with the yield limit R, then the form:

Gog =Ry — cAy. (81)
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One recognizes the well-known form of several strain gradient plasticity models. An example of
such enhanced yield condition can be found in [18].

Gradient of plastic strain

In Sects. 2.4 and 3.2, the plastic strain g” (or e” for the Cosserat continuum) has been regarded
as an additional degree of freedom, and its gradient has been incorporated in the thermo-
mechanical modelling. This situation is of course retrieved here by taking explicitly &” for ;.
The stress-like quantities associated with ¢” and &’ ® V, respectively, are second- and third—
rank tensors. The intrinsic dissipation (75)Nbecomgs now:

D=17:¢" with Y<6+A=¢+ B.V. (82)

~

Using a viscoplastic potential Q (1%, R), the three evolution equations (76) reduce to two:

00 00 00 0
P — — ——— — ] = — —
Y 707 "o oA 1T TR - (83)

4.2 Alternative formulation : extra energy vs. extra entropy flux

At this stage, it may be necessary to justify the intricate form of the density power of
internal forces chosen for the various extended continua, see Eqgs. (39), (55), (64) and (72).
The main argument is that the power densities are taken as general linear forms on the
modelling quantities [19]. There is no reason a priori for excluding the associated generalized
stresses, even if the physical meaning of each additional term is not obvious at all. The
objectivity and conservation laws dictate a posteriori which of the terms must vanish in fine
or which relations they must satisfy. An example of such a relation is given by the
expressions of the tensors A in terms of B tensors in the various investigated situations (see
Egs. (41), (57), (66), (73)).

Several authors however prefer to limit the extension of the work of internal forces and keep
it as classical as possible. Accordingly they must act at a different level. In [48] for instance, the
expression (48) is not accepted for the second grade continuum. Instead they introduce in the
energy balance an additional term called interstitial working. This leads to the same state laws
and dissipation inequality but leaves the additional boundary conditions needed for the higher
order partial differential equation to be solved unclear. In contrast, for the gradient of internal
variable approach, it is proposed in [10] to introduce an extra-entropy flux k instead of
extending p®:

S|

J:

0 + k. (84)

The intrinsic dissipation takes then the form:
D =p — p¥ + (Tk).V. (85)

Keeping the classical form of the power of internal forces and considering the free energy
WY (e Vy,q), this gives

D=g:# —B.(Vj) —Ri=c: & +j(B.Y) — (jB).V + (Tk).V — Rq. (86)

In order to eliminate the divergence term (7B).V, one is led to the following expression of the
extra-entropy flux vector:



88 S. Forest and R. Sievert

Y
k=/B. (87)
The residual intrinsic dissipation then remains as in (75). The flux k.n on a surface of a body
with outward normal n gives the additional boundary conditions necessary for the evolution of
y with a partial differential equation as (76.2).

A priori, both approaches, namely extra energy or entropy flux terms can be justified [21],
[78]. The consequences of the choice appear however in the heat equation. It is shown in [23]
that the heat equations generally have in fact the same form, but in the same amount as a
locally adiabatic process is approached, strongly different equations for temperature evolutions
appear. This is however not the place here to discuss this, since this presentation is restricted
to isothermal situations.

Another advantage of the extension of the notion of work is that numerical implementation
for the application to finite bodies directly follows from the observation of the set of modelling
quantities and variational formulation of the balance equations in which the expression of p®
plays the central role.

5 Micromorphic media

The most general situation envisaged in this work is the case of the micromorphic medium
endowed with translational and micro-deformation degrees of freedom. Such an elastic model of
materials with microstructure has been introduced in [3], [2]. The mechanical setting including
kinematics and balance equations of the theory can be found in [49], [6] and more recently in [50],
[7]. The extension to elastoplasticity goes back to [51]. The constitutive framework presented in
Subsect. 5.1 represents a generalization of Hlavacek’s theory to elastoviscoplasticity. The two
subsequent Subsections deal with novel features of non-linear micromorphic continua. The
original motivations for considering nonlinear micromorphic continua usually refer to the
behavior of crystal lattices [52], polycrystalline and granular materials, although the high number
of additional degrees of freedom impeded the development of explicit applications in the past.
Available numerical tools make the micromorphic continuum very attractive for future appli-
cations in the mechanics of heterogeneous materials.

5.1 Standard micromorphic materials

The kinematical description of the micromorphic continuum is completely defined if one knows
two fields, the displacement field u and the independent micro-deformation field . In particular,
¥ is not asked to be a compatible field nor to coincide with the deformation of the displacement
field:

7V ={a, a@V, eV} 7°={ay} (88)
When the micro-deformation y reduces to a rotation, the micromorphic continuum degenerates
into a Cosserat medium. In contrast, a micro-strain continuum can be constructed for which

reduces to a symmetric tensor. The general case is presented here. Several sets of generalizea
strain measures can be defined. The one used in [49] is retained here:

e=-(u®V+Veu), ‘e=ueV-y ‘K=730V, (89)
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i.e. the strain, relative deformation and micro-deformation gradient tensors. Three generalized
stress tensors must therefore be introduced in the virtual power of internal forces:

p=¢:¢+s:%+'S7K, p=tn+M:j, (90)
where the Cauchy stress tensor ¢ is symmetric. The balance of momentum and balance of

moment of momentum equations read:

(6+8).V=0, “S.V+s=0. (91)

They are coupled thanks to the micro-stress tensor s. Equilibrium at the boundary means:

t=(c+s)n, M='Sn (92)

In the standard model, all strain tensors are decomposed independently into elastic and plastic

contributions:

g=g +&", ‘e=re" +'e’, /K ="K"+K". (93)

The free energy is then a function of all elastic parts and additional internal variables:
W(e°,%e”* K, q). The state laws read:
oY oY oY oY

_ Y _ 1 — —
O P g g—paygw g—paxge, R—p8q~ (94)

The residual intrinsic dissipation follows:
D=g¢:& +s 7" +18 "KP — Rq. (95)

The evolution equations can be derived from a viscoplastic potential Q(e,s,”S ,R):

o 02, 00 L, 02 . o0 96)

¥=9 ¢ % K-us 1w

~

The choice of a convex potential then ensures the positivity of intrinsic dissipation.

Again, the viscoplastic potential can involve a single yield function containing a combination
of all stress tensors, or, in contrast, be the sum of several mechanisms involving yield functions
in which the individual stress tensors intervene separately. These two possibilities have been
explored for the Cosserat continuum in Sect. 2.2 and can be extended to the micromorphic
continuum in a straightforward manner. Examples of single and multi-mechanism plasticity
models for micromorphic media are provided in [36].

5.2 Micromorphic theory with a special dependence on plastic strain
and relative deformation as additional degrees of freedom

It must be noted that the gradient of micro-deformation tensor can be expressed in terms of the
gradient of the two other strain measures. To show that, let us recall Toupin’s relation between
gradient of strain and second gradient of displacement, and define the six-rank linear operator
N such that:

uRVeV=:@V+1lr:(Voe) - Vet uaVaV=R(EaV) (97)
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The equation on the left-hand side is an expanded version of already mentioned Toupin’s
relation (34). The four-rank operator 17 is defined in Appendix A (Eq. (A.3)). The index
notation corresponding to the previous expression is given in Appendix A, Eq. (A.15). The
application of the gradient operator to the definition (89.2) of relative deformation tensor *e
then leads to the following compatibility relation:

K =Ri(zaV)—’exV. (98)

As already mentioned for the non-linear Cosserat and second grade continua (Sects. 2.4 and
3.2), the following identification of the elastic and plastic parts of “K is natural:

KR @ V)~ ‘e @V, KR O V) -~ ‘e’ @ V. (99)

This gives rise to an alternative nonlinear micromorphic continuum model where plastic strain
and plastic relative deformation must be regarded as additional degrees of freedom:

V= {g,g®v,z7z®v7gp7lgp,gz(gp ®V)-*eé’ ®V}, (100)
r=fag e (101)
pl) = c: £+§  1é _,_xg;zl'(: FAEP A (lg _ xg);x%{ (102)
p¥ =ta+M: LA E AT e (103)

The balance and boundary conditions of the classical micromorphic medium are now sup-
plemented by additional balance laws:

A= (CB-18)8)5. A-—(B-5)¥ (104
A= (B~ /8)%)n A =—(B-8)n (105)
The free energy depends on an enriched set of variables: ¥(&° e’ /K¢ *K?,q), and:
ov oY ov v oY

= =p=—, S =p=—, ‘B=p—, R=p—. 106
=l ST e S Trax B raxr 5 (106)
The intrinsic dissipation differs from (95). Taking the previous state laws into account, it
reduces to:
D=(c+A): ¢+ (s+/A): "€’ —Rq. (107)

Once again, effective stresses appear on which the viscoplastic potential should depend:
Q (Tz?ffé c +é’ztgﬁ:A s +Zé7R)’
0Q oQ oQ

‘D 1P — y— % 108
E 70w " Tonw 17 T oR (108)
Thus, an additional flow rule for the plastic part “K? of the micro-deformation gradient is not
required in this theory with “K? represented by the gradient of plastic deformation according
to Eq. (99). ~
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5.3 Gradient of strain and relative deformation

The micromorphic theory favours the influence of the micro-deformation gradient on material
behavior, and neglects that of the second gradient of displacement. This assumption may be
sometimes difficult to justify, especially when generalized continua are derived from homoge-
nization procedures [35], [53]. Indeed, strain gradient and gradient of micro-deformation may
well have the same order of magnitude in many situations. This suggests that the second
gradient of displacement should be added to the set of modelling quantities (88):

V:{E,E®V,Q®V®V, X7 X®V}7 VC:{E’ D’ﬂgv X}? (109)
or, equivalently :
"/:{Q,Q@V,Q@V@V, e, %é®v}, W:{g,png,x}. (110)

This combined strain gradient/micromorphic theory is developed in the same spirit as the
gradient of Cosserat deformation model presented in Sect. 3.4. It is sufficient to write the
proposed form for the power of internal forces to see what kind of theory is meant:

P =6:6+ Si(E®@V)+s:%+Si(’eaV). (111)

The whole theory of this gradient of strain and relative deformation model follows in a
straightforward manner and does not need to be explicited. Similarly to the situation of the
previous Section, if plastic strain and relative deformation are additional degrees of freedom,
then a specific flow rule for the plastic micro-deformation gradient is not required. In this latter
case, without the special dependence (99):

Y = {g, uvV, aevaeyv, Yg, @@V, gp, §p®V, Xg”, @”@V}. (112)
The power of internal forces is enriched again:
P=g:i+8:(aV)+s: "¢ +/S:(e V)

FAE AR (B - S)F OV + (B~ S)(¥ 0 ), (113)

which reduces the dissipation power down to the dissipative work done only on the two plastic
degrees of freedom & and #¢” as in Eq. (107). This refined theory ends up the formulation of
proposed constitutive frameworks for generalized continua under the small perturbation
hypothesis.

6 Finite deformation formulations

Let 2 be a domain of body V in its current state and %, the corresponding domain in its
reference configuration. The mass density of the material is called p in the current configuration
and p, in the reference one. The power of internal forces is defined in both configurations as:

g('i):/qp(i)d[/:/ pu)%dvo_ (114)
7/ .90
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The deformation of the displacement field is defined by:
F=14+u®V. (115)

The energy principle (6) and Clausius—Duhem inequality (9) are still valid in the current con-
figuration, provided that the derivation operator V with respect to Lagrangian coordinates is
replaced by the Eulerian operator V¢ related to V by Eq. (A.9). We simply write here the
Lagrangian version of these principles:

poc =L2p0 22 Qe V) F T, (116)
P P ~
o (B T 4 PO P L FT
pol )+ 20 B (VD) BT 2 0. (117)
We will consider the intrinsic dissipation with respect to the reference configuration:
Dy = %p@ — . (118)

In the following, most of the previous models are extended to the finite deformation frame-
work. One (or several) choice(s) of invariant generalized strain measures are provided for each
model. It appears in particular that a triad of directors (anisotropy directions) allows an
unambiguous decomposition of the deformation gradient, in the spirit of [54]. In the case of
higher order continua, they coincide with the Cosserat directors. Their physical meaning must
be specified for each application, as motivated for polycrystals in [55] and [56]. The dissipation
inequality is used to derive the state and evolution laws. Results are given mostly without
detailed proof for the sake of conciseness.

6.1 Cosserat continuum

The finite deformation framework of the Cosserat continuum has been settled by [57] for
elasticity and independently by [58] and [59] for elastoplasticity (see also [13]).

The degrees of freedom are the displacement u and rotation R = exp(— € .¢). The invariant
deformation and curvature measures are: h ~

1
‘F=RTF, I=-— 5

m

:(RT.R®V)). (119.1,2)

The power density of internal forces then takes the form:

p) = ‘o : (ulj.tlj_l) + i (il:‘tig—l)’ (120)

where the invariant stress tensors are related to the Cauchy stress and couple—stress tensors
defined on the current configuration:

s=R"cR, ‘p=R"pR. (121)

The balance equations (momentum and moment of momentum) then are the same as (B.2)
provided that V is replaced by V°.

A multiplicative decomposition of the Cosserat deformation and a quasi-additive decom-
position of the total curvature are adopted:

‘F="FF’, T =FTF + TP, (122.1,2)
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Arguments for such a decomposition can be found in [44]. An alternative decomposition is
proposed in [60]:

T = + I*. (123)
The Helmholtz free energy is a function ‘I’(ﬁFe,ﬁ I'°,q). The state laws, including the hyper-
elasticity relations, follow:

oY oY oY

fpel  f fgeeT fo_

g L R=rep B o m=pa T

T R=p (124)

whether (122.1) or (123) is adopted. The residual dissipation then is:

‘= p

pﬁD0 = o (PR RUFO ) 4 (VR 4 P (SR AR LUR ) —Rg. (125)
. R peL o r ot

The second term with fu disappears if (123) is adopted. The positivity of dissipation is therefore
ensured if a convex potential Q(X, M, R) is chosen such that:

L Q.o 0Q 0Q

Rt =0 = = 126
SN T T 1T Tar (126)
M=‘pfF 7 L= FT e R 4 el e (127)

The last term in the definition of X can be dropped if (123) is adopted.

6.2 Strain gradient models

The theoretical basis for the second grade medium has been led directly within the large
strain framework [1], [37] and even for elastoplastic solids [39]. The theory is summarized here and
linked to the standard material framework. The power density of internal forces takes the form:

PV =¢:@aV)+ SiaaVoV)=c: (FF')+ S(FF)aV), (128)

where ¢ is symmetric. The stress and hyperstress tensors must fulfill the same balance and
boundary conditions (B.3) and (B.5) on the current configuration, provided that V is replaced
by V°. The power of internal forces can also be expressed in terms of the time derivatives of
Lagrangian strain and strain gradient measures:

P =g: (F*T.%C.F*) + S{F.K:(F!XF) (129)
with
C'=F'F, K=F'.(FaV). (130)

The now classical multiplicative decomposition is adopted for the deformation [61],[33],
whereas the equation (123) prompts us to choose an additive decomposition of the invariant
strain gradient measure K:

F=FF, FF=RU'F’, K=K’+K?, (131)

where U’ is symmetric. Since F is not invariant nor objective, a specific definition of a triad of
directors must also be provi&ed for this decomposition to become unambiguous. The free
energy then is a function W(C’= F°T F° = U, K*,q). The state laws, including hyperelastic
relations, read: T T
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oY 0 oY
= 2F°. FT s =F" (FTXF), R= : 132
S N pace = = - pa € (N ~ )’ P oq aq ( )
The residual intrinsic dissipation amounts to:
Lpy=g: (FF P F)+ 8 (FK : (F'RF) - Rq. (133)
Po oy~ ~ ~o ~ ~

The pseudo-potential of dissipation therefore is a function Q(X, S ;, R) such that:

L=F"eF " §,= FT C(FTRFT), (134)
N .p 0 oQ

Fp -1 _ b _ s

FE T or K = s, 17k (135)

Note that one may require that K” should be symmetric with respect to its two last indices,
as K does. This implies that K, § and S, also share this symmetry property.

Alternative decomposition of the strain gradient measure K

~

For the Cosserat continuum, the advantage of decomposition rule (122) of the curvature tensor
with respect to (123) is that the elastic deformation and curvature measures are defined on a
common intermediate configuration. It means that, when force stress and couple-stresses are
released simultaneously, a single local configuration of the material element does exist. This has
a physical meaning in the case of crystal plasticity for instance [13]. One may wish to have a
similar property for a second-grade theory. For that purpose, the constitutive equation for the
stress S on the current configuration must have also at large plastic deformation the same
form as for pure hyperelastic behavior:

_ Ff:‘fT oY

) FPT FPT 1
P o (B R E), (136)

R

This is compatible with the following form of the decomposition of K into elastic and plastic
parts: ~

K=F"1K: (FFXF)+ K" (137)

~ ~ = ~ ~ ~

If such a decomposition is preferred, the intrinsic dissipation must be evaluated again and the
pseudo-potential of dissipation redefined properly.

Gradient of strain model

As in the small strain case (Sect. 3.2), an alternative theory can be proposed, that explicitly
introduces the influence of the gradient of elastic strain C° into the free energy. For that
purpose, one starts from a different choice of strain gradient measure than (130):

K=C®V=K?+ K" (138)

Taking the multiplicative decomposition of F in elastic and plastic parts into account, one can
define: -

! !
2F'T C°FP oV, KPZFT.C.(FPoV)+FT.CF oV. (139)

ZIN
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The free energy is still a function W(C’, K¢ q). As a result, no additional flow rule for K”
is needed any more, as soon as the field F” is known. For details of elaboration of such a theory
of inelasticity see [62].

6.3 Gradient of Cosserat deformation

In Sect. 3.4 and in [44], it has been proposed to reconsider the Cosserat theory in terms of the
following modelling quantities:

v ={F,FV,R R®V}, (140)
u, R being the usual Cosserat degrees of freedom. It is in fact sufficient to consider the reduced
set:

/"= {R, ‘F, ‘F ® V}. (141)

To see this, one notices first that the gradient of the Cosserat rotation can be written as a
function of F,R,F®V, FQ V:

| |
R'@V="FF'oV-R'FF'!®V. (142)

Furthermore, the second gradient of the displacement field Faov is related to C®V by
Toupin’s relation (97) written for large deformation (see [1] for the proof):

1
F®V:§F (C®V—|—1T (V®C)-V®O0). (143)

Finally, C ® V is also a function of ?F and ‘F @ V, since C = *F” fF. Accordingly, all quantities
of set (140) are functions of the elements of set (141) and vice versa.
The chosen generalized strain measures can now be split into elastic and plastic parts:

‘F="F'F, T=FoV=TIL°+T". (144)

The free energy then is a function W(*F°, I'° q). A standard viscoplastic framework can be
developed based on the free energy and an appropriate pseudo-potential of dissipation. Again,
according to such a theory there is no reason why F ¢ should coincide with uFe qu ® V. This

indicates the possibility of an alternative theory for Wthh no additional flow rule is needed for

I’ and:

!
T2 FFP eV, IP=F.(F gV). (145)

6.4 Micromorphic continuum

The finite deformation formulation of the micromorphic theory has been settled in [49], [3]
and [6] for hyperelasticity. Extensions to elastoviscoplasticity have been proposed in [63]. A
tentative unifying framework with elastoplastic decompositions of strain measures is
sketched here. The degrees of freedom are the displacement and micro-deformation fields
{u,y}. The power density of internal forces is defined using stress tensors on the current

configuration:
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pP=¢:(FF ) +s: FF!' -3y )+ Si(Hx"HeV)

—¢:(FF ) +s:(x(x " F)F')+’8: (x-(x“-(x @V) (! Pj’l)), (146)
¢ being the symmetric Cauchy stress tensor. The balance equations and boundary conditions
on the current configuration have the same form as (91) and (92), provided that the operator V
is replaced by V°. Equation (146) indicates the following choice of invariant independent strain
measures:

{c 7 'F, K= xr (x@V)}, (147)
i.e., the right Cauchy—Green tensor, the relative deformation and an invariant micro—defor-
mation gradient strain measure, respectively. These tensors correspond to the strain measures
used in [49]. A multiplicative decomposition of micro-deformation is then postulated:

x = R.AU P, (148)

Such a decomposition is unique once a choice of materials directors is made, the rotation of
which with respect to a reference orientation is described by the Cosserat rotation R. Note that,
for finite elastoplastic micro-deformation, the Cosserat rotation is different from the rotation
part of the polar decomposition of x The next step is the multiplicative decomposition of the
relative deformation:

‘F=RTF=‘F F. (149)

Finally, the micro-deformation gradient strain measure is additively decomposed into elastic
and plastic parts:

'K =7K° +7KP. (150)

Now, the relative deformation tensor takes the form:

rLF = PP YOS with YO = 10U LARe, (151)

The Helmholtz free energy is therefore a function W(C’ = *F*7 *F’ Y° /K “ q). The hyper-

elastic state laws are:

oV oW
_ e el tygeT
o= 2F po BT, Fs = U 2o F F (152)
A oW
'S =1 g (0 IF). (153)

The intrinsic dissipation then reduces to:

LN = (F" (o + %) FT) : (FAF)
Po ~or

— (s (%" 5-) (% 18 (N_TI:’T))EXEP—RQ'. (154)

~

Positivity of dissipation is ensured by the choice of a convex potential Q (X, %, S
that the flow and hardening rules read: ~

o: ) such
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0Q 0Q 0Q oQ

R = S gt l=—, K= j=—— 155
~ N Tom XY Tay R s, 17 oR (165)
with

%= FT (g + ') fFT, &= 1Ut sy (156)
Sy =2"8:(x TRFT). (157)

Alternative decomposition of the micro—deformation gradient strain measure *K
~

The decomposition (150) is far from being the only possible one. One may for instance prefer a
decomposition such that the elastic generalized strain measures are defined on a common
intermediate configuration. It has been discussed in the case of the Cosserat and second grade
continua, see Eqgs. (122.2) and (137), respectively. For that purpose the constitutive equation
for S on the current configuration must have also at large plastic deformations the same form
as for pure hyperelastic behavior:

oY
b4 _ ,e-T
S=1 - ryxe

(T X FT) with  y¢ = RAUC. (158)
This is compatible with the following form of the decomposition of K into elastic and plastic
parts: ~

‘K =K (1 )+ K (159)

~ ~

If such a decomposition is preferred, the intrinsic dissipation must be evaluated again and the
pseudo-potential of dissipation redefined properly. Note that if the micro-deformation reduces
to a pure rotation R (meaning that the micromorphic medium degenerates into a Cosserat one),
then y? =1, and the previous decomposition becomes

K :ZISe.qu +7KP (160)

and that for the Cosserat strain measure (119)

r=_L RT.R®V)) = Lok (e kel ke (161)
~ 2= '~ '~ 2= = 2~ = ~ 2= =

which has the same form as (122.2) with the identifications

e 1 e i 1

r =-5¢€ 7K€, l"p:—igzqu. (162)

Gradient of macro- and micro-deformation

A combination of second grade and micromorphic theories has been proposed at small strain in
Sect. 5.3. The set of invariant generalized strain measures at finite deformation is:

{ox=F oy FKy e v)) (163)
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Possible decompositions into elastic and plastic parts are then:

1 =R 4", 'F=RTF="FIF, (164)

UR
UR

“+K', K ='K’+ /K" (165)

~

7 Conclusions

The present work provides a unifying thermomechanical constitutive framework for generalized
continua including additional degrees of freedom or/and the second gradient of displacement.
For each continuum, appropriate generalized strain measures have been chosen and split into
elastic and viscoplastic parts. Based on the analysis of the dissipation, state laws and evolution
equations, including flow rules, have been proposed. A constitutive model is therefore com-
pletely characterized by two functions: Helmholtz free energy ¥ depending on elastic strains and
hardening variables and a pseudo-potential of dissipation depending on the conjugate effective
stresses. The gradient of internal variable approach has been somehow reconciled with higher-
order and higher-grade theories in the sense that the nonlocal internal variable has been treated
as an actual degree of freedom, thus requiring a contribution in the power of internal forces.
Variants of the higher order and higher grade theories are also proposed based on the explicit
introduction of plastic strain as additional degree of freedom. This corresponds to the class of
models called gradient of strain in this work, in contrast to the more classical strain gradient
theories. This amounts to recognizing that, in a second grade theory for instance, the plastic part
of the strain gradient can be identified with the gradient of plastic strain.

Simple examples have been given dealing with the shearing or bending of an elastoplastic
Cosserat or strain gradient material. In both cases, deformation is not homogeneous, and a
plastic zone develops in which the stress profiles are significantly different, for the same con-
tinuum, depending on the choice of a single coupled yield criterion or of a multi-mechanism
model. Furthermore, in the same situation, the standard formulation of second grade elasto-
plasticity has been compared to the “gradient of strain” version. Adequate experiments with
local strain field measurements could be useful to decide which of the models provides the most
realistic answer.

The complete gradient of Cosserat deformation model and the gradient of strain and
micro-deformation model presented in this work are new extensions of the classical Cosserat
and micromorphic theories, respectively, that acknowledge the fact that the gradient of
strain and of the additional rotation or deformation degrees of freedom can have an equal
influence on material behavior. Second gradient of strain [64] or more general grade-n
theories, involving higher orders than the second gradient of displacement ([65], also with
respect to dissipative behavior at fully developed turbulent flow [66]) or including the second
gradient of the Cosserat rotation (for dissipative fluids [67]) do exist but they have not been
considered here.

The class of standard materials considered in this work is far from being the most
general constitutive framework, but represents a starting point for more refined models. In
particular, the wanted evolution equations may not admit such a potential, or the potential may
be different for the plastic flow rules and for the hardening variables [68]. Lastly, non—asso-
ciative plasticity for which the yield criterion is different from the flow potential are necessary
for instance in soil mechanics. Such extensions have been proposed in [36].
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The finite deformation formulations of the models have been sketched in the last Section,
focusing on the choice of adequate generalized strain measures and proposing some decom-
position rules for them into elastic and plastic parts. Pseudo—potentials of dissipation can also
be proposed depending on adequate stress measures, thus ensuring the positivity of dissipation.
However, other decompositions of the deformation measures are possible depending on the
specific microstructural meaning of the additional degrees of freedom. The decomposition
(122.2) is for instance adequate for crystal plasticity for which the Cosserat directors are lattice
vectors [13].

Two important questions remain to be raised once a generalized elastoviscoplastic model
has been retained for a specific material and a specific range of loading conditions : the
identification of the numerous material parameters, and its numerical implementation for
structural computations. The latter issue is not a strong obstacle to the use of such models
any longer. The finite element formulation of the problem for a specific generalized con-
tinuum is straightforward once the proper generalized version of the principle of virtual
power is provided. This can be deduced from the expressions p* given for each model in
this work. Efficient implicit algorithms are available for the integration of the flow and
evolution equations [31]. The question of the number and identification method of material
parameters is far more challenging. Two recent methodologies may well be able to make the
40—year old dream become reality. The first one is the identification of the parameters from
experimental results including not only overall response curves (of, e.g. indentation or crack
growth [69]) but also local strain fields measurements on inhomogeneously strained speci-
mens [70]. The second method is based on generalized homogenization methods, since
nonlocal models are sometimes used to describe heterogeneous materials made of classical
constituents with a high contrast of properties, and subjected to strong gradients of mac-
roscopic loading conditions. Generalized homogenization methods have been designed to
construct a homogeneous equivalent higher-order or higher-grade medium, replacing the
heterogeneous material. They can be used to identify the parameters of the macroscopic
model directly from the responses of a unit cell of heterogeneous material subjected to
specific boundary conditions [71], [72], [53]. This has been undertaken for linear elastic
constituents, as well as in the nonlinear case [35], [73]. When such a homogenization pro-
cedure is possible, the number of material parameters of the macroscopic model does not
really matter any longer.

Appendix A
Notations

In this work, A denotes a vector of the Euclidean space E, A a second-rank Euclidean tensor,
and A (resp. A) a third-rank tensor when operating on a vector (resp. a second-rank tensor).
The same third-rank tensor is denoted A when regarded as a 3-linear form. In a positively
oriented orthonormal basis (e;,e,,e;) of oriented E with dimension 3, these quantities are
represented by their components:

A=A, A=Aje,0e, A=A=A=Aje e e (A1)

with summation over all repeated indices. The transpose of second rank tensors is denoted by
subscript 7
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éT :Aﬂgl ® e;. (AZ)

The four-rank transposition operator 17 is then defined as:

- A=A (A.3)

We denote 1 the second rank unity tensor and € the Levi-Civita tensor

1=9J,e ®e;, €=Det(e,eele e Qe. (A.4)

The tensor product ® applies to vectors and higher-order tensors:

A®B=A;Bue, Qe ®e Qe,. (A.5)

A modified tensor product linking second-rank tensors is also used:
AX B=A;Bje ®e e, xe,. (A.6)

The simple, double and triple contractions of tensors read:

AB IALBZ, é . B = AL']'BL’]', é]} :AijkBijk- (A7)

The nabla operator V is used extensively to compute the gradient or divergence of tensors:

where the comma denotes differentiation with respect to material (Lagrangian) coordinates X.
An alternative nabla operator V° is used also when differentiation is to be taken with respect to
current (Eulerian) coordinates x:

vovFl p=2

F-o% (A.9)

where Ij is the classical deformation gradient tensor. The gradient of scalars, vectors and
tensors takes the form:

VI'=T;e;, uadV=u;e e, Vou=ue e, (A.10)
FoV="Fje ce e, VOF=Fe e e (A.11)
The divergence operator is written as follows:

QV = VQ = Qm‘, gV = O'ijgi, Vg = O'ij/b'gj. (AIZ)

To give examples showing how the product of tensors of different orders is meant, the formulae
(119.2), (35) and (97) are written below in index form:

1
Ty =~ geiqu;r R, (A.13)
1
Kik = gﬁlij(eij,k + (e + €x5) ;) (A.14)
Uijk = &k + Ekij — Ejkyi- (A.15)

When the gradient operator acts on an intermediate tensor, the application on that is indicated
by an arrow |, as in Eq. (139) for instance, which reads in components:

!
F'T.C°FP @V =Flce

in Cooil g€ © € @ e (A.16)
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More about vector and tensor analysis in relation to classical and generalized continuum
mechanics can be found in [74].
New quantities are defined by the sign =.

Appendix B
Balance equations for generalized continua

Balance equations and associated boundary conditions are briefly recalled here without
proof, for the Cosserat and second grade continua. The corresponding ones for the mi-
cromorphic medium are given in Sect. 5.1. The derivation can be found in [20] and [6]. For
the sake of simplicity, body forces, couples and double forces are excluded throughout this
work.

B.1 Cosserat continuum

The main characteristics and applications of the Cosserat continuum are recalled in [75]. The
degrees of freedom, deformation measures and corresponding density of power of internal
forces are given by Egs. (10), (11) and (12). These equations are complemented by the power of
contact forces which takes the form:

p) =ta+mé, with t=¢n, m=pn, (B.1.1-3)

where t and m are the traction and surface couple vectors acting on a surface element of normal
n. In the bulk of the material, the stress tensors must fulfill the equations of balance of
momentum and of moment of momentum:

V=0, pV— € :06=0. (B.2)

B.2 Second-grade model

Balance equations for a theory incorporating the first and second gradients of the displacement
have been derived in [4] and in [20]. They involve the force stress tensor ¢ and the hyperstress
tensor S and reduce to a single set of equations:

V=0, with t=¢6-S.V. (B.3)

~

The corresponding power of contact forces takes the form:
P =t +MD,u, (B.4)

t=tn+2RS:(n®n)-D(S.m), M=S:(n®n), (B.5)
where n and R are the normal vector and the mean curvature of the surface. The surface
traction and double traction vectors are t and M. The previous conditions are valid for a
smooth surface. Special conditions at edges and corners can be found in [20].
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Appendix C
Simple glide and bending in Cosserat elastoplasticity
C.1. Simple glide test

A two—dimensional layer of Cosserat material with infinite extension in direction 1 and height 7
is considered on Fig. 1. The unknowns of the problem are u = [u(x3),0,0]" and
¢ =1[0,0, d)(xz)}T. Various types of boundary conditions are possible. For example, we con-

sider:
u(0) =0,¢(0) =0, t =012e; =0, m = pge3 = Mgzgs- (C.6)

Note that the solution of this problem for the classical Cauchy continuum would be a vanishing
u. The material exhibits an elastoplastic behavior with a generalized von Mises yield function
(22) or (28). Let us recall the elasticity relations in the isotropic case:

o = A(trace e’)1 + 2ule”t + Zugee{, n = atracex’)1 + 28t 4 2yheel (C.7)

where A, are the Lamé constants and p,, o, f,y are additional moduli. The brackets {}
(resp.}{) denote the symmetric (resp. skew-symmetric) part of the tensor. One usually takes
f =7 at least in the two-dimensional case [31]. An elastic Cosserat characteristic length
le = \/E/Tl can be defined. Under the prescribed boundary conditions, a plastic zone develops
starting from the top.

Elastic zone, 0< x> < o

The evaluation of elasticity law and balance equations leads to the following equations:

o1z = (U4 p)ug + 20,0, 021 = (10— )z — 2P, gy =2 o, (C.8)

o122 =0, pgg9 + 021 — 012 =0, (C.9)

from which two differential equations are deduced:

24 2pp,
oy = 02, Uz =———p, @ = [ F—. C.10
- SR Blu+ 1) (C.10)

Taking the boundary conditions at the bottom into account, the solutions follow, including an
integration constant B to be determined:

. 2u.B
X)) = Bsinh(w,xs), wu(x) = ———(1 — cosh(wexs)), C.11
¢(w2) = Bsinh(wes),  u(x) we(u+u0)( (we2)) (C.11)
_ A
Usy = 2BPwecosh(wexs), 621 = — ———Bsinh(wexs). (C.12)
[ e

Plastic zone, o < x; < h

In the generalized von Mises criteria (22) or (28), the simplifying assumption
a; =a,as = 0,b; = b,bs = 0 is adopted, together with a constant threshold R = Ry. The yield
criterion (22) requires:

acs, +bus, = R, (C.13)
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Combining this condition with balance equations (C.9), the solution takes the following form
including integration constants C and D:

Uso = C cos (wp2a) + Dsin (wpxs), o621 = @p(Csin (wpxs) — D cos (wp22)), (C.14)
1 b

S ==/ C.15

Wy L a ( )

where a characteristic length [, comes into play. The constants C and D are solutions of the
following system of equations:

2
C*+D* = %, C cos(wph) + Dsin(wph) = pd,. (C.16)

The continuity of surface couple vector and yield condition at x3 = o provides the system of
equations for the unknowns B and o:

2pweBcosh(we.0) = C cos(wpa) + D sin (wpa), (C.17)
ue \
16a <+—) B?sinh?(w,a) + 4bp*w?B*cosh?(w,0) = R2. (C.18)
1+ p

The numerical resolution of both systems of equations leads to a semi—analytical solution of the
simple glide test, that can be used as test for the implementation of Cosserat elastoplasticity in a
Finite Element code. This has been checked for the simulation presented on Fig. 3.

In contrast, the use of two separate criteria (28) without hardening and assuming plastic
loading for both deformation and curvature leads to a plastic zone with no extension with
constant force and couple-stress g3; and g, at the upper boundary.

C.2 Simple bending

Simple bending is a well-suited test to investigate the effect of curvature on the overall
response of the material. The bending of metal sheets has been studied experimentally in the
elastic regime [76] and in the plastic regime [77]: size effects have been observed only in the
latter case. The solution of the simple bending problem is given here for the elastic and
elastoplastic cases.

Elastic solution

The beam of thickness 2 and width W of Fig. 2 is considered for simple bending under plane
stress conditions and for an elastic isotropic Cosserat material. Two types of boundary con-
ditions are possible: imposed couple M on the beam, or rotation of left and right sides of the
beam. In the latter case, one can prescribe a micro-rotation equal to the rotation of the section,
but it does not matter in the sense of Saint-Venant. The solution takes the form:

A D
u =Avix, Uy = —gx? + (25 —23), wus = Dwyxs, (C.19)
¢y =Dws, ¢y=0, ¢3=—An (C.20)

in the coordinate frame defined in Fig. 2. Under these conditions the non-vanishing compo-
nents of the deformation and curvature tensors are:

e =Axs, e =e3=Dxz, K31 =-A, xi3=D, (C.21)
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which shows that the solution is in principle fully three-dimensional. The fact that the defor-
mation tensor is found to be symmetric means that there is no relative rotation between
material lines and the Cosserat directors. The plane stress condition implies that the constants A

and D are related by D = —vA. The non-vanishing stress components are then:
on = EAwy, = —AB(1+v) —y(1 —v)), (C.22)
1 = —AB(L +v) + (1 —v)) = —fA. (C.23)

The couple stress component p,5 is an out-of-plane component that should vanish under plane
couple stress condition. This can be regarded as a reaction stress that will not be considered
here in order to keep the simple form of the solution. Note also that it vanishes for the choice
y=(14+v)/(1 —v). The resulting moment M with respect to axis 3 is computed as

EnR?
M= /(0’11962 + pgy )dwedas = WA <§ + ﬁ*h) (C.24)

which gives A for a given couple M. The additional resistance due to the Cosserat character of
the material can be readily seen in the term f*. Formula (C.24) reduces to the classical solution
when the Cosserat characteristic length goes to zero or when [, is much smaller than .

Plastic case

Some elements of the solution of the bending problem for Cosserat elastoplasticity with a single
coupled plastic potential (22) are provided here, that can be compared to Finite Element
simulations. We still look for a solution of the form:

ur =Ax1xg,  ¢3 = —Axy,
where A is the loading parameter. The non-vanishing stress components are ¢1; and ug;. The

component ;3 may exist but is not taken into account in the present two-dimensional solution.
The yield condition reads:

2
gaafl + by, =R (C.25)

As in the classical solution, a plastic zone starts from the top and the bottom up to 29 = £o. In
the plastic zone, the plastic deformation and curvature are deduced from the flow rules (23):

2 a 1a b
6‘]101:195}?0011, e§2:e§3:—pgﬁoou, Kglzp}?oﬂm- (0-26)
Combining the elastic and plastic parts of deformation and curvature, we get:
, 1 2a
ey = Axs :6?1 +€ll)1 = <E+§R—0p>611, (027)
. » 1 b
K31 = —A = Ky Ky = 28 t R P e (C.28)

Eliminating p from (C.27) using (C.28), we get:

2a 1 1/1 1
Pp2a l (229 (C.29)
011 3b Hs1 A\E Bﬂ b

This equation combined with (C.25) leads to a system of two equations in ¢1; and pg3;. It can be
shown that o1 then is a root of an algebraic equation of degree 3, the coefficients depending on
the material parameters and on xs. A simple solution can be given however if the right-hand
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side of (C.29) is neglected, which is possible for sufficiently large values of prescribed A and of
fb/a which is proportional to lg/l%. In this case, we get, for a fully plastic beam (« = 0):

Rol,

gy = ==
N 1

and the profile of o1 is deduced from the yield condition (C.25). The role played by the plastic
characteristic length [, defined by (C.15) appears clearly. When [, tends towards zero, the
classical solution g1; = +Ry+/3/2a is retrieved. This dependence on [, is illustrated in Fig. 4.
The approximate solution is found to be a good one when compared to a finite element
simulation.

In contrast, the use of two potentials f and f; according to Eq. (28) leads to a linear profile of
11 in the elastic zone and a constant value 1; = +£Ry/+/a in the plastic zone of the beam. The

(C.30)

component i, remains constant in the beam with the value R.o/v/b.

Appendix D
Simple glide in strain gradient elastoplasticity

The two-dimensional layer of Fig. 1 is considered as an elastoplastic strain gradient material.
The unknown of the problem is u = [u(x3),0,0]”. The constitutive frameworks presented in
Sects. 3.1 and 3.2 are applied successively to this situation. The non-vanishing components of
the strain and strain gradient tensors are:

e12 =u2/2, Ko =Koz = uga/2. (D.31)

D.1 Standard strain gradient model

Various types of boundary conditions are possible. For example, we consider:
1
u(0) =0, (Dnu)(0) =5uz2(0)e; =0, (D.32)

t(n) = (012 — Si22)e; =0, M(h) = Sizz€; = Soey, (D.33)

which are similar to the conditions (C.6). The solution corresponding to this problem with the
classical Cauchy continuum is a vanishing displacement u. In contrast, the strain gradient
medium deforms due to the application of the double force Sis9 = Sp at the upper boundary.
An elastic and an elastoplastic zone coexist with interface 2o = a.

Elastic zone, 0 <z, < o

The isotropic elasticity laws for a second-grade medium can be found in [4]. The elastic part of
the free energy reads:

1 ,
(e’ KY) = §)~8§i8;§ + pegyeg; + an K Ky + asK K,

+ agK,fi,K"

7 kjj + 0L4Ke -Ke + a5K? Ke (D84)

kit gk kit ik
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The components of the hyperstress tensor are deduced as:

Spar = 1 (K;;p(sqr i) + 205K5, 0y + 2a3Ks3,00 + 204Ky, + 205K, (D.35)
In the present example, the non-vanishing components of the hyperstress tensor are
St = (a1 4+ 2a3)Kls, So21 = (a1 4+ 2a5)KTsy, Size = So12 = 20345K]99 (D.36)

with asys = as + a4 + as. In the sequel, we assume that the components S11; and Sgg; vanish,
by a proper choice of the elastic constants ag and as. This choice is compatible with the
conditions of definite positivity of the elasticity tensor, established in [4, Eq. (5.25)]. This makes
possible a simple semi-analytical solution of the elastoplastic problem, similar to the situation
solved with the Cosserat continuum in Sect. C.1.

The balance of momentum equation reduces to

o122 —S12222 = 0, (D.37)
which means that 13 — S1222 is constant and equal to zero due to the boundary condition at
the upper part. Accordingly, in the elastic zone, the solution takes the form:

u(we) = A(cosh(wexs) — 1), 012 = pAwesinh(wexs), Sio2 = pAcosh(wexs), (D.38)

where A is a constant to be determined and

we = |1 (D.39)
a345

Plastic zone, « < x>, < h

The generalized J5-theory of plasticity proposed in [15] is used. The extension of the von Mises
equivalent stress involves the deviatoric parts of the stress tensors ¢ and S. In the simple
example considered here, the yield condition reduces to: ~

4
363, + 725%22 =R, (D.40)
D
where [, is an effective characteristic length, that can be expressed in terms of the three lengths
introduced in [15]. The stress and hyperstress components are therefore solutions of the system
of equations (D.37) and (D.40). One finds:

o1z = —Cowy cos(wpa2) + Dy sin (wps),  Sigz = C cos(wpxs) + D sin (wp22), (D.41)
2

wp =——. D.42

VTS (D-42)

The integration constants C and D are determined from the yield condition (D.40) and from the
boundary condition:

C cos(wph) + Dsin (wph) = Sy. (D.43)
A condition for this system of equations to have a solution is S} < Rf/3w?. The constant A
appearing in (D.38) and position & are deduced from the continuity of Sjs2 and yield condition
at o

Apcosh(weo) = C cos(wpa) + D sin (wpa), (D.44)

A2 (wfsinhz(weoc) n wf)coshz(wgoc)) = RY/3. (D.45)

The profile of hyperstress component S;s2, found numerically, is given on Fig. 5.
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D.2 Strain gradient plasticity with gradient of plastic strain

Let us now apply to the same boundary value problem the alternative constitutive framework
for strain gradient plasticity presented in Sect. 3.2. The boundary conditions must however be
complemented as follows, in accordance to the specific choice of modelling quantities (54) and
associated forces (56):

A(h) =0. (D.46)

The elastic solution still is the same as in the standard case. Balance equation (D.38) still holds.
The model involves another hyperstress tensor B in addition to S. A simple linear rela-
tionship between B and the gradient of plastic strain is assumed, including material parameter

¢ with the dimension of pressure multiplied by the square of a length:

Bigs = Cély - (D.47)
The effective stress driving plastic flow is Zeff :

1 = 615 + Biazs — Si202 = 013 + Cely00 — S122.2- (D.48)
The yield criterion is chosen as:

Jo (1) = Ry = V3|o1z + cely 5y — Sia22| — Ro = 0. (D.49)
The final equation is given by the elasticity law:

S22 = 203458755 = %%012‘2 = o192/ (D.50)
It follows that the stress components take the form:

012 = Cwgcosh(weza) + Dwesinh(wexs), Sioe = Ccosh(wex2) + Dsinh(wea2). (D.51)
Combining Eq. (D.49) with balance equation (D.37), the plastic deformation obeys to:

R R
f_S()c = &, = ﬁ(xz —0)’ + E(wy — o) + F. (D.5B2)

Since plastic and elastic strain are now known, the total displacement field in the plastic zone
can be computed:

Aglfz =

We Ry 2
=— +——= (22 — )" +2E(xg — a) + 2F. D.53
( . \/g( 2 — o) (g — o) (D.53)
The displacement field in the elastic zone is still given by (D.38). To determine the integration
constants C,D,E,F,a and A (A characterizes the elastic zone, see Eq. (D.38)), the following

requirements must be taken into account:

U Ccosh(wex2) + Dsinh(we22))

(i) Continuity of &}, at x5 = a. This implies ' = 0.

(ii) Continuity of A” = (cély, —S122)(€; ® €, + €, ® ;) at 23 = . This condition together
with the continuity of 812'2 implies the continuity of &;93. This means £ = 0.

(iii) Continuity of u o:

Awesinh(wee) = 22 (Csinh(w,) + Deosh(w,2)) (D.54)
U
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(iv) Continuity of Sia:
pAcosh(weo) = Ccosh(wea) + Dsinh(w,or) (D.55)

(v) Boundary condition Syo2(h) = Sy
(vi) Additional boundary condition (D.46):

A°=(B - S)n=0, ie, &, Siz=0. (D.56)

This provides the value of the position of the interface of the elastic/plastic zone:
o= h —/3S/Ry. (D.57)

This results in:

So SO

ucosh(weh)’ cosh(weh)’

It turns out that the expression (D.38) of the stress components o5 and S92 is valid for both
zones. The profile of S192 according to this model is given in Fig. 5 and compared to the one
found with the standard model.
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