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Abstract Size effects in the mechanical behavior of multilayer pile-ups embedded in channel microstructures
are investigated in terms of work-hardening, plastic slip and geometrically necessary dislocations (GND)
distributions. Themechanical responseswith various channel sizes are computed by three-dimensional discrete
dislocation dynamics (DDD), micromorphic crystal plasticity (Microcurl) and field dislocation mechanics
(FDM). The analysis is first limited to single slip with a slip plane perpendicular to the channel walls. In DDD
simulations, it is found that the overall work-hardening is strongly dependent on distance between neighbor
slip layers. The size dependence disappears when the neighbor layers are close enough to interact with each
other. It is confirmed by direct comparison between DDD simulations and two analytical expressions derived
from simplified model of multilayer pile-ups. Distributions of slip and GNDs are presented and analyzed
for various channel sizes. The cases of inclined slip plane and of double slip systems in a channel are also
considered and investigated. The two alternative crystal plasticity theories, Microcurl and FDM, are then found
to reproduce the results of DDD. In particular, quantitative correspondence is found between the Microcurl
and DDD results.

Keywords Dislocation dynamics · Strain gradient plasticity · Crystal plasticity · Micromorphic continuum ·
Dislocation pile-up · Field dislocation mechanics · Kinematic hardening

1 Introduction

Dislocation pile-ups are believed to belong to the essential ingredients accounting for size effects since Hall
[39] and Petch [53] analyses. Pile-ups at boundaries and their induced stress field tend to restrict further
dislocation motion, giving rise to extra work-hardening and size effect. More generally, the constraining role of
boundaries related to pile-up formation is responsible for many size effects in crystal plasticity. Understanding
and modeling size effects motivated most of the recent works on enhanced crystal plasticity formulations. For
example, Acharya and Bassani [1] have incorporated plastic strain gradient directly into hardening description,
while Fleck and Hutchinson [29] have used the plastic strain gradient to motivate a non-local continuum
formulation involving higher-order stresses. Gurtin [37,38] proposed an approach in which gradient of plastic
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deformation and related microstresses were introduced. Arsenlis and Parks [3] included a parameter related
to the density of geometrically necessary dislocations (GND). Generalized constitutive laws are proposed in
[65] to embed dislocations and disclinations in the continuum theory.

Recently, two alternative models, field dislocation mechanics (FDM) and micromorphic crystal plasticity
(Microcurl), have been proposed. The FDM incorporates average dislocation densities, statistically stored
dislocations (SSDs) and GNDs. The GND density in the model describes extra plastic distortion [54,55]. One-
dimensional FDM simulations were sufficient to reproduce size-dependent material behavior of aluminum
compounds [63]. Themicromorphic continuum-basedmodel [20] introduces a plasticmicrodeformation tensor
to overcome some limitations of existing strain gradient plasticity theory, as illustrated in [31,32,69]. In the
latter references, the linear relationship between higher-order stresses and the GND tensor used in standard
strain gradient plasticity was shown to lead to physically unrealistic scaling behavior in the response of
laminates under shear. The micromorphic model provides more degrees of freedom for the description of
size-dependent work-hardening and yield strength. Simplified and computationally effective micromorphic
models to describe strain gradient plasticity were recently proposed in [67,68] based on the micromorphic
approach.

The relevance of generalized continuumapproacheswill ultimately be decided through comparisonbetween
predictions of the various models and experiments [30,34]. However, detailed comparison with discrete dislo-
cation dynamics (DDD) is also useful in assessing the formulations, because motion of dislocation ensembles
computed by the DDD gives rise to intrinsic size-dependent responses [2,12,49,52]. Such comparisons started
to be carried out by Bassani et al. [9]. Several alternative formulations were evaluated by DDD simulations
[6,11,60,70,71]. These studies have been, however, supported only by two-dimensional DDD computations
[16–18,60], so that 3D validations still remain seldom. Such a 3D validation was performed in [61] but limited
to classical continuum crystal plasticity. A first comparison between 3D DDD and the Microcurl model was
performed in [13] to investigate strain localization phenomena at hard particles in a single crystal.

Three-dimensional DDD deals with realistic physical phenomena resulting from the collective motion of
dislocations that curve and intersect. It is expected to provide full description of physics-based crystal plasticity.
For instance, only three-dimensional computations can provide line tension-induced dislocation motion and
relaxation due to extension of screw dislocations [60]. Up to now, several codes for the three-dimensional DDD
have been developed [36,44,57,66,72] and they were applied to a wide range of dislocation-related problems
[24,28,41,44,46,59].

Another method for investigation of pile-ups used in the present work is the analytical description based
on continuum dislocation theory. Earliest analytical investigations derived by Eshelby [26] have been used as
an evidence of the Hall–Petch effect. As a matter of fact, the analytical description displays some limitations
to handle general problems of pile-ups due to multiple interactions between dislocations. According to Chou
and Li [15], fully analytical solution is available only for single-layer pile-ups in a homogeneous medium.
Recently, however, several theoretical expressions for multilayer pile-ups have been derived from reasonable
assumptions [7,23,33,42,58] and incorporated into multiscale homogenization schemes [10,19]. For instance,
Mura [33] has suggested a simple solution for multilayer pile-ups without consideration of the interaction
between neighboring slip layers, while Déprés [23] has incorporated the latter effect in an explicit formula to
be discussed in this work. Other asymptotic solutions of pile-ups of infinite walls of edge dislocations were
recently analyzed in [8,35,47,56].

In the present work, size effects induced by multilayer pile-ups are investigated in terms of slip and GND
distributions and associated work-hardening using the DDD, Microcurl and FDM simulations and two analyt-
ical approaches. Stacked double-ended pile-ups of edge dislocations in channel shape volume are considered
as a first step in three-dimensional DDD analysis. In addition, pile-ups on inclined slip planes and double slip
systems are analyzed. The DDD simulation provides quasi-static dislocation distributions at given loading
steps. Then, post-processing of the dislocation distributions deliver slip and GND distributions and related
work-hardening. These mechanical responses obtained by DDD are analyzed in terms of channel size effect
and compared with results of analytical approaches, Microcurl and FDM simulations both qualitatively and
quantitatively.

In particular, the presented DDD simulations show that the distance between neighboring slip planes
considered as an internal length in the physical model is an important ingredient to determine size dependence
of work-hardening. The size effect is shown to vanish for short enough internal lengths for the dislocations
to feel the additional stresses induced by neighboring pile-ups. This effect is accounted for by the DDD
simulations and analytical expressions suggested by Mura and Déprés [23,33]. The comparisons provide key
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ideas to explain the influence of the internal length on size dependence of work-hardening, as discussed in the
present work.

Then, the relevance of Microcurl and FDM models is evaluated from the DDD results. The Microcurl
model provides the slip distribution and work-hardening at various channel sizes as in DDD simulations. The
intrinsic length of the Microcurl model is identified from direct and quantitative comparisons with the results
of DDD simulations. Furthermore, Taupin et al. [63] have predicted GND distribution induced by pile-ups
using one-dimensional FDM simulations. Their predictions are introduced here for comparison with results
of DDD. Finally, the physical meaning of the intrinsic lengths of the two models, Microcurl and FDM, is
discussed.

In the following, first-, second- and third-rank tensors are denoted by u , χ
∼
and ε�, respectively. The double

contraction of two second-order tensors is a∼ : b∼ = ai j bi j , where repeated indices are summed. The theories
and computations are presented within the small strain framework. An extension of the Microcurl model to
large deformations can be found in [4]. The curl operator applied to a second-rank tensor is defined in this
work as

curl A∼ = ∂A∼
∂xl

× e l = Aik,le i ⊗ (e k × e l) = ε jkl Aik,le i ⊗ e j (1)

in a Cartesian orthonormal coordinate system (e 1, e 2, e 3).

2 Enhanced crystal plasticity models

2.1 Micromorphic crystal plasticity (Microcurl)

This model introduces additional degrees of freedom in the spirit of Eringen’s micromorphic approach. Details
of the model were presented in [20], and the necessary equations are recalled here. Themodel includes a plastic
microdeformation variable, χ

∼
p, as a second-rank generally non-symmetric tensor. The components of χ

∼
p are

treated as independent degrees of freedom (DOF) of the material point, in addition to the usual displacement
vector u :

DOF = {u , χ
∼
p} (2)

The model assumes that the microdeformation rate and its curl part �∼χ
= curlχ

∼
p play a role in the power

density of internal forces:
p(i) = σ∼ : Ḣ∼ + s∼ : χ̇

∼
p + M∼ : curl χ̇

∼
p (3)

where σ∼ , H∼ = grad u , s∼ and M∼ are the Cauchy stress tensor, the deformation tensor, the relative stress tensor
and the double stress tensor, respectively. The generalized stress tensors fulfill the two following balance
equations:

div σ∼ = 0, curl M∼ + s∼ = 0 (4)

with the corresponding boundary conditions:

t = σ∼ × n , m = M∼ × ε� × n (5)

where t and m are simple and double tractions at the boundary, n is the surface normal vector and ε� is the
Levi-Civita permutation tensor.

The total deformation is split as usual into elastic and plastic parts:

H∼ = H∼
e + H∼

p (6)

The elastic and plastic strain tensors are defined as:

ε∼
e = 1

2
(H∼

e + H∼
eT ), ε∼

p = 1

2
(H∼

p + H∼
pT ) (7)

The Helmholtz free energy function of the material is assumed to have the following arguments regarded as
state variables:

�(ε∼
e, e∼

p = H∼
p − χ

∼
p, �∼χ

= curlχ
∼
p) (8)
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where e∼
p is called the relative plastic deformation and measures the difference between plastic deformation

(H∼
p) and the plastic microdeformation (χ

∼
p).

When the internal constraint e∼
p ≡ 0 is enforced, the microdeformation then coincides with the plastic

deformation and its curl is directly related to the dislocation density tensor [50]:

�∼χ
= curlχ

∼
p ≡ curl H∼

p (9)

The strain gradient plasticity model as developed by Gurtin [37] and Svendsen [62] is therefore retrieved as a
limit case of the micromorphic model as discussed in [20].
The reduced entropy inequality reads

(
σ∼ − ρ

∂ψ

∂ε∼
e

)
: ε̇∼

e −
(
s∼ + ρ

∂ψ

∂e∼
p

)
: ė∼p +

(
M∼ − ρ

∂ψ

∂�∼χ

)
: �̇∼χ

+ (σ∼ + s∼) : Ḣ∼
p ≥ 0 (10)

The following state laws are adopted.

σ∼ = ρ
∂ψ

∂ε∼

e

, s∼ = −ρ
∂ψ

∂e∼
p
, M∼ = ρ

∂ψ

∂�∼χ

(11)

In particular, it is assumed that the micromorphic dislocation density tensor �∼χ
contributes only to the storage

of energy and not to dissipation; see [32]. Linear relationships are then chosen:

σ∼ = �∼ : ε∼
e, s∼ = −Hχ e∼

p, M∼ = A�∼χ
(12)

where Hχ and A are generalized plastic moduli. They represent the two additional parameters introduced in
the theory in comparison with standard continuum crystal plasticity. These parameters are associated with an
intrinsic length scale defined as

lMicrocurl =
√

A

Hχ

(13)

that naturally arises in the analytical solutions of some boundary value problems.
As a result, the residual intrinsic dissipation rate becomes

D = (σ∼ + s∼) : Ḣ∼
p ≥ 0 (14)

The difference compared to the usual plastic power is the contribution of the relative stress s∼. The flow rule
can be derived from a viscoplastic potential �(σ∼ + s∼), which is a function of the effective stress σ∼ + s∼ that
intervenes in the dissipation rate in Eq. (14):

Ḣ∼
p = ∂�

∂(σ∼ + s∼)
(15)

For crystal plasticity with a single slip system, the plastic deformation rate, Ḣ∼
p
, is given by

Ḣ∼
p = γ̇ � ⊗ n (16)

where � is the slip direction and n the normal vector to the slip plane.
A generalized Schmid criterion is proposed in the form:

|τ + s∼ : (� ⊗ n )| = τc (17)

where τc is the critical resolved shear stress. The classical resolved Schmid stress is τ = σ∼ : (� ⊗ n ).
The contribution in the yield condition (17)

s∼ : (� ⊗ n ) = −curl M∼ : (� ⊗ n ) = −Acurl�∼χ
: (� ⊗ n ) (18)

represents a size-dependent kinematic hardening component which is responsible for the size-dependent hard-
ening effects described in the sequel of the paper [20,32,69].
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2.2 FDM model

The dislocation density tensor or GND tensor also is the main ingredient of the FDM model according to
[55,63,64]. The evolution of GNDs is evaluated by Mura’s transport equation:

α̇∼ = −curl Ḣ∼
p

(19)

where α∼ and H∼
p are the Nye tensor induced by GND and the plastic deformation tensor as in the previous

model, respectively. The plastic deformation rate is split into two contributions:

Ḣ∼
p = L∼ p + α∼ × v (20)

where v is the velocity vector of mobile dislocations. The additional plastic distortion rate L∼ p accounts for
plastic deformation due to SSD only. The second term in Eq. (20) represents additional plastic distortion due
to the Nye tensor (GND contribution).

For instance, edge GNDs moving along the axis 1 direction are related to the component α12 of Nye’s
tensor (v1 = −v α12|α12| ). When inserted in Eq. (20), their contribution to plastic deformation rate is

Ḣ p
13 = ρSSD,Mbv − α12v1 (21)

where ρSSD,M is the moving SSD density. The velocity of dislocations v is obtained by the Arrhenius mobility
equation:

v = v0 exp
−�G

kT
exp

V (τ − τc)

kT
(22)

where V is the activation volume depending on material behavior and τ and τc, respectively, are the resolved
shear stress and the critical resolved shear stress. The Taylor relation is used:

τc = 0.3μb
√

ρSSD,F (23)

where μ is the shear modulus and ρSSD,F the forest SSD density.
Finally, the density ρSSD,F is calculated by the extension of Kocks–Mecking law with three parameters

(kSSD, f and kGND). In the previous case of single slip with edge dislocations, we have:

ρ̇SSD,F =
(
kSSD
b

√
ρSSD,F − fρSSD,F + kGND

∣∣∣α
b

∣∣∣
)

|Ḣ p
13| (24)

where α is the norm of the dislocation density tensor and b the norm of the Burgers vector. Estimations of the
material parameters for single-crystal copper can be found in [63].

3 Formulation of the problem and analytical expressions

3.1 The three considered physical situations

Figure 1 provides a schematic description of the three different physical situations considered for the DDD
simulations. The simulation volume is a channel with height h and depth w set to 10 µm. The channel width s
is chosen to vary from 1 to 5 µm so as to analyze the channel size effect. Because top and bottom faces of the
channel are treated as periodic boundaries, the simulation volume represents an infinite strip along the global
Z direction. The other four faces, perpendicular to the X and Y axes, are treated as boundaries impenetrable
to dislocations.

One single slip system or two slip systems are embedded in the channel space. In the single slip case, the
slip planes are perpendicular to the boundary or inclined at an angle θ with respect to the global Y -axis (see
Fig. 1a, b). In the double slip case, the directions of width, depth and height of the channel are parallel to the
[110], [1̄11̄] and [1̄12] orientations of a FCC crystal, respectively. The two slip systems correspond to the slip
systems B4 (b = [1̄01], n = (111)) and C1 (b = [011], n = (1̄1̄1)) according to Schmid–Boas notation
(see Fig. 1c). The slip planes are taken equidistant with the interplane distance ranging from l = 0.01 µm to
10 µm. The limit case l = 10 µm corresponds to one single slip plane located at the center of the channel.
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Fig. 1 Three physical situations considered in the work: a a channel with single slip system and slip planes orthogonal to the
boundary; b a channel with a single slip system with slip planes inclined at a given angle θ with respect to Y -axis; c a channel
with symmetric double slip systems, in which case the axes, X, Y and Z are parallel to [1̄11̄], [1 1 0] and [1̄12] orientations
of the considered FCC crystal, respectively. The two slip systems correspond to systems B4 (b = [1̄01], n = (111)) and C1
(b = [011], n = (1̄1̄1)) according to Schmid–Boas notation

Each slip plane is equipped with one Frank-Read source whose position is chosen randomly in the interval
−0.3s ≤ X ≤ 0.3s and −0.3w ≤ Y ≤ 0.3w, where s, w are defined in Fig. 1.

The elastic properties of the crystal are assumed to be isotropic (μ = 42GPa, ν = 0.31). A shear stress
(τ = 0 up to 600MPa) is applied to the volume in the single slip system problem, while global shear or
tension stress (σyz, σzz = 0 up to 600MPa) is prescribed in the problem of double slip systems. The problem
is kept as simple as possible to allow for direct comparison between the discrete and continuum approaches. In
particular, cross-slip is forbidden and image forces at the impenetrable interfaces are not accounted for during
the simulation.

Although the DDD simulation essentially is a dynamic problem (out of equilibrium) inducing instabilities
and time dependency, it can also provide results corresponding to the quasi-static equilibrium state which is
obtained by repeated calculation steps allowing for the relaxation of the dislocation structure under constant
applied stress.Accordingly, the slip andGNDdistributions and stress–strain curves obtained by post-processing
the DDD simulation results correspond here to a quasi-static state. Finally, the plastic hardening modulus is
determined from the quasi-linear slope of the resulting stress–plastic strain curves.

Intrinsic lengths dominating the proposed DDD simulations must be identified. The distance between
neighboring slip layers, l, plays a central role in the resulting size effects, for the two reasons schematically
explained in Fig. 2. On the one hand, the intrinsic length l determines the amount of shear strain induced by
the pile-up dislocations directly (Fig. 2a). The relative displacement between the top and bottom parts of the
layer sheared by n p dislocations with Burgers vector b:

�u = n pb (25)

Then, the amount of slip between adjacent slip planes is determined by the relative displacement and the
intrinsic length l, as shown in Fig. 2a:

γ = �u

l
= n pb

l
(26)
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Fig. 2 Schematic explanation of the effect of the distance between slip layers, l in the stacked pile-up problem: a the amount of
slip is calculated from the distance directly; b the shear stress field induced by a pile-up (red line) disturbs dislocations moving
on neighboring slip planes. The amplitude of the perturbation depends on the distance l

Fig. 3 Boundary value problem considered for the Microcurl model

On the other hand, the stress field induced by pile-ups restricts themotion of dislocations gliding on neighboring
slip planes; see Fig. 2b.

The channel structure used in DDD simulations (Fig. 1) is simplified into a one-dimensional geometry
in the continuum approach, because of invariance along the slip plane normal direction. Figure 3 depicts the
geometry and boundary conditions of the problem based on the Microcurl model. The size of the channel, s,
can be varied from nm to mm scale in the continuum model. The plastic microdeformation, χ

∼
p, is set to zero

at the left and right boundaries so as to represent the condition of impenetrable interface in the continuum
framework. Two kinds of slip systems are embedded in the model as in the DDD simulations. First, single slip
is considered with an inclined slip plane (θ = 0 to 90◦) and the other situation deals with double slip systems,
B4 and C1, according to Schmid–Boas notation. The elastic properties for the channel are the same as those
used in DDD simulation (μ = 42GPa, ν = 0.31). The values of the micromorphic parameters, A and Hχ ,
are related by the intrinsic length, lMicrocurl, see Eq. (13), which can be varied from nm to µm scales. The
attention is focused on the effects of channel size s and intrinsic length lMicrocurl on slip distribution and related
work-hardening. The results of the Microcurl model will be directly quantitatively compared with those from
DDD simulations. Parameters A and Hχ will be identified from the results of DDD simulations.

Recently, one-dimensional FDM simulations were performed for a matrix-inclusion problem and for the
channel problem with properties of aluminum by Taupin et al. [63,64]. They obtained the GND distributions
in the matrix and channel, which are treated as numerical experiments for comparisons with DDD predictions
of the present work. Complete details of parameters and simulation methods for the FDM are given in the two
latter references. Although the existence of inclusions is not considered in our DDD problem and material
properties between FDM and DDD simulations are not the same, it is worth comparing the two studies in terms
of GND distributions at least qualitatively. In particular, the comparison will provide a physical description of
the intrinsic length used in the FDM model, which had not been clearly identified yet.

3.2 Analytical expressions for hardening by multilayer pile-ups

Work-hardening induced bymultilayer pile-ups can be derived from analytical expressions based on the theory
of dislocations and the Microcurl model. Closed-form expressions are given here, the details of the derivation
are to be found in [20,23,33], and the references quoted therein.
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First of all, Mura has derived a simple solution for the work-hardening resulting from multilayer pile-ups
[33]:

HMura = 4

π

μ

1 − ν

l

s
(27)

It is based on the solution of the single-dislocation pile-up model, thus neglecting the interaction between
pile-ups. Accordingly, the solution should work reasonably only for the case of large values of l (see Fig. 2b).

On the other hand, Déprés [23] has suggested an alternative analytical expression to represent the additional
work-hardening due to neighboring slip planes. The formula does not correspond to the exact solution of the
problem of interacting pile-ups, but it is based on the assumption that the additional work-hardening decreases
exponentially along the slip plane normal direction (see the red line in Fig. 2b):

HDépr és = 4

π

μ

1 − ν

1 + exp

(
−k

l

s

)

( s
l

− 2
)(

1 − exp

(
−k

l

s

))
+ 2

(28)

where k is parameter accounting for additional work-hardening. The value k = 2.0 is found to reproduce at
best the results of DDD simulations. The Déprés expression has two limit cases. Mura’s solution is retrieved
for large values of l [see Eq. (28)]. The other limit is derived for vanishing values of the pile-up spacing, l, or
large values of channel width, s. It is remarkable that it is size-independent.

lim
l
s →0

HDépr és = 4

π

μ

1 − ν

2

k + 2
(29)

This limit case was not discussed in the literature yet and will be the result of the DDD simulations for closely
interacting pile-ups.

The analytical expression of the overall work-hardening can also be derived using the Microcurl model, as
done in [4,20]. It is obtained by averaging plastic slip in the channel and computing the stress. The result is

HMicrocurl = 12AHχ

12A + Hχ s2
(30)

where Hχ and A are the material properties in the Microcurl model as defined in Eq. (12). Again, two limiting
cases are of interest. When the channel size s goes to zero, the effective hardening modulus is equal to Hχ .
Since Hχ → +∞ corresponds to the case of strain gradient plasticity according to Gurtin’s model, it is
apparent that the hardening becomes infinite which is in accordance with Mura’s formula. For large values
of s, the overall hardening is found to vanish, which is in disagreement with (29). That is why an additional
size-independent isotropic hardening component, not related to themicromorphic part of themodel, is added in
the Microcurl constitutive model, with plastic modulus called Hoffset, in order to compensate the strengthening
by neighboring slip planes:

HMicrocurl = 12AHχ

12A + Hχ s2
+ Hoffset (31)

The value of Hoffset is chosen equal to the value given by Eq. (29).

4 Results and discussion

4.1 Work-hardening by multilayer pile-ups

The DDD simulations of multilayer pile-ups predict dislocation structures induced by the applied stress. Figure
4a depicts dislocation multiplication produced by 200MPa of shear loading along Y -direction, with channel
width s = 5 µm and pile-up spacing l = 2.5 µm. The structure of the pile-ups in Fig. 4a is generated by
Frank-Read sources on each slip plane, causing plastic slip. The piling-up dislocations are clearly visible on
the four sides of the simulation box. Figure 4b depicts the overall stress–strain curves from DDD simulations
with s = 1 µm and various intrinsic length values l ranging from 10 to 0.01 µm. Since the slip amount is
proportional to the number of moving dislocations, it is directly related to the number of slip planes (= h

l )
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Fig. 4 a Dislocation structures induced by a prescribed shear stress τ = 200MPa, for s = 5 µm and l = 2.5 µm. b Global
stress–plastic slip curves for various intrinsic length values l and s = 1 µm

Fig. 5 Hardening modulus H versus s/ l obtained from DDD simulations (H ), Mura (HMura) and Déprés (HDepres ) formula. The
red line corresponds to the case of single pile-up. Subtracting this red line from the DDD curve gives the blue curve highlighting
the hardening induced by the interaction between pile-ups. SGP stands for Microcurl in the captions

in the channel. Accordingly, smaller l values lead to an increase in plastic slip at a given stress. However,
plastic slip saturates because close enough pile-ups interact, thus hindering the movement of dislocations. The
stress–overall plastic strain curves are clearly linear, the slope providing the work-hardening modulus, H .

The dependence of the relative effective hardening H/μ on the ratio s/ l as predicted by the DDD sim-
ulations is shown in Fig. 5. DDD simulation results for various values of s and l lead to a master curve with
respect to the ratio s/ l. The DDD results are compared to the analytical expressions by Déprés and Mura [see
Eqs. (27) and (28)]. There are two different regimes in the work-hardening evolution. When s/ l � 1, both
DDD and the two analytical expressions predict size-dependent work-hardening in the form of a power law
with exponent 1. In contrast, for s/ l 
 1, the DDD simulations and the Déprés formula predict a saturating
value of work-hardening. The failing of Mura’s formula in that case is due to the absence of pile-up interaction
in Mura’s model.

The relation between work-hardening and the ratio s/ l can be explained by two kinds of internal stresses
impeding dislocation motion. On the one hand, moving dislocations on a slip plane are restricted by pile-ups
on the same slip plane (red line in Fig. 5, called hardening by single-layer pile-ups). It gives a linear inverse
relationship in agreement with Mura’s formula. On the other hand, moving dislocations also feel the stresses
induced by the pile-ups formed on neighboring slip planes (blue curve). The amplitude of the extra hindrance
is closely related to the intrinsic length, l, as suggested in Fig. 2b. It can be ignored for small enough values of
the s/ l ratio, but it increases then with s/ l and saturates for large enough values of this ratio. This behavior is
well-captured by Déprés’ heuristic formula, Eq. (29). Consequently, work-hardening is dominantly affected by
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Fig. 6 Hardening modulus versus s in the range 0.01–10 µm from DDD simulations with l = 0.1 and 1.0 µm and according to the
Microcurl model with lMicrocurl = 0.01 and 0.1 µm. The Microcurl model with appropriate intrinsic length, lMicrocurl = 0.1 × l,
reproduces the work-hardening from DDD simulations over a large range of s values. SGP stands for Microcurl in the captions

single-layer pile-up behavior in the size effect regime s/l � 1, while it is controlled by neighboring pile-ups
in the size-insensitive regime s/l 
 1.

The hardening modulus is plotted against the channel width s in Fig. 6 according to the DDD simulations
and to the Microcurl model using two intrinsic lengths (lMicrocurl = 0.01 and 0.1 µm). The Microcurl model
exactly reproduces the DDD results at least for sufficiently large values of s. It is found that the micromorphic
intrinsic length corresponding to the best fitting of the DDD results scales with the pile-up spacing according
to the following expression:

lMicrocurl = 0.1 l (32)

The Microcurl model reproduces the predictions of DDD except for the very small channel size regime. The
size effect according to the Microcurl model saturates for vanishingly small values of s, as expected from Eq.
(30). Parameter Hχ has also been calibrated so as to reproduce at best the evolution of the effective hardening
modulus with s. A value of Hχ close to 10μwas found to be satisfactory. The material parameter Hχ therefore
settles the saturation value of the size-dependent hardening modulus, whereas the parameter lMicrocurl controls
the critical value of s for which saturation starts, as can be seen from Fig. 6. The physical relevance of the
Microcurl model can be assessed based on the two following remarks. First, the material parameters A and
Hχ allowing for a satisfactory description of the DDD results are independent of s, as it should be since s
is a geometric characteristic of the boundary value problem. Second, they depend on l, the distance between
dislocation sources, i.e., a material characteristics. In other words, these material parameters depend on the
initial dislocation density and distribution.

The intrinsic length l of the DDD model controls the critical channel size separating the domain of size-
dependent and size-independent hardening. If the channel size is smaller than the intrinsic length of DDD,
size-sensitivework-hardening is observedwhereas large channel sizes lead to size-independent behavior.On the
other hand, the intrinsic length of theMicrocurlmodel represents a transition boundary between size-dependent
and saturated response. The saturation at nanoscales is reminiscent of grain size-independent behavior or
even inverse grain size effects observed in nanograins [14,40]. This property of the model can be used in a
phenomenological way, but the underlying physics does not correspond to the mechanisms responsible for
inverse size effects, for instance related to grain boundary sliding or migration. Also, the continuumMicrocurl
model cannot be used at scales where dislocations are scarce since the continuum concept of crystal plasticity
breaks down.

4.2 Effect of slip plane inclination

The effect of the inclination of slip planes with respect to the interfaces is now investigated using DDD and
Microcurl simulations. Inclination of the slip plane is characterized by the angle θ taking the value θ = 0 in the
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Fig. 7 a Two-dimensional dislocation structure of pile-ups on inclined slip planes for s = 1 µm, l = 0.5 µm and θ = 40◦. The
inclined angle increases the distance between two-ended pile-ups, si . b Work-hardening versus inclined angles (θ = 0◦–90◦)
obtained from DDD and Microcurl simulations. SGP stands for Microcurl in the captions

Fig. 8 Schematic diagram for activation of double slip systems according to loading conditions: a tensile loading activates both
slip systems along positive directions; b shear loading induces opposite glide on the green slip system

previous case of horizontal pile-ups; see Fig. 1. Since the distance si between the two ends of pile-ups on an
inclined slip plane increases with the inclination angle θ , as shown in Fig. 7a, increasing slip plane inclination
causes a decrease in the observed work-hardening. In the limit case θ = 90◦ (si = ∞), the slip plane is parallel
to the interfaces so that unlimited slip can occur and that no pile-up can form. Work-hardening vanishes in that
case. Figure 7b shows the hardening modulus versus the inclination angle, θ , for both DDD and Microcurl
simulations and three different s/ l ratios. The same material parameters of the Microcurl model are used as
identified in the previous θ = 0 case, especially the relation (32) still holds. It is clearly visible that work-
hardening predicted by DDD simulations monotonically decreases when the inclination angle increases from
high values at θ = 0 and s/ l = 0.5 to almost zero for θ = 90◦. The Microcurl model predicts the same trend.
The existence of the residual hardening for θ = 90◦ is an artifact of the introduction of the isotropic hardening
component Hoffset in Eq. (31). This interaction hardening component between neighboring pile-ups is poorly
described in that way and should be progressively canceled when θ increases since the configuration leads less
and less to such interaction effects. The proper modeling of this effect remains to be worked on. In contrast,
the decreasing orientation-dependent internal stress induced by the pile-ups is satisfactorily reproduced by the
Microcurl model. Both DDD and Microcurl model with the smallest ratio provide decreasing work-hardening
due to increase in the angles. Simulations for the smallest ratio s/ l = 0.5 display a significant size effect
reproduced by the Microcurl model. In contrast, for the large value s/ l = 10, strengthening by neighboring
pile-ups becomes the dominant hardening mechanism.
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Fig. 9 Hardening modulus versus s/ l due to double slip in a channel, as obtained fromDDD andMicrocurl simulations (with and
without the additional component Hoffset) under tension and shear loading conditions. Work-hardening for a single slip system
inclined at θ = 60◦ is also presented for comparison. SGP stands for Microcurl in the captions

4.3 Double slip pile-ups

Double slip is now considered following the configuration of Fig. 1c showing the slip planes corresponding
to the slip systems B4 and C1. The figure also shows the crystallographic orientation of the channel, with the
axes Y and Z, respectively, parallel to 1̄11̄] and [1̄12]. The considered loading conditions are shear in the YZ
plane, in the Y direction, and tension along Z. Both lead to symmetric double slip in the channel.

Tension loading along Z triggers the activation of B4 andC1 slip systems in the positive directions indicated
in Fig. 8a, where the red and blue lines correspond to B4 and C1 slip planes, respectively, and the arrows
represent the activated slip direction. On the contrary, shear loading (σX Z ) induces the activation of C1 in the
opposite direction and B4 in the same direction as in tension (green line in Fig. 8b).

The results of DDD simulations are given in Fig. 9 in terms of the evolution of the observed overall
hardening modulus H with respect to relative channel size. They are compared to predictions of the Microcurl
model with and without consideration of the additional modulus, Hoffset. The work-hardening obtained from
DDD simulations for a single slip system with an inclination angle, θ = 60◦, is also depicted as a reference.

DDD simulations with double slip systems under tension loading lead to about twice more strain-hardening
than in the single slip case, especially for s/ l > 1 regime. In contrast, the case of shear loading exhibits
significant less work-hardening, almost no hardening at all for large values of s/l. The Microcurl model
accurately reproduces this special feature, at least when the additional hardening component Hoffset is canceled.
However, it accounts for the difference in hardening for tension and shear only for small values of s/l. This
indicates that the hardening produced by the interaction of neighboring pile-ups depends on the multislip
configurations induced by different loading conditions. The simple form of theMicrocurlmodel cannot account
for this effect.

Multislip interaction is described in the Microcurl model in an indirect way in the kinematic hardening
component (18) where the overall couple stress tensor M∼ and the micromorphic curvature Γ∼ χ

integrate the
influence of all slip systems and not only that of the current one. As can be seen from Eq. (18), the size-
dependent kinematic hardening is the projection of the couple stress tensor on the orientation tensor of the slip
system. However, this simple model is apparently not sufficient to capture all the effects predicted by DDD
simulations for double slip in tension and shear.

4.4 Plastic slip and GND distributions

The plastic strain is computed based on the swept area by dislocations in the elementary boxes of the discrete
simulation. The grid size in the present work was 0.05 µm [27]. The amount of plastic slip in the middle plane
YZ, predicted by the DDD simulations, is averaged along the Z direction and plotted as a function of Y in Fig.
10 for two values of s/l, in the case of single slip under overall shear. The plastic slip distribution is found to be
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Fig. 10 Plastic slip distribution γ obtained by DDD simulations in the case of single slip under shear: a s/l = 1.0, b s/l = 100.0.
SGP stands for Microcurl model in the caption

Fig. 11 Slip distributions obtained fromDDD simulations with l = 0.1 µm and according to theMicrocurl model with lMicrocurl =
0.01 µm, in the case of simple glide and 200 MPa applied shear stress

almost homogeneous for large channel widths. In contrast, slip is non-homogeneous in narrow channels with
a plateau in the middle of a channel and a linear decrease toward the channel ends where slip almost vanishes
due to the existence of impenetrable interfaces. Increasing the applied stress shortens the plateau zone and
therefore increases the non-homogeneous character of slip distribution.

The previous DDD results are compared with the predictions of the Microcurl model in Fig. 11 for the
same applied stress level of 200 MPa and three different values of the ratio s/l = 1.0, 10.0, 100.0. Note that
the Microcurl simulation is performed with s = 1 µm of channel width and the appropriate internal length
(lMicrocurl = 0.1× l). The figure shows that the Microcurl model can reproduce the results of DDD simulations
quite accurately for the three ratios. In the presence of the additional hardening component Hoffset, the analytical
solution for the Microcurl model provides a cosh-profile of plastic slip explaining the plateau-like distribution
in the middle of the channel [4].

The DDD results can also be interpreted in terms of dislocation densities by proper averaging over a small
box around each material point, with the indicated grid size of 0.05 µm. In the case of single slip under shear,
this local density mainly corresponds to that of GNDs. Figure 12 shows dislocation density distributions from
DDD simulation for various ratios s/l and for an applied shear stress of 600MPa. High values of s/l are
associated with strongly localized GND density close to the boundary. For instance, the ratio s/l = 100 allows
for a high concentration of GNDs only at the boundary. Decreasing the ratio causes the maximumGND density
to decrease and the size of GND rich zone to extend (see Fig. 12a). Note that in the size-dependent regime,
decreasing further s/l leads to a decrease of maximum GND density but does not seem to affect the size of the
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Fig. 12 Dislocation density distribution (GND) obtained by DDD simulations with various s/ l ratios: a high values of s/ l;
b low values of s/ l. Shear test under single slip conditions with 600 MPa prescribed stress

Fig. 13 Pile-ups form only once all slip planes are filled with dislocations, because the stress for dislocations to pile up (red dot)
is always higher than for dislocations to fill empty slip planes (red line). The blue curves represent the stress field distribution
due to dislocations close to the boundary

GND rich zone close to the boundary. This is probably related to the fact that each slip plane in the channel
has a single source which does not interact with other sources.

The relationship between the s/ l ratio and GND distribution can be explained by a simple schematic
model. We assume that the pile-ups form only after all the active slip planes are filled with dislocations. This
is because adding a new dislocation to build a pile-up requires higher stress than to fill an empty neighboring
slip plane with fresh dislocations, as depicted schematically in Fig. 13. Therefore, small values of s/ l allow
for the formation of pile-ups from the beginning because few dislocations are needed to fill all the slip planes,
as illustrated by Figs. 14a and 12b. On the other hand, large values of the s/ l ratio represent many empty
planes at the boundary, so that many dislocations will move to fill the empty slip planes instead of populating
pile-ups; see Figs. 14b and 12a.

Recently, GNDdensity distributions in laminatemicrostructures were also analyzed using one-dimensional
FDM simulations by Taupin et al. [63,64]. Although details of the simulation conditions are somewhat different
from the present ones, it is worth comparing the results of FDM and DDD. Figure 15a, b depicts GND
distributions obtained by the FDM simulation [63] and DDD simulations, respectively. Note that the FDM
simulation considers the mobile SSD density (ρSSD,M) as an initial constant parameter. FDM predicts that
the ρSSD,M is closely related to GND distribution. Very high mobile SSD density (green line) causes strong
GND concentration at channel boundaries, while the GND rich zone extension increases for smaller SSD
densities. These predictions are quite comparable to DDD results, as can be seen from Fig. 15b which shows
the relationship between the s/ l ratio and GND distribution in DDD simulations. The ratio s/ l in the present
DDD simulations plays a similar role as the mobile SSD density (ρSSD,M) in the FDM model.



Micromorphic crystal plasticity versus discrete dislocation dynamics analysis 35

Fig. 14 Schematic explanation of the effect of the ratio s/ l on GND distribution. a s/ l � 1 case: few dislocations are needed to
fill the slip planes. b s/ l 
 1 case: all dislocations are moving to fill empty slip planes

Fig. 15 a GND density distributions from FDM depending on the imposed mobile SSD density, from [63]; b GND density
distributions from DDD simulations with s/ l ratio

5 Conclusions

Multilayer pile-ups embedded in a channel microstructure with single or double slip systems were analyzed
in terms of work-hardening, GND distribution and plastic slip distribution by means of DDD simulations
and recent strain gradient plasticity models. The ratio of the channel width divided by the distance between
dislocations sources, s/ l, was shown to play a crucial role in the interpretation of DDD simulation results and
was used in the discussion of the discrete and continuum simulation results. The main findings of this work
are the following:

– High values of the ratio, s/ l, lead to size-independent work-hardening and rather homogeneous plastic slip
distribution for both discrete and continuum approaches. The DDD simulations show in particular that if l
is very large, so that pile-ups do not interact with each other, and s sufficiently large, no overall hardening
is observed macroscopically under shear loading for single and double slip.

– Small values of s/ l are associated with size-dependent hardening and inhomogeneous distributions of slip,
with a plateau and a steep decrease at channel boundaries.

– Size-independent hardening component was identified related to the interaction of neighboring pile-ups
leading to remnant macroscopic work-hardening in tension and shear even for large values of the channel
width.
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– The formula (28) was proposed to represent the scaling law between the overall plastic modulus, channel
width s and the intrinsic length l. It covers the size-dependent and size-independent regimes observed
from DDD simulations. Mura’s scaling law for non-interactive pile-ups is retrieved as a special case. The
formula also incorporates the size-independent hardening component of interacting pile-ups.

– The micromorphic crystal plasticity model called Microcurl was shown to essentially reproduce the
observed behavior for single slip and, to a lesser extent, double slip in a channel. The new parameters
Hχ and A could be identified so as to reproduce quantitatively the DDD results. It was found that the
intrinsic length lMicrocurl scales with the material length l according to the formula (32). Accordingly, the
Microcurl model adequately represents in a continuum framework the formation of pile-ups in crystal
plasticity.

– The Microcurl model does not satisfactorily account for the interaction of pile-ups observed in the DDD
simulations when l is small enough. Additional size-independent isotropic hardening associated with the
parameter Hoffset was introduced in an heuristic way to obtain good agreement in the case of single slip.
This additional hardening component, however, was shown to differ for multislip and for different loading
conditions, tension or shear, in the DDD simulations.

– The comparison between FDMandDDD simulations regardingGNDdistribution provided the relationship
between two initial parameters, s/ l for DDD and ρSSD,M for FDM.

It was shown recently that standard strain gradient plasticity based on a linear relation between higher-order
stresses and the dislocation density tensor, after [38], does not provide the proper scaling law for hardening
in channels, namely 1/ l2 instead of Mura’s 1/ l scaling law in accordance with DDD simulation results; see
[20,31]. In contrast, micromorphic crystal plasticity possesses two material parameters that can be identified
with DDD or experimental data to better reproduce the scaling behavior at least in a given range of channel
sizes. An alternative approach is to adopt a nonlinear constitutive relationship in strain gradient plasticity as
discussed in [32,69]. This corresponds to the choice of non-quadratic free energy potentials as recommended
in [5,43,51,69].

The description of size-dependent hardening induced by multislip is a difficult issue in strain gradient and
micromorphic plasticity. A direct interaction between slip systems is present in the Microcurl model but was
shown to be insufficient to describe the DDD results for double slip. A similar discussion on the limitation
of strain gradient plasticity modeling of GND interaction under multislip configurations can be found in [6]
where DDD simulations are also used as reference results. The simplification induced by the consideration of
the total dislocation density tensor instead of individual slip system contributions, and used in the Microcurl
model, was recently discussed in [48]. More complex GND slip interaction laws are necessary for future
developments.

The approach should be extended to the case of cross-slip events, neglected in the present work, in order to
derive more realistic macroscopic laws. Comparisons between DDD simulations and generalized continuum
models should be performed for cyclic plasticity following pioneering contributions in this field [24,25] and
for the prediction of grain size effects in polycrystals including proper scaling laws and plastic slip fields inside
the grains [21,22,45].
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