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1 Intr oduction

Sincethe pioneeringwork of [3] (see[4] for a review), straingradientplasticity hasaroused
increasinginterestin the mechanicsof materialscommunity, leadingto a large panelof non
local plasticity models. However, comparisonsbetweenthesemodelsremainseldom[19], and
hefull thermomechanicalframework is usuallynot provided. Theattentionis focusedhereon
modelsincorporatingmodifiedor additionalbalanceequationsandthereforeadditionalbound-
aryconditionsin orderto solvepracticalboundaryvalueproblems.Thereaderis referredto [1]
for modelsstickingto classicalstructureof theboundaryvalueproblem.

The aim of the presentwork is to bring togetherandto someextent reconcilethreemain
trendsof strain gradientplasticity modelsappliedto metal single crystals: the gradientof
internalvariable,secondgradeandCosseratapproaches.In particular, the thermodynamical
settingfor all threemodelswill bedescribedin aunifiedway, in orderto makeactualdifferences
betweentheoriesreallyvisible. For simplicity andclarity, theanalysisis restrictedto singleslip
andrate–independentconstitutive equations.Extensionsto the generalviscoplastic multislip
casearestraightforward,basedonmulticriterionelastoviscoplasticity.

Eachmodelpresentationfollowsthethreefollowingmainsteps:
� The principle of virtual power is appliedto derive balanceequationsand appropriate

boundaryconditions.Thisrequiresthechoiceof thenumberof degreesof freedom(order
of the theory)and the precision(gradeof the theory)of the retainedtheory. The key
functionsto bedefinedin eachtheoryarethepowerdensityof internal forcespi andthe
powerdensityof contactforcespc, bodyforcesbeingexcludedherefor simplicity.
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� Theenergyprinciple introducesinternalenergy eandHelmholzfreeenergy ψ asa func-
tion of stateandinternalvariables.

� Theentropyprinciple is exploitedto derivestatelawsandintrinsic dissipation D.

Theresultsof theapplicationof eachsteparereportedhere.Thereaderis referredto [10] for an
exampleof detailedderivation in thecaseof secondgradethermoelasticity. Thepresentationis
restrictedto thesmallperturbationframework underisothermal conditions(exceptin sections
3.2and3.3).Vectorsandtensorsaredenotedby boldfaceletters.

Theimpactof thepreviousmodificationsof theclassicalthermomechanicalframework on
heatequationandconduction is briefly analysed,sinceit maywell be thekey point to choose
betweenconcurrentformulations.

2 Secondgradeand Cosserat crystal plasticity

Two recentenhancementsof classicalcrystalplasticity, basedon themechanicsof generalized
continua,arepresentedin this section.Themainmotivationof bothmodelslies in the taking
into accountof the dislocationdensitytensorin the constitutive modeling. The stressis laid
on the commonfeaturesand main differencesarising from the original choiceof extended
continuum.

2.1 Secondgradeconstitutive framework

Following thesecondgradientmodelingframework settledby Mindlin [16], FleckandHutchin-
son[6] have proposeda crystalplasticity modelincorporatingcharacteristiclengthsassociated
with the effect of so–calledgeometricallynecessarydislocations,andalsoof gradientof slip
normalto theslip plane.Thedegreesof freedomandmodeling quantitiesof thetheoryarethe
displacementfield andits first andsecondgradients:

�
u � ∇u � ∇∇u � (1)

Thecorrespondingstrainmeasuresarethesecondorderstraintensorε, with its classicaldefini-
tion, andits gradientη � ∇ε. They aresplit into elasticandplasticcontributions:

ε � εe � εp � η � ηe � ηp (2)

Note that it is not assumedthat ηp is equalto the gradientof plastic strain : plastic strain
gradient is not thegradientof plastic strain in thetheorydevelopedin [6]. Two stresstensors
areassociatedwith thepreviousstrainmeasuresandappearin thepower densitiesof internal
andcontactforces:

pi � σ : ε̇ � M :̇η̇ � pc � t � u̇ � m�Dnu (3)

whereDn andDt arethenormalandtangentgradientoperatorsactingonasurfacewith normal
vectorn. The tractionanddoubleforce vectorson the surfacearedenotedby t andm. The
balanceandboundaryconditionsthenread:

divτ � 0 � with τ � σ � div M (4)

t � τ � n � 2RM :
�
n � n �	� Dt

�
M � n �
� m � M :

�
n � n� (5)
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A detailedderivation of theseequationscanbefoundin [11]. Thefreeenergy densityis a func-
tion of elasticstrainandstraingradientandpossibly of hardeningvariable(s)q : ψ

�
εe � ηe � q� .

Thestatelawsarededucedfrom theanalysisof theentropy principle:

σ � ρ
∂ψ
∂εe � M � ρ

∂ψ
∂ηe � R � ρ

∂ψ
∂q

(6)

Theremainingintrinsicdissipationreads:

D � σ : ε̇p � M :̇ηp � Rq̇ (7)

The authorsin [6] and [22] proposea simplified versionof elasticity constitutive equations
including the usualfour–ranktensorof elasticitymoduli C andan additionalintrinsic length
scalele :

σ � C : εe � M � l2
e C : ηe (8)

Thedissipativeprocessesaremodeledby a potentialfunction f
�
σ � M � R� of thethermodynam-

ical forces:

ε̇p � λ̇
∂ f
∂σ
� η̇p � λ̇

∂ f
∂M

� q̇ ��� λ̇
∂ f
∂R

(9)

whereλ̇ is theplasticmultiplier. Thetheorypresentedin [6, 21,22] considersthegeneralcase
of viscoplasticity, we translateit herein the particularcaseof rate–independentplasticity for
simplicity.

Let usnow specifythepreviousframework in thecaseof asinglecrystalundergoingsingle
slip in directionl in theslip planeof normalν. TheusualSchmidlaw is extendedto incorporate
notonly resolvedshearstressesbut alsoresolvedhyperstresses,relatedby aconstitutive length
lp :

f �
� τ � � �m �
l p � R� with τ � σ :

�
l � ν ��� m � M :̇

�
l � ν � l � (10)

Theplastic strainandstraingradientratesfollow from thenormalityrules(9) :

ε̇p � γ̇p l
s� ν � η̇p � γ̇Sl

s� ν � l (11)

For thesakeof simplicity, wehaveintroducedonly theeffectof slipgradientin theslipdirection
l, although theoriginalmodelalsocontainsacontributionof slipgradientin thenormaldirection
ν. Thefirst typeof straingradienteffectisassociatedwith thedensityof so–calledgeometrically
necessarydislocations,thesecondoneremainsunclear. It mustbenoticedthattheslip gradient
variable γS doesnot coincidewith the gradientof slip ∇γ p. Both are relatedto the plastic
multiplier λ̇ accordingto (9) :

λ̇ � γ̇psignτ � l pγ̇Ssignm (12)

For monotonousloading,theslip gradientvariableγS turnsout to beequalto theamountof slip
γp dividedby l p.

2.2 Cosseratsinglecrystal plasticity

In thecontinuumtheoryof dislocations, the notionof geometricallynecessarydislocationsis
associatedwith that of dislocationdensitytensorintroducedby Nye [18]. The famousNye
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relationlinks thedislocationdensitytensorandlatticecurvature.Accordingly, introducingthe
influenceof dislocation densitytensorin the singlecrystalconstitutive equationsamounts to
including latticecurvatureeffects.This is themainmotivationof theCosseratcrystalplasticity
modeldetailedin [9]. It canbenoticedthat thedislocation densitytensoris alsorelatedto the
curl of plasticdeformation,which in turngivesalsoamotivationfor theprevioussecondgrade
approach.

A parallel is drawn betweenthe following equations(13) to (24) and the corresponding
equations(1) to (12) of the secondgradienttheory. The degreesof freedomand modeling
variablesof theCosserattheoryarethedisplacementu, themicro–rotationφ andtheirgradients:

�
u � φ � ∇u � ∇φ � (13)

from which theCosseratdeformationandcurvaturesecondranktensorsarededuced:

e � ∇u � ε � φ � ee � ep � κ � ∇φ � κe � κp (14)

Thethird orderpermutationtensoris denotedby ε andits components give thesignof theper-
mutation

�
i jk � of

�
1 � 2 � 3� . Thepowerdensitiesof internalandcontactforcesareusedto derive

two balanceequations,namelybalanceof momentumandbalanceof momentof momentum.
They involve thesecondranktensorsof forcestressesσ andcouplestressesM :

pi � σ : ė � M : κ̇ � pc � t � u̇ � m� φ̇ (15)

divσ � 0 � divM � ε : σ � 0 (16)

t � σ � n � m � M � n (17)

Thetractionandcouplevectorsactingon a surfaceelementaredenotedby t andm. The free
energy ψ

�
ee � κe � q� is a function of elasticdeformationandcurvature,andinternalvariable(s)

q :

σ � ρ
∂ψ
∂ee � M � ρ

∂ψ
∂κe � R � ρ

∂ψ
∂q

(18)

This leadsto thefollowing intrinsicdissipation:

D � σ : ėp � M : κ̇p (19)

Theelasticitycontitutive equationsrequiretwo symmetricfour–ranktensorof elasticmoduli,
C andD having thedimension of MPa andMPa �m2 respectively :

σ � C : e� M � D : κ (20)

In contrastto the singleplastic potentialusedin the secondgrademodel,we resorthereto
two dissipation potentials f1

�
σ � R� q� and f2

�
M � R� q� . This correspondsto a multi–criterion

framework, introducedby Koiter andMandel,involving two plasticmultipliers :

ėp � λ̇1
∂ f1
∂σ

� κ̇p � λ̇2
∂ f2
∂M

� q̇ ��� λ̇
∂ f1
∂R

(21)

Note that the choiceof the properplasticmultiplier to be usedin the evolution equationfor
hardeningvariable(21)3 dependsonthespecifictypeof hardeninglawsandnumberof internal
variables.Let usspecifythepotentialsretainedto modelCosseratcrystalplasticity:

f1 �
� τ ��� R� f2 ���m ��� lpRc � with τ � σ :
�
l � ν �
� m � M :

�
ξ � l � (22)
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whereξ � ν � l andlp is a characteristic length. Accordingly, this modelrequiresat leasttwo
hardeningvariableq andqc, the thermodynamical forcesof which areR andRc. A coupling
mustexist betweenhardeningvariablesfor themodelto give rise to sizeeffects,asexplained
in theexampleof section4.2. In contrast,in thespecificsecondgradientmodelof section2.1,
couplingis introduceddirectly by a singlecriterionandplasticmultiplier. Within the present
Cosseratmodel,theflow rulesbecome:

ėp � γ̇p l � ν � κ̇p � θ̇
lp

ξ � l (23)

λ̇1 � γ̇psignτ � λ̇2 � θ̇
lp

signm (24)

Themeaningof thesecondplasticmultiplier thereforeis thatof a scalarcurvaturerate,i.e. the
ratioof a rotationrateby acharacteristiclength.

Until now, the physicalmeaningof micro–rotationφ hasnot beenspecified. It is in fact
intendedto coincidewith the notion of crystal lattice rotation, so that the Cosseratdirectors
aresimply latticedirectionsdefinedin the releasedisoclinic configurationintroducedin [13].
The definitionsof Cosseratrelative deformation(14) andplasticdeformationrate(23) imply
thattheskew–symmetricpartof elasticdeformationee measuresthedifferencebetweenlattice
andCosseratrotation. The constraintthat ee be symmetric must thereforebe addedfor the
microrotation to have the wantedphysical meaning. This canbe achieved by choosing very
high elasticconstantslinking the skew–symmetric partsof stressandof elasticdeformation.
Skew–symmetricreactionstressesthenremain.

3 Gradient of internal variable approach

Themotivationof thenonlocalplasticitymodelsproposedby Aif antis[3] is originally not the
introduction of so–calledgeometricallynecessarydislocationdensities,but ratherdislocation
patterningduringdeformation.It is shown thatthisclassof modelscanberegardedasagradient
of internalvariableapproachdepictedin [14]. In the previous Aif antismodels,the internal
variableis thescalardislocationdensity(so–calleddensityof statistically storeddislocations)
or the cumulative plastic strain. When appliedto the slip variableγ p [24], so indirectly to
a densityof geometricallynecessarydislocation, it builds a link with the modelsof previous
sections.In particular, it appearsthat thegradientof internalvariableapproachgivesrise,asa
specialcase,to thewell–known Laplacianterm∆γp, thephysicalmeaningof which remainsto
beexplainedin eachspecificsituation.Thismodelremainsdifferentfrom thesecondgradeand
Cosseratmodelsin sofar asit is notdirectly relatedto thedislocation densitytensor.

3.1 Enriched power of internal and contact forces

Thesamestructureof modelpresentationasfor thesecondgradeandCosseratmodelsis kept
in this section,sothatdirectcomparisonis possibleat eachstep.Thedegreesof freedomand
modelingquantitiesarethedisplacement,theinternalvariableγp andtheir gradients:

�
u � γp � ∇u � ∇γp � (25)

A short presentationof this thermomechanicalsettinghasbeenreportedin [12] in the case
of cumulative plasticstrainas internalvariable(seealso[23]). The classicalstraintensorε,
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singlestrainmeasureof themodel,is decomposedinto elasticandplasticcontributionsasusual.
However, thepowerdensityof internalforcesmustbeextendedasalinearform of themodeling
quantities:

pi � σ : ε̇ � αγ̇p � B �∇γ̇p � pc � t � u̇ � αcγ̇p (26)

This leadsto two setsof balanceequationsandassociatedboundaryconditions:

divσ � 0 � α � divB (27)

t � σ � n � αc � B � n (28)

Thetermαγ̇p � B �∇γ̇p � div
�
γ̇pB� representsanonlocalpowerof internalforcesof first degree.

Thesecondbalanceequationα � divB canalsobe interpretedasa definitionof α. Thevalue
of γp or thedualforceαc mustbeprescribedat theboundaryof theconsideredsolid. Thefree
energy is a functionof elasticstrain,∇γp andinternalvariablesq (includingγp if necessary):
ψ
�
εe � ∇γp � q� . Thestatelawsandintrinsic dissipation take theform :

σ � ρ
∂ψ
∂εe � B � ρ

∂ψ
∂∇γp � R � ρ

∂ψ
∂q

(29)

D � σ : ε̇p � αγ̇p � Rq̇ (30)

Theclassicalelasticconstitutiverelationsareunchanged.A potentialfunction f
�
σ � α � R� is used

to derive theflow andhardeningrules:

ε̇p � λ̇
∂ f
∂σ
� γ̇p � λ̇

∂ f
∂α
� q̇ ��� λ̇

∂ f
∂R

(31)

In a caseof a singlecrystalundergoingsingleslip, theyield criterion is againanextension of
Schmidlaw, from which theflow rulesarededuced:

f ��� τ � α ��� R �
� τ � divB ��� R� with τ � σ :
�
l � ν � (32)

ε̇p � γ̇p l
s� ν � γ̇p � λ̇sign

�
τ � divB� (33)

Thefreeenergy canbetakenasa quadraticfunctionof ∇γp, sothat,in thecaseof isotropic or
cubicmaterialsymmetry :

B � c∇γp � divB � c∆γp (34)

The term divB thereforeintroducesa sort of kinematicalhardening(seealso [15]). Under
monotonousloadingconditionssuchthatτ remainspositive, thewell–known relationfoundin
Aif antismodelsis retrieved(c � 0) :

τ � R � c∆γp (35)

3.2 Alter native formulation : Enlargedentropy flux

Thethreepresentedthermomechanicalframeworkssharethecommonfeaturethatthepowerof
internalforceshasnottheclassicalform andcontainsadditionalterms,themechanicalmeaning
of which is notnecessarilyobvious.This explainswhy analternative formulationbasedon the
introduction of anextra–entropy flux hasbeenpreferred in thepast,thatpreservestheclassical
structureof internalwork. Let uspresentthis formulationin thecaseof thepreviousgradient
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of internalvariableapproach.The free energy still is a functionψ
�
εe � ∇γp � q � T � , T beingthe

absolutetemperature,but the power densitypi keepsits classicalform. The energy principle
thenreads:

ρė � pi � divQ � σ : ε̇ � divQ (36)

whereQ is the heatflux vector. The entropy principle in its global form on a volume V with
boundary∂V reads:

�
V

ρη̇dV �
�

∂V
Φ � ndS � 0 � with Φ � Q

T
� k (37)

whereΦ is thetotal entropy flux vectorandk anextra–entropy flux [17]. Theentropy density
is denotedby η. Theuseof thedivergencetheoremleadsto theexpression:

�
V

DtotdV � 0 � with Dtot � ρη̇ � div
� Q
T
� k � (38)

Using the statelaws (29) complemented by the relation η ��� ∂ψ � ∂T, the total dissipation
densityreducesto :

TDtot � σ : ε̇p � B �∇γ̇p � Rq̇ � Q
T
�∇T � Tdivk (39)

Theonly possiblechoicethateliminatesthe∇γ̇p termis

k � γ̇p B
T

(40)

(seealso[14]) whichgives

TDtot � σ : ε̇p � γ̇pdivB � Rq̇ � Φ �∇T (41)

wheretheintrinsic andthermalpartsof dissipationappearclearly. Thepositivenessof dissipa-
tion is thenensuredby thechoiceof a potential f

�
σ � α � divB � R� for the intrinsic partanda

generalizedFourierlaw for thethermalpart:

Φ � Q
T
� k ��� K

T
�∇T (42)

3.3 Heat equation

Therearetwo maindifferencesbetweenthethermomechanicalframework basedon theexten-
sionof internalwork andthatrelyingonextra–entropy flux : it is notensuredin thelattercase,
that the heatis flowing alwaysfrom hot to cold, this requires � Q �∇T positive, andthe heat
equationsdiffer in thesameamountasthey areapproachinganadiabaticprocess.Accordingto
thefirst scheme,theheatequationreads:

ρTη̇ � D � divQ (43)

wherethe intrinsic dissipationis given by (30). In contrast,the presenceof an extra–entropy
flux modifiestheheatequationasfollows:

ρTη̇ � D � div
�
Q � Tk � (44)
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Whenconsideringa locally quasi–adiabaticprocess( �divQ ��� D), onenoticesthatheatequa-
tion (43) leadsto theclassicalequationρT η̇ � D, whereasheatequation(44) remainsdueto
(42)apartialdifferentialequationin T

ρTη̇ � D � div
�
Tk ��� D � div

�
K �∇T � (45)

as for a fully heatconductingprocess,becausethe divergenceof the transientpower vector
Tk accordingto (40) neednot vanishnecessarilyat vanishing divQ. Thus, if a significant
div

�
Tk � is presentin a locally quasi–adiabatic process,thendiv

�
K �∇T � mustnotvanish. But a

locally quasi–adiabatic processis a very fastprocess,sothat �∇ � � K �∇T ��� will becomein such
a processmuchsmaller thanthemechanicaldissipation powerD. If this is right, conversionof
theaforementionedimplicationsaysthatdiv

�
Tk � cannotbe significant in a very fastprocess,

where,on theotherhand,a transientpower is presentnaturally. Thus,theexistenceof anextra
entropy flux (k) seemsto bedifficult in thetheoryof gradientsof mechanicalinternalvariables.

4 Applications

This sectionmentions recentapplicationsof Cosseratcrystalplasticity to handlesizeeffects
observedin metals.Mostof themcanalsobedescribedby thetwo otherapproachespresented
in thiswork. We insist thenof theadvantagesandshortcomingsof eachmodel.

4.1 Sizeeffectsin two–phaselaminate microstructures

Thecollective behavior of dislocations in narrow channelsin multiphasematerialsor films is
associatedwith sizeeffects like the dependenceof Orowan stresseson channelwidth. This
situation is encounteredfor instancein PSBof fatiguedsinglecrystalsor in theγ–channelsof
nickel–basesinglecrystals. In [20], an idealizedlaminatemicrostructureis consideredunder
shear, for whichonephaseremainselasticwhereasthesecondonedeformsplastically. A simple
dislocationanalysisshowsthatplasticstrainis notuniformdueto thebowing of screw disloca-
tionsandthepileupformationneartheinterface.In contrast,classicalcrystalplasticity predicts
uniformdeformation,which is theactuallimit statefor thick layers.Dueto theexistenceof in-
terfaceconditions,deformationis notuniformwhenusingaCosseratmodel,andsomeCosserat
parameterscanbe identifiedexplicitely looking at thedislocationsolution. Similarily, bound-
ary layersin ashearedsinglecrystallayerhasbeenanalysedin [22] usingbothsecondgradient
theoryanddiscretedislocationdynamics.Theadditional interfaceor boundaryconditionsplay
a centralrôle in the developmentof non–homogeneousdeformationin non–local models,so
thatexplicit modelsincludinghigherordergradientsbut keepingthestandardstructureof the
boundaryvalueproblem,arenotableto accountfor it.

Thecaseof PSBformationis adequatelyhandledby Ainfantismodelinvolving dislocation
densities[3], becausethis phenomenonhasa priori nothing to do with theconceptof geomet-
rically necessarydislocations.

Anotherexampleof applicationdealingwith constrainedplasticityin γ–channelsof nickel–
basesingle crystalsuperalloys is providedin [7].

4.2 Grain sizeeffects

The useof higherorderor highergradetheoriesin the context of polycrystalline plasticity is
thea straightforwardmannerto predictsizeeffects,theHall–Petcheffect for grainsizebeing
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the mostdocumentedsituation. In [21], the size–dependentdeformationis studiedusingthe
secondgrademodelof section2.1. The caseof polycrystalline aggregateswith predictionof
theinfluenceof grainsizeonthetensilecurvesis tackledin [7] for Cosseratelastoplasticity, and
in [2] for viscoplasticity. In thelattercase,theauthorsusea modelwith explicit useof higher
ordergradientsin thehardeninglaw andtheclassicalstructureof theboundaryvalueproblem.
This is sufficient for this typeof applications.

4.3 Cracks in singlecrystals

Theproblemof thecrackin a infinite mediumhasbeenaddressedvery oftenduringthedevel-
opmentof the mechanicsof generalizedcontinuain the 60sand70s. Solutionsareavailable
for theelasticcouplestressmediumandfully non local elasticity. In thecaseof crystalplas-
ticity, numericalsolutionswith theCosseratcontinuum have beencomparedto Rice’s solution
for the classicalcontinuumin [8]. The classicalsolution, derived for an elastoplastic single
crystalwithout hardening,predictstheexistenceof sectorswith constantstressseparatedby lo-
calizationbands.Thephysicalnatureof thebandsdependsoncrystalstructureandorientation.
Intenseslip bands,kink bandsandmultislip bandscancoexist. Theuseof theCosseratcontin-
uumleadsto theweakeningandeveneliminationof kink bandsat thecracktip. Theexistence
of kink bandsin actualexperimentremainsanunsettledquestion.Thishasleadsomeauthorsto
eliminatethis localizationmodesfrom Rice’s solution [5] andsoimitate theCosseratsolution.

Theusedof physically morerealisticmodelsat thecracktip thanclassicalcrystalplasticity
is animportantissuefor thepredictionof subsequentcrackgrowth, especiallyin fatigue.
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