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ABSTRACT

Themechanic®f generalizeadontinuaprovidesanefficientway of introducingintrinsiclength
scalesinto continuummodelsof materials. A Cosseraframenork is presentedhereto describe
the mechanicabehaior of crystallinesolids. The first applicationdealswith the problemof the
stressstrainfield at a cracktip in Cosserasinglecrystals. It is shavn thatthe strainlocalization
patterndeveloppingatthe cracktip differ from theclassicabpicture: the Cosseratontinuumacts
asa bifurcationmodeselectorwherebykink bandsarisingin the classicaframewnork disappeam
generalizedsinglecrystalplasticity The problemof a Cosseratlasticinclusion embeddedn an
infinite matrix is thenconsideredo shaov thatthe stressstateinsidethe inclusion dependn its
absolutesizel.. Two saturatiorregimesareobsered: whenthe sizeR of the inclusian is much
largerthana characteistic sizeof the medium the classicalEshelbysolution is recovered. When
R is muchsmallthantheinclusion a muchhigherstresss reachedfor aninclusion stiffer than
the matrix) thatdoesnot dependon the sizeany more. Thereis a transitionregime for which the
stressstateis not homogneousnsidethe inclusion. Similar regimesareobtainedin the studyof
grainsizeeffectsin polycrystlline aggrejatesof Cosseragrains.

INTRODUCTION

The incompatiblity of plasticdeformationin heterogeneouslgeformingsingle crystalscan
bethe origin of sizeeffectsin their mechanicabehaior. It is relatedto the so—calleddislocation
densitytensora arisingin the continuumtheoryof dislocatims[1]. In contrastclassicalcrystal
plasticiy [2] relieson hardeningrariablesrelatedto the scalardensitesof dislocaton well-known
in physcal metallugy. The questionthenis how to introduceq into a generalconstiutive frame-
work. Two mainwayshave beentraced.Accordingto thefirst one,the dislocaton densitytensor
is regardedasanadditionalnonlocal internalvariable[3]. The secondneacknavledgesthefact
a is related,on the onehand,to the gradientof plasticdeformationandthereforeindirectly to the
secondyradientof the displacementOn the otherhand,thedislocation densitytensorss directly
relatedto lattice cunvature,namelythe gradientof the lattice rotationvector Thatis why the sec-
ondclassof modelsresortsto the mechanic®f generalizeaf continwa [4]. Generalizectontinia
canbe classifiednto threemaingroups.Highergrademediainvolve higherordergradientsof the
displacementield or of someinternalvariables. In higherordermedia,independentiegreesof
freedomareintroducedin additionto the usualdisplacemerst. Fully nonlocal mediaarecharac-
terizedby anintegral formulationof the constititive equationg5]. In thiswork, attentionis dravn



to the Cosseratontinuumfor which independentlisplacementi andmicrorotation® degreesof
freedomareattributedto eachmaterialpoint. Thevector® describesherotationof anunderlying
tryadof rigid directors herethecrystallattice directionsin anintermediatestress—releaseanbnfig-
uration. Deformationand cunaturetensorscanbe defined[8], sothatthereexist two associated
stresstensors the force-stresgensorg andthe couple-stressensory. They arenot necessarily
symrmetric. Two balanceequationsmustbe fulfilled, namelythe balanceof momentumandthe
balanceof momentof momentum

Gij,j =0, Wij,j—¢&jkOjk=0 (1)

wherevolumeforcesandcoupleshave beenexcludedfor simplicity.

Therehave beenat leasttwo main attemps to dealwith the single crystalasa generalized
continuum : a Mindlin-type straingradienttheory[6,7] anda Cosseramodel[8]. Both theories
accounffor additionalhardeningdueto lattice cunvature. The slight differencesoncernthetreat-
mentof elasticcurvatureandthe ability of the Cosseratontinuumto accountfor non—synmetric
stressesThis lastpossibilty is not exploitedin this work andonly effectsassociateavith lattice
curvaturearepresented.

The whole constitutve framewnork of Cosserasingle crystalplasticity is detailedin [8,10,11]
andis notrecalledhere.lt is basednageneralizedschmidlaw andthe mostimportantpartof the
modelliesin thehardeningule:

n
=10+ Zler(l—eer)—i-H’es )
i=

whereTt® is the resoled shearstresson slip systems, 1¢ theinitial critical resolhed shearstress.
Non-linearhardenings introducedasa functionof cumulatie slip y* onslip systenr, Hg, being
the interactionmatrix accountingfor latentandself—-hardening Additional hardeningassociated
with lattice curvature3/I. is added | beingan intrinsic lengthscale. The consequencesf the
introducton of this non—classicalerm areinvedigatedin threecasesn the sequel. Thefirst ex-
ampledealswith Cosseraplasticityin asinglecrystal.In thesecondne,only Cosseratlasticity
is regarded. And thelastoneconcernsaggrgyatesof Cosserasinglecrystals.

STRAIN LOCALIZATION PHENOMENA AT A CRACK TIP

The asymptoft stress-strairfield at a statiorary cracktip in elastic-ideallyplasticf.c.c. and
b.c.c. single crystals,asdeterminedby Rice et al. [9], turnsout to be locally constantwithin
angularsectors. It involves sheardisplacementliscontinuities at sectorboundariesthat canbe
interpretedasstrainlocalizationbands. The numericalanalysisof the sameproblemusingfinite
straincrystalelastoplastidy in [2] revealsthatthe condition of constanstressstatein eachsector
mustbe relieved becausef possiblelocal unloading but alsothatthe strainlocalizationpatterns
pertain.Two typesof deformatiorbandsexist in singlecrystalsundegoingsingke slip : slip bands
lying in the slip planeof the locally activatedslip system,or kink bandslying in a planenormal
to the slip directionof the slip system[10]. The formationof a kink bandis associatedavith the
developmentof stronglattice rotationgradientsat its boundaryand may thereforebe precluded
if themodelincorporatesadditioral hardeningdueto lattice curvature[10]. An exampleis given
in this sectionbut a morethoroughanalysisof applicationof generalizedrystalplasticity at the
cracktip canbefoundin [12].
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Figure 1. Strain localizaion phenomenat thecradk tip of af.c.c. singlecrystallineCT specimen
with vertical orientation [001] and horizantal one [110 : equivalentplasic strain (a), lattice
rotation (b) in the classicalcase The picture (c) givesthe equivalentplasic strain distribution
whenthe Cosseat continuumis used: thevertical kink bandhasdisappeagd.
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Figure 2. Interpretationof the strain localization patternat the crad tip of a singlecrystal CT
specimen (1) and(3) are effectiveslip bands,(2) is an effectivekink band.
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Figure 3. Ratioof the meanstressin an heteogeneousnclusionover the classcal Eshelbyresult
asafunctionof R/I.

Discretemodelsbasedon dislocationdynamicsalsoleadto stronglylocalizeddislocationdis-
tributions nearthe cracktip andto the progressie formationof the predictedsectors,but kink
bandsdo notseemto form [13]. A singlecrystalCT specimerns consideredereandits deforma-
tion is computedwith thefinite elementmethodusingfirstly classicaimultiplicative singlecrystal
plasticily. A idealplastc f.c.c. crystalwith 12 octahedraslip is computedunderplanestraincon-
ditions. Threelocalizationbandsare obsered at the cracktip (figure 1) : two intenseslip bands
andonekink bandareobtained asexplainedon figuresl and2. Theapplicationof Cosseraextra
hardenindeadsto the disappearancef the kink bandasshawn figure 1c. The physicalrelevance



of this resultcannotbe definitively assessedyecausehereareonly scarcedetailedexperimental
analysisof the cracktip field in asinglecrystal.
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Figure 4. Deformationfield in an hetepbgeneouselasticinclusionand microrotation field in the
matrix submited to tension;the deformaton field is non—homgeneousnsidethe inclusion con-
trary to theclassicalcase

HETEROGENEOUS COSSERAT INCLUSION IN AN INFINITE MATRIX

The extenson of the classicalEshelbianinclusion problemto the Cosseraframevork may
well be of the majorimportanceto designhomogerzationtechniquedeingableto accountfor
absolutesize effectsin heterogeneousiaterials. Someaspectf the Eshelbyinclusian problem
have beenreportedin [14]. Let us considera Cosseratlasticinclusion having elasticproperties
(E" V', W, IL) embeddedh aninifinite matrixendavedwith differentmoduli (E, v, pe, I¢). Further
morethe matrixis loadedat infinity andatensiletestis consideredaxisymnetric case).



For agivensetof Cosseratlasticparameter$or theinclusion andthe matrix, theinfluenceof
theinclusionsize R on the meanstresswithin the inclusionhasbeeninvestigaed andthe results
arepresentedn figure 3. For alargeratio R/l¢, the solutiontendstowardsthe classicalone. For
lowerratios,in thecaseof aninclusionmorerigid thanthematrix, highervaluesof themeanstress
arereached.Again, the stresstendsto an asymptaoic value for ever decreasingnclusion sizes.
Notethatin our example,the stressn thetiny inclusionis morethantwice aslarge asin the big
one.In thetransitiondomain,generalizegtressesanddeformationsarenon-homogneouswithin
theinclusion asseenon figure 4, and contraryto the classicalcase. The typical curve with two
saturatiorplateauf figure 3 shavsthatthe characteristitengthof the Cosseratmediumactsasa
resolution parametefasin microscopy). Whenthe geometryinteractswith thislengthscale size
effectswill beobsenred.

GRAIN SIZE EFFECTSIN POLYCRYSTALS

Efficient homogenizationechniquesre availableto derive the overall mechanicaproperties
of polycrystalsstartingfrom theknowledgeof singlecrystalconstititive equationandthetexture
(orientationdistribution function). They alsoprovide anestimatiorof the meanstressandstrainof
the grainshaving a samegiven orientation.However, two major shortcomigs of thesenow clas-
sicalapproachesmustberecalled.Firstly, they do not provide the stressconcentrationnsidethe
grainsthatarerelevantfor damagerediction,andthereforestronglyunderestimatéheintergranu-
lar andintragranulastress-straiheterogeneityl1,15]. Secondlytheeffective propertiededuced
from classicalhomogenizationtheoriesdo not dependon the absolutesize of heterogenitiebut
only on their volume fraction and, at best,on the morphologyof the constituents In contrast,it
is well-known in experimentalmetallugy, that microstructuresanbe optimized for the desired
overallnonlinearpropertiesdby varyingthe sizeof inclusionsor grains.

Thatis why polycrystallne aggreateshave beenconsidereatontainirg a detaileddescription
of grain morphologyandintragranulaffiels. A volumeelementwith up to 1000grainshasbeen
computedn [15] to shav thetremendouslisperson of stressandstrain. Thegrainsof apolycrystal
areregardedasthree—dimensinal Voronoipolyhedraandthefinite elemenimeshis fine enough
to get a corverged solution of the field inside eachgrain. This requiresparallel computingas
explainedin [15]. Thisapproacthasbeenusedn classicaktrystalplastcity butalsousingCosserat
crystalplastcity soasto introducean actualscalein the compuation. Small periodicaggreates
have beencomputedn [11] to derive agrainsizeeffectfor f.c.c. crystals.

A largerbut not periodicvolumeelements consideredherecontaining50 Cosseragrains,the
meshremainingsmallenougho allow a sequentatomputaton. A crystalorientationis attributed
to eachgrainin arandomway. Thedisplacementn directionzis prescribedat the bottomandtop
facesof theaggreyateso simulatea tensik test. Six computatbnsarereportecherewith thesame
setof materialparametersthe samenumberand morphobgy of grainsandthe samemesh. The
only differences theabsolué sizeof the cubeedgelengthd whichwill vary from 10um to 10mm.
Dueto the Cosserahardeningeffect (2), a differentoverall curve Z,, =< 07, > VS. E;z =< €, >
is obtainedn eachcaseasshav onfigure7. Theconsiderednaterialis analloyedzinc polycrystal
for which materialparameterare availablefrom [16]. The only essentiahdditionalparameters
H’ which hasbeenarbitrarily fixed to evidencethe inducedsize effects. Two slip sytemfamilies
mustbetakeninto account the3 basaklip systemswith alow initial critical resohedshearstress,
andthe 6 pyramidalll; slip systens with atentimeshigherinitial threshold.
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Figure 5. Tensionof a 50-grain zinc aggregate: morpholay and map of cumulatedbasalslip
(top) andcumulatedoyramidal M2 slip (bottom).
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Figure 6. Sliceof a zincaggregate(top) and correspondingequivalentattice curvatue field.
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Figure 7. Meanstress—ain curvesfor the same50-grain zinc aggregatesbut differentabsolue
sized of thecube

Figure 5 shaws the grain distribution in the aggregate and that basalslip is predomirantly
activated in the grains. In contrast,pyramidalslip exclusively develops at the grain boundaries
wherebasalslip alonecannotaccommodatglasticincomptibilies betweemeighbouringgrains.
A map of a norm of the lattice curvaturetensorin a slice of the sampleis given in figure 6,
shawving that plasticcurvaturepreferentlydevelops nearthe grain boundaries.This confirmsthe
factmentionedn [11] thatlattice rotationtendsto be relatvely homogeneous the core of the
grainsandis disturbednearthe boundary The curvesof figure 7 showvs thatwhenthe grainsare
verylarge,thereis no differencebetweerthe computaibn usingclassicakrystalplasticityandthe
Cosseratase. In contrastwhenthe grain size decreasegshe responséoecomesnoreand more
elastic. Figure 8 givesthe sameoverall stress—s&in curvesbut after remaoving the overall elastic
deformationfrom the total one. This enablesus to plot the differencebetweenthe meanaxial
stresx reachedy the aggreyatefor eachgrain sizeat a givenmeanstrainE = 0.1%, minusthe
correspondingstrainfor the classicalsize-insensitie case,asa function of the grain size (figure
9). Threeregimesappeatin a similar way asfor theinclusionproblem(figure 3) : for very small
andvery largegrains,aslopeof approximately—1/2 is obsered,whereaghetransition regimeis
characterizedby a slopeof approximately—1.
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Figure 8. Meanstress—plast strain curvescorrespondingo the overall curvesof figure 7.

1000 [ T T T T T T T T T T T T
100 7
10 | 7
1 L MR | | L MR | L L
0.001 0.01 0.1 1 10
grain size

Figure9. ~ — X, for a plastic strain of 0.1% asa functionof grain size 2 g beingthestressreaded
by the classicalsolution.



CONCLUSION AND PROSPECTS

The proposedCosseraframewnork to modelsize—dependertrystalplasticity is basedon the
introducton of additionalhardeningproportioral to lattice curvature. Physicallymore relevant
constittive equationshouldbe proposedIn particular thereferencg17] indicateghatthe effect
of so—calledyeometricallynecessarglislocatims associatedvith lattice curnvatureis moreimpaor-
tantat the beginning of plasticflow, sothata nonlinearadditionalhardeningterm with possibé
saturationwould be better In particular this would affect theinitial yield stressof polycrystlline
aggrgatesandnot subsequerttardeningcontraryto theresultof figure7.

Generalizearystalplasticity hasbeenshavn to stronglyaffectthe stress-straifield ata crack
tip in an ideally plastic single crystal. In particular strainlocalizationbandsof kink type are
significantlywealenedor evenprecluded Experimentalnvestigationsarenecessaryo assesshe
physcal relevanceof the resultbut someexperimenal resultsand discretedislocatons models
seento confirmthis featureof crystalplasticity.

Thepredictionof the overall propertieof polycrystlsincluding grainsizeeffectsarepossibé
usingCosseratrystalplasticityandcorrespondingnomogenizationtechnique$18]. The promis-
ing resultson small polycrystalvolume elementpresentecherefor hexagonalcrystal structures
mustbe confirmedby moreintensive computatbnsinvolving moregrainsandmuchfiner meshes.
Parallelcomputingwill play amajorrolein thefutureinvestgations.
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