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ABSTRACT

Themechanicsof generalizedcontinuaprovidesanefficientwayof introducingintrinsiclength
scalesinto continuummodelsof materials.A Cosseratframework is presentedhereto describe
themechanicalbehavior of crystallinesolids. Thefirst applicationdealswith theproblemof the
stressstrainfield at a cracktip in Cosseratsinglecrystals.It is shown that thestrainlocalization
patternsdeveloppingat thecracktip differ from theclassicalpicture: theCosseratcontinuumacts
asabifurcationmodeselector, wherebykink bandsarisingin theclassicalframework disappearin
generalizedsinglecrystalplasticity. Theproblemof a Cosseratelasticinclusion embeddedin an
infinite matrix is thenconsideredto show that thestressstateinsidethe inclusion dependson its
absolutesize lc. Two saturationregimesareobserved: whenthesizeR of the inclusion is much
largerthana characteristic sizeof themedium, theclassicalEshelbysolution is recovered.When
R is muchsmall thanthe inclusion, a muchhigherstressis reached(for an inclusion stiffer than
thematrix) thatdoesnot dependon thesizeany more. Thereis a transitionregime for which the
stressstateis not homogeneousinsidetheinclusion.Similar regimesareobtainedin thestudyof
grainsizeeffectsin polycrystallineaggregatesof Cosseratgrains.

INTRODUCTION

The incompatibility of plasticdeformationin heterogeneouslydeformingsinglecrystalscan
betheorigin of sizeeffectsin their mechanicalbehavior. It is relatedto theso–calleddislocation
densitytensorα� arisingin thecontinuumtheoryof dislocations [1]. In contrast,classicalcrystal
plasticity [2] reliesonhardeningvariablesrelatedto thescalardensitiesof dislocationwell-known
in physical metallurgy. Thequestionthenis how to introduceα� into a generalconstitutive frame-
work. Two mainwayshave beentraced.Accordingto thefirst one,thedislocation densitytensor
is regardedasanadditionalnonlocal internalvariable[3]. Thesecondoneacknowledgesthefact
α� is related,on theonehand,to thegradientof plasticdeformationandthereforeindirectly to the
secondgradientof thedisplacement.On theotherhand,thedislocation densitytensorsis directly
relatedto latticecurvature,namelythegradientof thelatticerotationvector. Thatis why thesec-
ondclassof modelsresortsto themechanicsof generalizedof continua [4]. Generalizedcontinua
canbeclassifiedinto threemaingroups.Highergrademediainvolvehigherordergradientsof the
displacementfield or of someinternalvariables. In higherordermedia,independentdegreesof
freedomareintroducedin additionto theusualdisplacements. Fully nonlocal mediaarecharac-
terizedby anintegral formulationof theconstitutiveequations[5]. In thiswork, attentionis drawn



to theCosseratcontinuumfor which independentdisplacementu andmicrorotationΦ degreesof
freedomareattributedto eachmaterialpoint. ThevectorΦ describestherotationof anunderlying
tryadof rigid directors,herethecrystallatticedirectionsin anintermediatestress–releasedconfig-
uration. Deformationandcurvaturetensorscanbedefined[8], so that thereexist two associated
stresstensors: the force-stresstensorσ� andthecouple-stresstensorµ� . They arenot necessarily
symmetric. Two balanceequationsmustbe fulfilled, namelythe balanceof momentumandthe
balanceof momentof momentum:

σi j � j � 0 � µi j � j � εi jkσ jk
� 0 (1)

wherevolumeforcesandcoupleshavebeenexcludedfor simplicity.
Therehave beenat leasttwo main attempts to dealwith the single crystalasa generalized

continuum : a Mindlin-typestraingradienttheory[6,7] anda Cosseratmodel[8]. Both theories
accountfor additionalhardeningdueto latticecurvature.Theslight differencesconcernthetreat-
mentof elasticcurvatureandtheability of theCosseratcontinuumto accountfor non–symmetric
stresses.This lastpossibility is not exploitedin this work andonly effectsassociatedwith lattice
curvaturearepresented.

Thewholeconstitutive framework of Cosseratsingle crystalplasticity is detailedin [8,10,11]
andis notrecalledhere.It is basedonageneralizedSchmidlaw andthemostimportantpartof the
modellies in thehardeningrule :

τs � τ0
� n

∑
i � 1

Hsr
�
1 � e� bγr 	 �

H 
 θs (2)

whereτs is the resolvedshearstresson slip systems, τ0 the initial critical resolvedshearstress.
Non–linearhardeningis introducedasa functionof cumulative slip γr onslip systemr, Hsr being
the interactionmatrix accountingfor latentandself–hardening.Additionalhardeningassociated
with lattice curvatureθs � lc is added,lc beingan intrinsic lengthscale.The consequencesof the
introduction of this non–classicaltermareinvestigatedin threecasesin thesequel.Thefirst ex-
ampledealswith Cosseratplasticityin asinglecrystal.In thesecondone,only Cosseratelasticity
is regarded.And thelastoneconcernsaggregatesof Cosseratsinglecrystals.

STRAIN LOCALIZATION PHENOMENA AT A CRACK TIP

The asymptotic stress-strainfield at a stationary cracktip in elastic-ideallyplasticf.c.c. and
b.c.c. singlecrystals,asdeterminedby Rice et al. [9], turnsout to be locally constantwithin
angularsectors. It involvessheardisplacementdiscontinuities at sectorboundaries,that canbe
interpretedasstrainlocalizationbands.Thenumericalanalysisof thesameproblemusingfinite
straincrystalelastoplasticity in [2] revealsthattheconditionof constantstressstatein eachsector
mustberelievedbecauseof possiblelocal unloading, but alsothat thestrainlocalizationpatterns
pertain.Two typesof deformationbandsexist in singlecrystalsundergoingsingleslip : slip bands
lying in theslip planeof the locally activatedslip system,or kink bandslying in a planenormal
to theslip directionof the slip system[10]. The formationof a kink bandis associatedwith the
developmentof stronglattice rotationgradientsat its boundaryandmay thereforebe precluded
if themodelincorporatesadditional hardeningdueto latticecurvature[10]. An exampleis given
in this sectionbut a morethoroughanalysisof applicationof generalizedcrystalplasticity at the
cracktip canbefoundin [12].



a.

b.

x

y

z

0.005 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

c.

Figure 1. Strain localization phenomenaat thecrack tip of a f.c.c.singlecrystallineCT specimen
with vertical orientation � 001 and horizontal one � 110 : equivalentplastic strain (a), lattice
rotation (b) in the classicalcase. Thepicture (c) givesthe equivalentplastic strain distribution
whentheCosserat continuumis used: thevertical kinkbandhasdisappeared.
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Figure 2. Interpretationof the strain localization patternat the crack tip of a singlecrystal CT
specimen: (1) and(3) areeffectiveslip bands,(2) is aneffectivekinkband.
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Figure 3. Ratioof themeanstressin anheterogeneousinclusionover theclassical Eshelbyresult
asa functionof R� lc.

Discretemodelsbasedondislocationdynamicsalsoleadto stronglylocalizeddislocationdis-
tributionsnearthe crack tip and to the progressive formationof the predictedsectors,but kink
bandsdonotseemto form [13]. A singlecrystalCT specimenis consideredhereandits deforma-
tion is computedwith thefinite elementmethodusingfirstly classicalmultiplicativesinglecrystal
plasticity. A idealplastic f.c.c. crystalwith 12octahedralslip is computedunderplanestraincon-
ditions. Threelocalizationbandsareobservedat thecracktip (figure1) : two intenseslip bands
andonekink bandareobtained,asexplainedonfigures1 and2. Theapplicationof Cosseratextra
hardeningleadsto thedisappearanceof thekink bandasshown figure1c. Thephysicalrelevance



of this resultcannotbedefinitively assessed,becausethereareonly scarcedetailedexperimental
analysisof thecracktip field in asinglecrystal.
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Figure 4. Deformationfield in an heterogeneouselasticinclusionandmicrorotation field in the
matrix submitted to tension;thedeformation field is non–homogeneousinsidethe inclusion con-
trary to theclassicalcase.

HETEROGENEOUS COSSERAT INCLUSION IN AN INFINITE MATRIX

The extension of the classicalEshelbianinclusion problemto the Cosseratframework may
well be of the major importanceto designhomogenizationtechniquesbeingableto accountfor
absolutesizeeffectsin heterogeneousmaterials.Someaspectsof theEshelbyinclusion problem
have beenreportedin [14]. Let usconsidera Cosseratelasticinclusion having elasticproperties�
EI � νI � µI

c � l I
c
	

embeddedin aninifinitematrixendowedwith differentmoduli
�
E � ν � µc � lc 	 . Further-

morethematrix is loadedat infinity anda tensiletestis considered(axisymmetric case).



For a givensetof Cosseratelasticparametersfor theinclusionandthematrix, theinfluenceof
the inclusionsizeR on themeanstresswithin the inclusionhasbeeninvestigatedandthe results
arepresentedon figure3. For a largeratio R� lc, thesolutiontendstowardstheclassicalone. For
lowerratios,in thecaseof aninclusionmorerigid thanthematrix,highervaluesof themeanstress
are reached.Again, the stresstendsto an asymptotic valuefor ever decreasinginclusion sizes.
Notethat in our example,thestressin thetiny inclusionis morethantwice aslargeasin thebig
one.In thetransitiondomain,generalizedstressesanddeformationsarenon-homogeneouswithin
the inclusion, asseenon figure 4, andcontraryto theclassicalcase.The typical curve with two
saturationplateausof figure3 showsthatthecharacteristiclengthof theCosseratmediumactsasa
resolution parameter(asin microscopy). Whenthegeometryinteractswith this lengthscale,size
effectswill beobserved.

GRAIN SIZE EFFECTS IN POLYCRYSTALS

Efficient homogenizationtechniquesareavailableto derive theoverall mechanicalproperties
of polycrystals,startingfrom theknowledgeof singlecrystalconstitutiveequationsandthetexture
(orientationdistribution function).They alsoprovideanestimationof themeanstressandstrainof
thegrainshaving a samegiven orientation.However, two majorshortcomingsof thesenow clas-
sicalapproachesmustberecalled.Firstly, they do not provide thestressconcentrationinsidethe
grainsthatarerelevantfor damageprediction,andthereforestronglyunderestimatetheintergranu-
lar andintragranularstress-strainheterogeneity[11,15].Secondly, theeffectivepropertiesdeduced
from classicalhomogenizationtheoriesdo not dependon the absolutesizeof heterogenitiesbut
only on their volume fraction and,at best,on themorphologyof theconstituents. In contrast,it
is well-known in experimentalmetallurgy, that microstructurescanbe optimized for the desired
overallnonlinearpropertiesby varyingthesizeof inclusionsor grains.

Thatis why polycrystallineaggregateshave beenconsideredcontaining a detaileddescription
of grainmorphologyandintragranularfiels. A volumeelementwith up to 1000grainshasbeen
computedin [15] toshow thetremendousdispersionof stressandstrain.Thegrainsof apolycrystal
areregardedasthree–dimensionalVoronoipolyhedra,andthefinite elementmeshis fine enough
to get a converged solution of the field insideeachgrain. This requiresparallel computingas
explainedin [15]. Thisapproachhasbeenusedin classicalcrystalplasticity butalsousingCosserat
crystalplasticity soasto introduceanactualscalein thecomputation. Smallperiodicaggregates
havebeencomputedin [11] to deriveagrainsizeeffect for f.c.c. crystals.

A largerbut notperiodicvolumeelementis consideredherecontaining50Cosseratgrains,the
meshremainingsmallenoughto allow asequentalcomputation. A crystalorientationis attributed
to eachgrainin a randomway. Thedisplacementin directionz is prescribedat thebottomandtop
facesof theaggregatesto simulatea tensile test.Six computationsarereportedherewith thesame
setof materialparameters,thesamenumberandmorphology of grainsandthesamemesh.The
only differenceis theabsolutesizeof thecubeedgelengthd whichwill vary from 10µm to 10mm.
Dueto theCosserathardeningeffect (2), a differentoverall curve Σzz

��� σzz � vs. Ezz
��� εzz �

is obtainedin eachcaseasshow onfigure7. Theconsideredmaterialis analloyedzincpolycrystal
for which materialparametersareavailablefrom [16]. Theonly essentialadditionalparameteris
H 
 which hasbeenarbitrarily fixed to evidencethe inducedsizeeffects. Two slip sytemfamilies
mustbetakeninto account: the3 basalslip systemswith alow initial critical resolvedshearstress,
andthe6 pyramidalΠ2 slip systems with a tentimeshigherinitial threshold.



x

y

z

x

y

z

0.0004 0.0012 0.002 0.0028 0.0036 0.0044 0.0052

x
y

z

Figure 5. Tensionof a 50-grain zinc aggregate: morphology and mapof cumulatedbasalslip
(top)andcumulatedpyramidal Π2 slip (bottom).
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Figure 6. Sliceof a zincaggregate(top)andcorrespondingequivalentlatticecurvaturefield.
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Figure 7. Meanstress–strain curvesfor thesame50-grain zincaggregatesbut differentabsolute
sizesd of thecube.

Figure 5 shows the grain distribution in the aggregateand that basalslip is predominantly
activated in the grains. In contrast,pyramidalslip exclusively developsat the grain boundaries
wherebasalslip alonecannotaccommodateplasticincompatibiliesbetweenneighbouringgrains.
A map of a norm of the lattice curvature tensorin a slice of the sampleis given in figure 6,
showing thatplasticcurvaturepreferentlydevelops nearthe grainboundaries.This confirmsthe
fact mentionedin [11] that lattice rotationtendsto be relatively homogeneousin the coreof the
grainsandis disturbedneartheboundary. Thecurvesof figure7 shows thatwhenthegrainsare
very large,thereis nodifferencebetweenthecomputation usingclassicalcrystalplasticityandthe
Cosseratcase.In contrast,whenthe grain sizedecreases,the responsebecomesmoreandmore
elastic.Figure8 givesthesameoverall stress–strain curvesbut after removing theoverall elastic
deformationfrom the total one. This enablesus to plot the differencebetweenthe meanaxial
stressΣ reachedby theaggregatefor eachgrainsizeat a givenmeanstrainE � 0 � 1%, minusthe
correspondingstrainfor theclassicalsize-insensitive case,asa functionof the grain size(figure
9). Threeregimesappearin a similar way asfor theinclusionproblem(figure3) : for very small
andvery largegrains,aslopeof approximately� 1� 2 is observed,whereasthetransition regimeis
characterizedby aslopeof approximately� 1.
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Figure 8. Meanstress–plastic strain curvescorrespondingto theoverall curvesof figure7.
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Figure 9. Σ � Σ0 for a plastic strain of 0 � 1%asa functionof grain size, Σ0 beingthestressreached
by theclassicalsolution.



CONCLUSION AND PROSPECTS

The proposedCosseratframework to modelsize–dependentcrystalplasticity is basedon the
introduction of additionalhardeningproportional to lattice curvature. Physicallymore relevant
constitutiveequationsshouldbeproposed.In particular, thereference[17] indicatesthattheeffect
of so–calledgeometricallynecessarydislocationsassociatedwith latticecurvatureis moreimpor-
tant at the beginning of plasticflow, so that a nonlinearadditionalhardeningterm with possible
saturationwouldbebetter. In particular, this wouldaffect theinitial yield stressof polycrystalline
aggregatesandnot subsequenthardening,contraryto theresultof figure7.

Generalizedcrystalplasticity hasbeenshown to stronglyaffect thestress-strainfield atacrack
tip in an ideally plastic single crystal. In particular, strain localizationbandsof kink type are
significantlyweakenedor evenprecluded.Experimentalinvestigationsarenecessaryto assessthe
physical relevanceof the result but someexperimental resultsanddiscretedislocationsmodels
seemto confirmthis featureof crystalplasticity.

Thepredictionof theoverallpropertiesof polycrystalsincludinggrainsizeeffectsarepossible
usingCosseratcrystalplasticityandcorrespondinghomogenizationtechniques[18]. Thepromis-
ing resultson small polycrystalvolumeelementpresentedherefor hexagonalcrystalstructures
mustbeconfirmedby moreintensivecomputationsinvolving moregrainsandmuchfiner meshes.
Parallelcomputingwill playamajorrôle in thefutureinvestigations.
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