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1 Intr odudion

Sincethe pioneeringwork of [3] (see[4] for areview), straingradientplasticity hasaroused
increasinginterestin the mechanicof materialscommuniy, leadingto a large panelof non
local plasticity models However, comparisondetweerthesemodelsremainseldom[19], and
hefull thermomechanicdtamawvork is usuallynot provided. The attentionis focusedhereon
modelsincorporatingmodifiedor additionalbalanceequationsandthereforeadditional bound-
ary conditionsin orderto solve practicalboundarywalueproblems.Thereadetis referredto [1]
for modelsstickingto classicaktructureof the boundaryalueproblem.

The aim of the presentwork is to bring togetherandto someextentreconcilethreemain
trendsof strain gradientplasticity modelsappliedto metal single crystals: the gradientof
internal variable,secondgradeand Cosseraapproacheslin particular the thermodynantal
settingfor all threemodelswill bedescribedn aunifiedway, in orderto make actualdifferences
betweertheoriesreally visible. For simplicity andclarity, theanalysiss restrictedo singleslip
and rate—independertonstituive equations.Extensiongo the generalviscoplasic multislip
casearestraighforward, basedn multicriterion elastwiscoplasticiy.

Eachmodelpresentatiorfiollows the threefollowing mainsteps

e The principle of virtual power is appliedto derive balanceequationsand appropriate
boundaryconditions. Thisrequireghechoiceof thenumberof degreesof freedom(order
of the theory) andthe precision(grade of the theory) of the retainedtheory The key
functionsto be definedin eachtheoryarethe powerdensityof internd forcesp' andthe
powerdensityof contactforcesp®, bodyforcesbeingexcludedherefor simgdicity.
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e Theenegy principle introducednternalenegy e andHelmholzfreeenepgy Y asafunc-
tion of stateandinternalvariables.

e Theentopyprincipleis exploitedto derive statelaws andintrinsic dissipatia D.

Theresultsof theapplicationof eachsteparereportechere.Thereadelis referredto [10] for an
exampleof detailedderivation in the caseof secondyradethermoelastity. The presentatioms
restrictedto the small perturbationframewnork underisothernal conditions(exceptin sections
3.2and3.3). Vectorsandtensorsaredenotedyy boldfaceletters.

Theimpactof the previous modificationsof the classicathermomechanicdtamevork on
heatequationandconductim is briefly analysedsinceit may well be the key pointto choose
betweerconcurrenformulations.

2 Secondgrade and Cosseat crystal plasticity

Two recentenhancementsf classicakrystalplastici, basedon the mechanicof generalized
continua,are presentedn this section. The main motivation of bothmodelslies in the taking
into accountof the dislocationdensitytensorin the constitutve modeling. The stressis laid
on the commonfeaturesand main differencesarising from the original choice of extended
continuum.

2.1 Secondgrade constitutive framework

Following thesecondyradientimodeling frameawork settledoy Mindlin [16], FleckandHutchin-
son[6] have proposed crystalplasticity modelincorporatingcharacteristidengthsassociated
with the effect of so—calledgeometricallynecessarylislocations,andalsoof gradientof slip
normalto theslip plane.The degreesof freedomandmodelng quantitiesof thetheoryarethe
displacementfield andits first andsecondyradients

(u,0u,00u) 1)

Thecorrespondingtrainmeasurearethe secondrderstraintensore, with its classicadefini-
tion, andits gradientn = [le. They aresplitinto elasticandplasticcontributions:

e=¢54+¢eP, n=n%+nP (2)

Note that it is not assumedhat nP is equalto the gradientof plastc strain: plastic strain
gradientis not the gradientof plastic strain in thetheorydevelopedin [6]. Two stresgensors
areassociateavith the previous strainmeasuresndappeaitin the power densitiesof internal
andcontactforces: .

p=0:e+Min, p*=t.u+mDyu (3)
whereD,, andD; arethenormalandtangengradientoperatorsactingon a surfacewith normal
vectorn. The tractionanddoubleforce vectorson the surfaceare denotedoy t andm. The
balanceandboundaryconditionsthenread:

divti=0, witht=0-divM 4)
t=1n+2RM: (n®@n)—D¢(M.n), m=M:(n®n) (5)
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A detailedderivation of theseequationsanbefoundin [11]. Thefreeenegy densityis afunc-
tion of elasticstrainandstraingradientand possbly of hardeningvariable(s)q : (g€ n¢q).
The statelaws arededucedrom the analysisof the entrogy principle:

oy oy oy
0:p0—86’ M:pﬁa R:Pa—q (6)

Theremainingintrinsic dissim@tionreads.
D=o0:eP+MinP-Rq (7)

The authorsin [6] and[22] proposea simpified versionof elasticity constititive equations
including the usualfour-ranktensorof elasticitymodui C andan additionalintrinsc length
scalele :

o=C:e%, M=I12C:n°® (8)

Thedisspative processearemodeledby a potentialfunction f (o, M, R) of thethermodyam-
ical forces: of of of

P=A—, NP=A-—, G=-A— 9
where) is the plasticmultiplier. Thetheorypresentedhn [6, 21, 22] considerdhe generakase
of viscoplagtity, we translateit herein the particularcaseof rate—independerglasticty for
simgicity.

Let usnow specifythe previousframavork in the caseof a singlecrystalundegoingsingle
slipin directionl in theslip planeof normalv. TheusualSchmidlaw is extendedo incorporate
notonly resohedshearstressedut alsoresoledhyperstresss,relatedby a constitutve length
Ip:
f:|T|+|Imp|—R, with 1=0:(I®v), m=M:(Iaval) (10)

The plastt strainandstraingradientratesfollow from the normalityrules(9) :

ép:yplé%v, r']p:ysle%v®l (11)

For thesale of simplicity, we haveintroducednly theeffectof slip gradientn theslip direction
|, althoudn theoriginalmodelalsocontainsacontribution of slip gradienin thenormaldirection
v. Thefirsttypeof straingradienteffectis associatewvith thedensityof so—calledyeometrically
necessardislocatons,thesecondneremainsunclear It mustbe noticedthattheslip gradient
variable y° doesnot coincidewith the gradientof slip OyP. Both are relatedto the plastic
multiplier A accordingto (9) :

A = Psignt = | P{Ssignm (12)
For monobnousloading,theslip gradientvariabley® turnsoutto be equalto theamountof slip

yP dividedby I .

2.2 Cosseratsinglecrystal plasticity

In the continuumtheoryof dislocatims, the notion of geometricallynecessarglislocatonsis
associatedvith that of dislocation densitytensorintroducedby Nye [18]. The famousNye
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relationlinks the dislocationdensitytensorandlattice curvature. Accordingly, introducingthe
influenceof dislocation densitytensorin the single crystal constititive equationsamouns to
including lattice curvatureeffects. This is the mainmotivation of the Cosseratrystalplasticity
modeldetailedin [9]. It canbe noticedthatthe dislocation densitytensoris alsorelatedto the
curl of plasticdeformationwhichin turn givesalsoa motivationfor the previoussecondgrade
approach.

A parallelis dravn betweenthe following equations(13) to (24) and the corresponding
equations(1) to (12) of the secondgradienttheory The degreesof freedomand modelirg
variablesof the Cosseratheoryarethedisplacement, themicro—rotationpandtheirgradients

(u,0,0u,0g) (13)
from which the Cosseratleformationandcurvaturesecondanktensorsarededuced
e=u+e@=€e"+eP, k=0Op=k®+kP (14)

Thethird orderpermutatiortensons denotedoy € andits componerg give the signof the per
mutatbn (i jk) of (1,2,3). The power densitief internalandcontactforcesareusedto derive
two balanceequationspnamelybalanceof momentumandbalanceof momentof momentum
They involve the secondanktensorsof force stresses andcouplestressed/ :

p=0c:e+M:k, p‘=t.iu+mo (15)
dvo=0, divM—-¢g:0=0 (16)
t=0.n, m=M.n a7)

The tractionand couplevectorsactingon a surfaceelementaredenotedby t andm. Thefree
enegy Y(e® K q) is a function of elasticdeformationand curvature,andinternalvariable(s)
q:
_ o0y _ oy _ oy
0=prps M=p55 R—paq (18)
Thisleadsto thefollowing intrinsic disspation:
D=0c:e’+M:kP (19)

The elasticity contitutive equationgequiretwo symmetricfour-ranktensorof elasticmoduli,
C andD having the dimenson of MPa andMPa.m? respectely :

c=C:e, M=D:K (20)

In contrastto the single plastc potentialusedin the secondgrademodel, we resorthereto
two dissipaton potentialsfi(o,R,q) and f2(M,R,q). This correspondgo a multi—criterion
framework, introducedby Koiter andMandel,involving two plasticmultipliers :
. - : . dfy . AL
p_ ), 21 P_ N\, 2 — )1

€ =M7o K'=hgn, d=-Aog (21)
Note that the choiceof the properplastic multiplier to be usedin the evolution equationfor
hardeningvariable(21)3; depend®nthespecifictype of hardenindaws andnumberof internal
variablesLet usspecifythe potentialsetainedo modelCosseratrystalplasticity:

fi=1-R fa=|m—-IpR;, with 1=0:(1®Vv), m=M:(Exl) (22)
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where§ = v x | andly is a characteistic length. Accordingly, this modelrequiresat leasttwo
hardeningvariableq andqc, the thermodynanual forcesof which areR andR.. A couplirg
mustexist betweerhardeningvariablesfor the modelto give riseto sizeeffects,asexplained
in theexampleof section4.2. In contrast,n the specificsecondgradientmodelof section2.1,
couplingis introduceddirectly by a single criterion and plasticmultiplier. Within the present
Cosseratmodel,theflow rulesbecome
P =v"I®v, kp:|96®l (23)
p
L S
A1 =VPsignt, A= [ signm (24)
p
The meaningof the secondplasticmultiplier thereforeis thatof a scalarcurvaturerate,i.e. the
ratio of arotationrateby a characteristidength.

Until now, the physicalmeaningof micro—rotationg hasnot beenspecified. It is in fact
intendedto coincidewith the notion of crystallattice rotation so thatthe Cosseratirectors
aresimply lattice directionsdefinedin the releasedsoclinic configurationintroducedin [13].
The definitionsof Cosseratelative deformation(14) and plasticdeformationrate (23) imply
thatthe skew—synmmetric partof elasticdeformatione® measureshe differencebetweerattice
and Cosserarotation. The constraintthat e®* be symmetrc mustthereforebe addedfor the
microrotaton to have the wantedphyscal meaning. This canbe achieved by choosimg very
high elasticconstantdinking the skew—symmetric partsof stressand of elasticdeformation.
Skew—synmetricreactionstresseshenremain.

3 Gradient of internal variable approach

The motivationof the nonlocal plasticitymodelsproposedy Aif antis[3] is originally notthe
introducton of so—calledgeometricallynecessarylislocationdensities but ratherdislocatio

patterningduringdeformationlt is shovn thatthis classof modelscanberegardedasagradient
of internalvariableapproachdepictedin [14]. In the previous Aif antis models,the internal
variableis the scalardislocationdensity(so—calleddensityof statisically storeddislocatios)

or the cumulatie plastic strain. When appliedto the slip variableyP [24], so indirectly to

a densityof geometricallynecessarylislocation, it builds a link with the modelsof previous

sections.In particular it appearsghatthe gradientof internalvariableapproachyivesrise,asa
specialcaseo thewell-knovn LaplaciantermAyP, the physicalmeaningof which remainsto

beexplainedin eachspecificsituation.This modelremaingdifferentfrom the secondyradeand
Cosseratnodelsin sofar asit is notdirectly relatedto thedislocation densitytensor

3.1 Enriched power of internal and contactforces

The samestructureof modelpresentatiorasfor the secondgradeand Cosseratnodelsis kept
in this section,sothatdirect comparisons possibleat eachstep. The degreesof freedomand
modeling quantitesarethe displacementtheinternalvariableyP andtheir gradients

(u,yP, Ou, OyP) (25)

A short presentatiorof this thermonechanicalsettinghasbeenreportedin [12] in the case
of cumulatve plastic strainasinternalvariable(seealso[23]). The classicalstraintensore,
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single strainmeasuref themodel,is decomposethto elasticandplasticcontritutionsasusual.
However, thepower densityof internalforcesmustbe extendedasalinearform of themodelirg
guantites: _
p=0:e+ayP+B.OV, p°=t.u4+a%yP (26)
Thisleadsto two setsof balancesquationsandassociatetboundaryconditions:
divo=0, a=divB (27)

t=0.n, a®=B.n (28)

ThetermayP + B.OyP = div (yP B) representanonlocalpower of internalforcesof first degree.
The secondbalanceequationa = divB canalsobeinterpretedasa definitionof a. Thevalue
of yP or thedualforce a® mustbe prescribedat the boundaryof the consideredolid. Thefree
enegy is a functionof elasticstrain, OyP andinternalvariablesq (includingyP if necessary)
W(e®, OyP, g). Thestatelaws andintrinsic dissipaton take theform :

G oy G

D=o:eP+ay?—Rq (30)

Theclassicaklasticconstititive relationsareunchangedA potentiaffunction f (o, a, R) isused
to derive theflow andhardeningules:
. of . - Of - Of
€ )\60’ % )\60(’ q AaR (32)
In a caseof a singlecrystalundegoing singleslip, theyield criterionis againan extensia of
Schmidlaw, from which theflow rulesarededuced

f=|t+a/—R=|t1+divB|—-R, with t=0:(I®V) (32)

;e,p:yp|<§>v, yp:}\sign(T-i—divB) (33)

Thefree enegy canbetakenasa quadraticfunctionof [yP, sothat,in the caseof isotroptc or
cubicmaterialsymmetry :
B=cOy”, divB= cAy” (34)

The term divB thereforeintroducesa sort of kinematicalhardening(seealso[15]). Under
monobnousloadingconditionssuchthatt remainspositive, the well-known relationfoundin
Aif antismodelsis retrieved(c > 0) :

T=R—cAy’ (35)

3.2 Alternative formulation : Enlargedentropy flux

Thethreepresentedhermomechanicdtamevorkssharethe commonfeaturethatthe power of
internalforceshasnottheclassicaform andcontainsadditionalterms,themechanicaimeaning
of whichis not necessarilypbvious. This explainswhy analternatve formulationbasedon the
introducton of anextra—entrop flux hasbeenpreferral in the past thatpreserestheclassical
structureof internalwork. Let us presenthis formulationin the caseof the previous gradient
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of internalvariableapproach.The free enepy still is a function (€€, 0yP,q,T), T beingthe
absolutetlemperaturebut the power densityp' keepsits classicalform. The enegy principle
thenreads _

pe=p —divQ=0:e—divQ (36)

whereQ is the heatflux vector The entrogy principlein its globalform on a volume V with
boundaryV reads.

/pr']dv+/ ®O.ndS>0, with ®= 24k 37)
v v T

where® is the total entrogy flux vectorandk an extra—entrop flux [17]. The entropy density
is denotedby n. Theuseof thedivergencetheoremeadsto the expression

/ D%dV >0, with D! =pn +div($ +K) (38)
\Y

Using the statelaws (29) complemered by the relationn = —0y /0T, the total dissipatio
densityreducedo :

TDtot:o:s’p—B.Dyp—Rq—%.DTJerivk (39)
Theonly possble choicethateliminateshe OyP termis
.,B
Y g
k=y = (40)
(seealso[14]) which gives
TD' =g : eP+yPdivB— Rg— ®.0T (41)

wheretheintrinsc andthermalpartsof dissipationappearlearly The positvenessf dissipa-
tion is thenensuredoy the choiceof a potental f(o,a = divB,R) for the intrinsic partanda
generalizedourierlaw for thethermalpart:

Q K

q>:?+k:—?.DT (42)

3.3 Heatequation

Therearetwo maindifferencedetweerthethermomechanicdtamevork basedon the exten-
sionof internalwork andthatrelying on extra—entrop flux : it is notensuredn thelattercase,
that the heatis flowing alwaysfrom hot to cold, this requires—Q.OT posiive, andthe heat
equationgliffer in thesameamountasthey areapproaching@nadiabatiqprocessAccordingto

thefirst schemethe heatequatiorreads.

pTn=D-divQ (43)

wherethe intrinsgc disspationis given by (30). In contrastthe presenceof an extra—entroy
flux modifiesthe heatequationasfollows:

pTN =D —div(Q+Tk) (44)
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Whenconsideringa locally quasi—adiabatiprocesg|divQ| < D), onenoticesthatheatequa-
tion (43) leadsto the classicalequationpTn = D, whereasheatequation(44) remainsdueto
(42) apartialdifferentialequationn T

pTN = D —div(Tk) = D+div(K.OT) (45)

asfor a fully heatconductingprocessbecausehe divergenceof the transientpower vector
Tk accordingto (40) neednot vanishnecessarilyat vanishirg divQ. Thus,if a significant
div (TK) is presenin alocally quasi—adiabatiprocessthendiv (K.OT) mustnotvanis. Buta

locally quasi—adiabatiprocesss a very fastprocesssothat |0.(K.OT)| will becomen such
aprocessnuchsmalkr thanthe mechanicatlissipaton power D. If thisis right, corversionof

the aforementionedmplicationsaysthatdiv (Tk) cannotbe significantin a very fastprocess,
where,ontheotherhand,atransienfpoweris presennaturally Thus,the existenceof anextra
entropy flux (k) seemso bedifficult in thetheoryof gradientof mechanicainternalvariables.

4 Applications

This sectionmentians recentapplicationsof Cosseratrystal plastity to handlesize effects
obsenedin metals.Most of themcanalsobe describedy thetwo otherapproachepresented
in thiswork. We insid thenof the advantagesndshortcomngsof eachmodel.

4.1 Sizeeffectsin two—phasdaminate microstructures

The collective behaior of dislocatilmsin narrav channeldn multiphasematerialsor films is
associatedvith size effectslike the dependencef Orowan stresse®n channelwidth. This
situaton is encounteredor instancen PSB of fatiguedsinglecrystalsor in the y—channel®f
nickel-basesinglecrystals. In [20], anidealizedlaminate microstructurds consideredunder
sheayfor whichonephasaemainslasticwhereaghesecondnedeformsplasticaly. A simple
dislocationanalysisshaws thatplasticstrainis not uniform dueto thebowing of screwv disloca-
tionsandthepileupformationneartheinterface.In contrastgclassicakrystalplastcity predicts
uniform deformationwhichis theactuallimit statefor thick layers.Dueto the existenceof in-
terfaceconditions,deformations notuniformwhenusinga Cosseramodel,andsomeCosserat
parametersanbe identifiedexplicitely looking at the dislocationsolution. Similarily, bound-
ary layersin ashearedainglecrystallayerhasbeenanalysedn [22] usingbothsecondgradient
theoryanddiscretedislocaton dynamics.Theadditianal interfaceor boundaryconditionsplay
a centralrdle in the developmentof non—honegeneougsieformationin non—laal models,so
thatexplicit modelsincluding higherordergradientsbut keepingthe standardstructureof the
boundaryalueproblem,arenotableto accountfor it.

The caseof PSBformationis adequatehhandledby Ainfantismodelinvolving dislocatio
densites[3], becausehis phenomenoiasa priori nothing to do with the conceptof geomet-
rically necessarglislocations

Anotherexampleof applicationdealingwith constraineglasticityin y—channel®f nickel-
basesingle crystalsuperallgsis providedin [7].

4.2 Grain sizeeffects

The useof higherorderor highergradetheoriesin the contet of polycrystallne plasticity is
the a straightforvard mannerto predictsize effects,the Hall-Petcheffect for grainsizebeing
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the mostdocumentedsituation In [21], the size—dependerdeformationis studiedusingthe
secondgrademodelof section2.1. The caseof polycrystallne aggreateswith predictionof
theinfluenceof grainsizeonthetensilecurvesis tackledin [7] for Cosseraelastoplastity, and
in [2] for viscoplagtity. In thelatter case the authorsusea modelwith explicit useof higher
ordergradientdn the hardeningaw andthe classicaktructureof the boundaryalueproblem.
Thisis sufficient for thistype of applicatiors.

4.3 Cracksin singlecrystals

The problemof the crackin a infinite mediumhasbeenaddressedery oftenduringthe devel-
opmentof the mechanicof generalizeccontinuain the 60sand 70s. Solutionsare available
for the elasticcouplestressmediumandfully nonlocal elasticity In the caseof crystalplas-
ticity, numericalsolutionswith the Cosseratontinuum have beencomparedo Rice’s solutian
for the classicalcontinuumin [8]. The classicalsoluion, derived for an elastoplasc single
crystalwithout hardeningpredictsthe existenceof sectorawith constanstresseparatedy lo-
calizationbands.The physicalnatureof the bandsdepend®n crystalstructureandorientation
Intenseslip bandskink bandsandmultislip bandscancoexist. The useof the Cosseratontin-
uumleadsto thewealeningandeveneliminationof kink bandsat the cracktip. The existence
of kink bandsan actualexperimentremainsanunsettledjuestion.This hasleadsomeauthorgo
eliminatethis localizationmodesrom Rice’s soluion [5] andsoimitate the Cosserasolution

Theusedof physcally morerealisticmodelsat the cracktip thanclassicakrystalplasticity
is animportantissuefor the predictionof subsequentrackgrowth, especiallyin fatigue.

References

[1] A. AcharyaandJ.L. Bassani. Lattice incompatiblity and a gradienttheory of crystal
plasticity. Journal of the Medhanicsand Physicsof Solids 48:1565-1595,2000.

[2] A. AcharyaandA.J.Beaudoin.Grainsizeeffectsin viscophsticpolycrystalsat moderate
strains.Journal of the Medhanicsand Physicsof Solids 48:2213—-230,2000.

[3] E.C. Aifantis. The physcs of plasticdeformation International Journal of Plastkity,
3:211-2481987.

[4] E.C.Aifantis. Gradientdeformationrmodelsat nano,micro andmacroscales.J. of Engi-
neeringMaterials and Technolagy, 121:189-2Q, 1999.

[5] W.J. Drugan. Asymptic solutionsfor tensilecracktip fields without kink—type shear
bandsin elasticideally—plast single crystals. Journal of the Mechanicsand Physicsof
Solids 49:2155-2176,2001.

[6] N.A. FleckandJ.W. Hutchin®n. Straingradientplastcity. Adv Appl.Med., 33:295-361
1997.

[7] S.ForestF. Barbe,andG. Cailletaud.Cosseramodelling of sizeeffectsin themechanical
behaiour of polycrystalsand multiphasematerials. Internationd Journd of Solids and
Structues 37:7105-126,2000.



[8] S.Forest,P. Boubidi,andR. Sievert. Strainlocalizationpatternsata cracktip in general-
izedsinglecrystalplasticity. ScriptaMaterialia, 44:953-%8,2001.

[9] S. Forest,G. Cailletaud,andR. Sievert. A Cosseratheoryfor elastwiscoplasticsingle
crystalsatfinite deformation.Archivesof Medanics 49(4):705+436,1997.

[10] S. Forest,J.-M. Cardona,andR. Sievert. Thermoelasticit of second-gradenedia. In
G.A. Maugin,R. Drouot,andF. Sidorof, editors,ContinuumThermomelganics,TheArt
andScienceof ModellingMaterial BehaviouyPaul Germains Annivessary\Volume pages
163-176Kluwer AcademicPublishers2000.

[11] P. Germain. La méthodedespuissancesvirtuelles en mécaniquedesmilieux continus
premerepartie: théoriedu secondyradient.J. deMécanique12:235-274,1973.

[12] J.Huang,K. Kalaitzidoy J.W. Sutherland\W.W. Milligan, E.C. Aif antis,R. Sievert, and
S. Forest. Gradientplastcity : Implications to chip formationin machining. In A.-M.
Habralen, editor, 4th Internatioral ESAFORMConfeenceon Material Forming, pages
527-530Universite deLiege,Belgium,2001.

[13] J.Mandel. Equatiors constituiveset directeursdansles milieux plastiqueset viscoplas-
tigues.Int. J. SolidsStructues 9:725-740,1973.

[14] G.A. Maugin. Internalvariablesanddissipatve structures.J. Non—Equilib Thermodyn,.
15:173-1921990.

[15] A. Menzeland P. Steinmann. On the continuumformulation of higher order gradient
plasticity for single and polycrystal. Journal of the Mechanicsand Physicsof Solids
48:1777-196, 2000.

[16] R.D.Mindlin andN.N. Eshel. Onfirst straingradienttheoriesin linear elasticity Int. J.
SolidsStructues 4:109-124,1968.

[17] 1. Muller. ThermodynamicsPitmanPublishingLimited, London,1985.

[18] J.F Nye. Somegeometricalrelationsin dislocatedcrystals. Acta Metall., 1:153-162
1953.

[19] R.H.J.PeerlingsM.G.D. Geers,R. de Borst,andW.A.M. Brekelmans. A critical com-
parisonof nonlocalandgradient—enhancesbfteningcontinua. Int. J. SolidsStructues
38:7723-746,2001.

[20] R. SedBfekandS. Forest.Non-localplasticityat microscale A dislocatic-basednodel
anda Cosseramodel. physicastatussolidi (b), 221:583-96, 2000.

[21] J.Y. ShuandN.A. Fleck. Straingradientcrystalplasticity :size—dependemteformationof
bicrystals.Journal of the Mechanicsand Physicsof Solids, 47:297-324,1999.

[22] J.Y. Shu,N.A. Fleck, E. Vander Giessenand A. Needleman.Boundarylayersin con-
strainedplastc flow : comparisorof nonlocal anddiscretedislocationplastcity. Journal
of the Mechanicsand Physicsof Solids, 49:1361+1395,2001.

10



[23] R. Sievert. Straingradientand gradientof internal variablemodels. TechnicalReport
BAM-V.2 01/4,Bundesanstafiir Materialforschungind Prifung (BAM), Berlin, 2001.

[24] B. SvendsenContinuunmthermodynanmd modeldor crystalplasticty includingtheeffects
of geometrically-necessadjslocations.J. Mech. Phys.Solids 2002,in press.

11



