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A new method for 3D simulation of crack growth in single crystals is proposed. From Crystal Plasticity
Finite Element (CPFE) computations of a pre-cracked single crystal, a damage indicator based on the
accumulated slip, the resolved shear stress and the normal stress on each slip system is calculated at each
integration point and for every time increment. The crack growth direction is then determined in 3D by
analysing the damage indicator in the region around the crack front. The crack is extended via remeshing
at each propagation event. At this point the CPFE computation is restarted, using the new crack
configuration. Two examples in BCC single crystals featuring different crystal orientations and slip
systems show the crack propagation simulations under monotonic loading over distances comparable
to the crystal size and with non-regular crack shape and path.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

In many industrial cases, the major part of the total fatigue-life
of structural components is spent in the regime of initiation and
micro-propagation of small cracks. During small fatigue crack
growth, the shape and growth rate directly depend on microstruc-
tural features. Microstructure-based models of fatigue-life predic-
tion were proposed by [1–4], where accumulated plastic slip,
resolved shear stress or normal stress to slip planes were supposed
to cause crack initiation. The damage variables based on these
models were simulated and compared in [5]. However, to date,
reliable prediction of 3D small fatigue crack growth paths in
metallic polycrystalline materials remains a challenge.

Different numerical methodologies currently exist to simulate
fatigue crack propagation in 3D. The X-FEM approach is one of
the most popular methods in Linear Elastic Fracture Mechanics
(LEFM) without remeshing [6]. Although it was extended to
elasto-plastic fracture mechanics, there are still many technical
issues to be resolved. An alternative methodology is the Cohesive
Zone approach [7]. However, the crack path must usually be
known in advance which limits greatly the prediction of complex
paths. Continuum damage mechanics can also be used, but it
remains computationally expensive [8,9].

The objective of this paper is to introduce a new methodology
to simulate efficiently crack propagation in 3D single crystals. CPFE
computations coupled with a post-processing procedure are used
to determine the direction of crack growth and to remesh the crack
surface adaptatively at each crack propagation event [10]. The
damage indicator, which is based on a combination of resolved
shear stress and normal stress with respect to the slip plane, and
accumulated plastic slip, is computed and evaluated at the crack
front for each load increment.

In Section 3, the methodology is presented and showcased on a
single crystal with only one slip system loaded in tension. An
example of a single crystal with 12 slip systems is presented in
Section 4, under tensile loading. The final section presents a
discussion and conclusions.

2. Experimental studies

The material of interest is a near beta titanium alloy VST55531
with a B.C.C. crystal structure. The average grain size is 65 lm. The
in situ fatigue experiments were carried out at the ESRF (France)
using a triangular prismatic pre-cracked sample under load control
(not presented here). The maximum loading amplitude corre-
sponds to a tensile stress of 500 MPa. The stress ratio rmax=rmin is
0.1. The growth of fatigue crack surfaces in the polycrystalline
sample was characterised by X-ray tomography every 2000 cycles
[11]. It was observed that cracks initiated from the notch after
28,000 cycles. The average crack growth rate for the first grains
crossed by the crack was about 1 nm per cycle. Thus, at each stage
of observation, cracks typically propagated over 2 lm and mainly
intragranularly along {112} and {110} crystallographic planes of
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the BCC structure. After 46,000 cycles, cracks propagated into the
neighbouring grains.

3. Constitutive model and crack growth methodology

3.1. Proposed methodology for crack propagation

In this section, the crack growth methodology is presented on a
simplified test case, as shown in Fig. 1. It consists of ½111�ð112Þ
single slip crystal, in which the initial crack plane is perpendicular
to the loading direction and the slip plane is oriented at an angle of
54.7� with respect to the crack plane, see Fig. 2(b). In Section 4, the
method is applied to a single crystal with a crystal orientation
measured by X-ray diffraction during the in situ tomographic
experiment, in which all the 12 h111if110g slip systems can be
activated. The maximum loading applied in the simulations is
the same as in the experiments. However, in these simple exam-
ples, the CPFE computations are performed under monotonic load-
ing instead of fatigue loading because the methodology remains to
be applied to complex loading.

Fig. 1 shows the main steps of the crack growth simulation
methodology. For each CPFE computation, the damage indicator
is computed at all integration points. Then, a post-processing pro-
cedure is carried out at the preset increment to evaluate the dam-
age indicator around the crack front, on a set of planes orthogonal
to the crack front. For each such plane, the origin is defined at its
intersection with the crack front. Then, the crack growth direction
is selected as pointing from the origin to the location where the
damage indicator is the maximum, at a preset distance R0 from
the origin. The crack growth distance R0 is fixed as 2 lm in both
examples, which corresponds to the average experimentally
measured crack growth distance. The parameter R0 is related to
material properties, loading amplitude and other experimental
conditions. The set of propagation directions along the front is used
to create the geometry of the crack propagation area, which is then
Fig. 1. Crack propagation si

Fig. 2. (a) FE mesh of the pre-cracked single crystal and the applied boundary conditions
orientation and the single slip system ½111�ð1 12Þ of the example in Section 3.
inserted into the FE mesh of the single crystal, as will be explained
in detail in Section 3.4. Then, a new CPFE computation is carried
out with the same loading conditions as before. In this paper, to
illustrate the methodology, the procedure is repeated until the
whole single crystal is broken.

The initial Finite Element (FE) mesh is a pre-cracked single crys-
tal with a rectangular crack, as shown in Fig. 2(a). The FE mesh is
generated by inserting a crack surface mesh into a single crystal
mesh using Z-cracks [15], which is a module of the Z-set FE soft-
ware [13]. The insertion procedure is performed by creating the
intersection points and edges of the two meshes and then reme-
shing the whole mesh. The size of the single crystalline cube is
100 � 100 � 100 lm3, which approximately corresponds to the
size of the grain in which the pre-crack is presented in the exper-
imental polycrystalline sample.

Regarding the boundary conditions, according to the loading
applied in the in situ experiments, a displacement of 0.5 lm is
applied monotonically in a time interval of 1 s at the top surface
in the vertical tensile direction z, and vertical displacement is
blocked at the bottom surface, so that the loading rate
_ezz ¼ 5� 10�3 s�1. Detailed boundary conditions are shown in
Fig. 2(a). For the single slip crystal, symmetry conditions in the y
direction are applied at the back and the front surface to minimise
the free surface effect. In the case of 12 slip systems crystal in Sec-
tion 4, these surfaces are free of forces since the prediction of free
surface effects on cracking and simulation of curved cracks also
belong to the objective of this work.
3.2. Crystal plasticity model

In order to analyse the slip system activity and to determine the
driving force for short crack propagation, an elasto–visco-plastic
crystal plasticity model was selected [12]. The CPFE computations
were carried out in the framework of infinitesimal strains using the
mulation methodology.

. The dimension of the mesh is 100 lm3. (b) Schematic representation of the crystal
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Z-set software [13], because in the experiments only small defor-
mations were observed at the crack front.

The total strain tensor e
�

is partitioned into an elastic part e
�

e and

a plastic part e
�

p. Regarding elasticity, the material is considered

linear and isotropic for simplicity, according to Hooke’s law:

e
�

e ¼ 1þ m
E

r
�
� m

E
trðr
�
Þ1
�
; ð1Þ

with 1
�

the second-order identity tensor, the Young modulus
E ¼ 110 GPa and the Poisson ratio m ¼ 0:3.

The plastic strain is the result of N potentially active slip sys-
tems s, only one slip system in Section 3 and 12 h111if110g slip
systems in Section 4, according to

_e
�

p ¼
XN

s¼1

_csm
�

s; ð2Þ

where m
�

s is the orientation tensor defined by the slip plane normal
ns and the slip direction ls of each system s, and _cs is the slip rate
defined by a power law:

m
�

s ¼ 1
2

ns � ls þ ls � nsð Þ; ð3Þ

_cs ¼ signðssÞ js
sj � s0

K

� �n

; ð4Þ

with parameters K = 300 MPa s1/n and n ¼ 3. The critical resolved
shear stress s0 ¼ 300 MPa and ss ¼ r : m

�
s is the shear stress

resolved on slip system s. For simplicity no hardening is introduced
in this model.

3.3. Damage indicator

During fatigue loading of the pre-cracked sample, plastic defor-
mation occurs near the crack tip due to the dislocation movements
along the slip planes. This mechanism is described by the slip cs on
each slip systems s in the crystal plasticity model. When the crack
propagates, the tomographic observation of the 3D fatigue crack
surface of the VST55531 sample reveals that the crack propagates
on crystallographic planes. This stage is governed by the mode II
loading and driven by the resolved shear stress ss, as explained
in [14]. In addition, it was demonstrated that the normal stress
rs

n acting on the slip planes could also influence the nucleation
and the short crack propagation [3]. Therefore, in this work a dam-
age indicator that is the combination of cs; ss and rs

n is retained.
Previously, a similar form was proposed by [3,4]. Here, at each
integration point the damage indicator D at time t is the maximum
value among the slip systems s, according to

DðtÞ ¼ max
s

Z t

0
j _csjðjssj þ khrs

niÞdt; ð5Þ

with k a material parameter set to 0.4 as in [4]. This value is found
by fitting the uniaxial data against the pure torsion data. It enforces
the role of normal stress in D.

3.4. Crack growth direction

The damage indicator DðtÞ is computed during the CPFE calcu-
lation. Then, the direction of crack growth is determined using a
post-processing procedure. For this, a set of circles of preset radius
R0 lying in normal planes along the crack front is defined. These cir-
cles are centered at the control points on the crack front. The dam-
age indicator D is interpolated along these circles, and for each
circle the location of its maximum value is determined. The crack
propagation direction is then taken as the one going from the
corresponding control point to that location. A corresponding
propagation angle h between the propagation direction and the
local crack plane orientation is also determined.

During the numerical procedure, a smoothed crack front is com-
puted [16]. This approximated smooth crack front C is composed of
iþ 1 equidistant points on the initial crack front, see Fig. 3. These
nodes are called control points Pkð0 6 k 6 iÞ that do not necessarily
correspond to the real mesh nodes. The precision of the approxi-
mation can be controlled by the number of control points i. Accord-
ing to a numerical analysis in [16], i should be larger than 1/16 of
the number of nodes on the initial crack front. Any point at the
approximated crack front C is then modeled as an oriented regular
curve PðaÞ, with a 2 ½0; amax� the curvilinear parameter and amax is
the maximum length of PðaÞ.

Then, a local orthonormal coordinate basis associated to PðaÞ is
computed, which contains the tangent vector or TðaÞ, written as
[16]

TðaÞ ¼ dPðaÞ
da

����
����

����
�����1 dPðaÞ

da
; ð6Þ

and the vector NðaÞ, defined as

NðaÞ ¼ BðaÞ ^ TðaÞ; ð7Þ

with BðaÞ the normal vector. In order to calculate BðaÞ, for any

a 2 ½0; amax�, an auxiliary vector bBðaÞ is introduced as a linear inter-

polation between bBk and bBkþ1, as follows:bBðaÞ ¼ ð1� uÞbBk þ ubBkþ1; ð8Þ

with u ¼ ðakþ1 � aÞ=ðakþ1 � akÞ. As shown in Fig. 3, the bBk vector are
set up at each control point Pk as vector normal to the crack surface

element that is nearest to Pk. The orientation of bBk is such thatbBk ^ TðaÞ is oriented inside the material, into which the crack prop-
agates. Thus, the normal vector BðaÞ is written as:

BðaÞ ¼
bBðaÞ � ðbBðaÞ � TðaÞÞTðaÞ
kbBðaÞ � ðbBðaÞ � TðaÞÞTðaÞk ; ð9Þ

With this local orthonormal basis, all the points situated at the
circle of radius R0 around each control points can be defined.

Alternatively, the growth distance could be evaluated from the
distribution of D along the crack growth direction h. This would be
particularly useful to define a threshold of D by comparing with
experimental measurements, in future work.

For a single crystal with one slip system ½111�ð112Þ oriented in
such a manner that the crack plane is ð001Þ and the crack front is
½110�, see Fig. 2(b), Fig. 4(a) shows D along the circles of interest at
different depths along the crack front, which lies along the y-axis.
The different depths are represented by the different colours. The
crack tip is at the center of the figure. Two branches of D appear,
respectively at h ¼ 63� and h ¼ 320�. In order to determine the
direction of the crack propagation, the value of D is plotted along
these two directions for up to 4 lm from the crack tip, see
Fig. 4(b). For a given distance R0 ¼ 2 lm, the value along the direc-
tion of h ¼ 63� is higher than that of h ¼ 320�. Therefore, h ¼ 63� is
selected as the crack growth direction. It can be observed that, for a
mesh size chosen appropriately near the crack front, the crack
growth direction does not change with R, at least in a given range
of R values. The crack growth distance of 2 lm corresponds to
approximately 3 elements of the FE mesh.

3.5. Remeshing

Once the crack growth direction for each control point has been
determined, a new crack front is generated using the preset crack
growth distance R0. The surface of the crack extension is built using
the initial and the new crack fronts. The 3D crack propagation is
obtained by inserting the extension crack surface into the single



Fig. 3. Schematic representation of initial crack front, approximative crack front C, control points Pk , local orthonormal coordinate basis and the circles of interest of preset
radius R0, that is the distance of crack growth, along C centered at control points on normal planes to the crack front, edited from [16].
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Fig. 4. (a) The damage indicator D (t ¼ 1 s) around the crack tip on the xz plane interpolated to the circles of interest of radius of 2 lm on different depths below the surface
(represented by different colours). (b) The value of D (t ¼ 1 s) along two directions at h ¼ 63� and h ¼ 320� at the front surface. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
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crystal mesh with the Z-cracks software. Detailed information
about the crack surface extension procedure is described in [16].
Next, a new CPFE computation is started with the new FE mesh.
Then, the whole routine is carried out again, as shown in Fig. 1.

Currently, the mechanical fields are not transferred from the
initial mesh to the new one after remeshing, so the accumulated
plastic strain is lost from one step to the next. This is because
Fig. 5. Front view of the sample with damage indicator D (in MPa) at the crack tip (a) with
t ¼ 1 s.
the FE software cannot do that yet in a parallel mode, as required
for large scale 3D computations. This is the reason why the new
computation is started from the beginning for the same loading
conditions with the new crack configuration.

However, a preliminary simulation with transferred variables is
performed to evaluate the impact on crack growth direction. A
tension–compression load is applied to the pre-cracked single
transferred internal variables at t ¼ 1 s, (b) without transferred internal variables at
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crystal. After the first crack propagation event, the state variables
are transferred to the new mesh and treated as the initial state
of the second CPFE computation. Fig. 5(a) shows the result of the
second CPFE computation, i.e. initialised with the transferred
variables. Compared to the simulation without field transfer, in
Fig. 5(b), the interpolated value of D to the circles increases slightly
in the direction of h ¼ 320�. However, the direction of crack
propagation remains the same at this step. Ultimately, transferring
state variables will be done in the future calculations on
polycrystalline agregates, but this does not change the global
methodology nor the results presented in this paper. This is related
to the 2 lm propagation length, a distance where the accumulated
plastic activity is rather small.
Fig. 7. {111} pole figure showing the crystal orientation /1 ¼ 142:8�;
w ¼ 32:0�; /2 ¼ 214:4� from one grain of the polycrystalline sample, using the
Bunge convention, as measured by X-ray diffraction. The axes x and y correspond to
the coordinate axes of Fig. 9(a).
3.6. Crack propagation results

Fig. 6 shows an intermediate stage among the 32 crack propaga-
tion events of the crack propagation in the single slip single crystal
at t ¼ 1 s. One can see that a crack bifurcation occurs after 8 lm of
crack propagation, i.e. 4 crack propagation events. The location of
crack bifurcation is controlled by the parameter k in Eq. 5. Another
calculation with k set to zero showed that the crack bifurcation did
not take place. However, this kind of crack bifurcation along the
kink band direction exists also in fatigue experiments. Then the
crack continues upwards, in the same direction as the first steps,
Fig. 6. Crack propagation in a single crystal with single slip system. (a) The
displacement field in the tensile direction (in mm). The mesh deformation is
magnified by a factor 10 for better visualisation. (b) The damage indicator D (in
MPa). A detailed view of the step by step propagation is available in the
supplementary material of this article.

Fig. 8. The damage indicator D (in MPa) and slip plane traces at the crack tip at the
front surface (a) and the back surface (b) of the single crystal.
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until the crystal is completely broken. The direction of crack prop-
agation decreases progressively from 63� at the beginning to 56�
due to the equilibrium of structure and the free boundaries. It
can be observed that the crack growth direction is not exactly
along the slip plane, oriented at an angle of 54.7� with respect to
the horizontal direction, see Fig. 2(b). As a result, the crack surface
does not exactly coincide with a definite crystallographic plane.

A mesh sensitivity analysis is also carried out in order to find a
reasonable element size with respect to the distance of crack
growth R0. For the first crack propagation event in the single slip
crystal, the analysed element sizes near the crack front are
0.1 lm, 0.4 lm, 0.6 lm and 0.8 lm. The interpolated variables
along the circles and the crack growth direction are identical for
every simulation except for the element size of 0.8 lm. Thus, for
the single slip crystal, the element size is chosen as 0.6 lm at the
crack front. For the single crystal with 12 slip systems, presented
in the next section, the minimum element size is 0.1 lm at the
Fig. 9. A intermediate step of crack propagation in the 12 slip systems single
crystal. (a) The displacement field in the tensile direction (in mm). The mesh
deformation is magnified by a factor 10 for better visualisation. (b) A closer view of
the crack tip at the same instant.
crack front, which is required due to the complexity of slip system
activity.

4. Crack propagation results for 12 slip systems

In this section, a simulation of crack propagation in a single
crystal with 12 f110gh111i slip systems is considered. The crystal
orientation is a real grain orientation from one grain of the poly-
crystalline sample in which an initial crack is introduced, see
Fig. 7. The crack propagation distance is R0 ¼ 2 lm. The coordinate
system is shown in Fig. 9(a). The CPFE simulations are performed
on a computing node with 32 CPU cores and 256 Gb memory.
The initial single crystal mesh with 12 slip systems features
5� 106 degree of freedom (DOF). Using a multithreaded computa-
tion with 32 threads, the CPU time of the CPFE computation includ-
ing the damage indicator integration is approximately 40 h.

After the first CPFE computation with a pre-cracked FE mesh
similar to Fig. 2(a), the analysis of the damage indicator field and
the traces of slip planes at the crack front are shown in Fig. 8(a
and b) at the front and the back surfaces of the single crystal
respectively. It can be seen that the maximum values of the dam-
age indicator mainly located along the traces of the
ð101Þ; ð110Þ; ð101Þ and ð110Þ slip planes. Due to the crystal ori-
entation, it is not the same between the front and back surfaces.

The analysis of damage indicator shows that the maximum val-
ues of D at the front and the back surfaces are along the plane
(101) with an angle of 64� with respect to the horizontal direction.
At the second crack propagation event, the crack continues in the
same direction. However, at the third event, the influence of the
ð110Þ plane becomes important at the back surface. Therefore,
the crack changes growth direction there. It propagates on a com-
bination of (101) and ð110Þ planes. Fig. 9 shows a back view of the
displacement field of an intermediate crack propagation. Between
the front and the back surfaces, the crack growth direction changes
progressively.

5. Conclusions

In this work, a method of crack propagation simulation in single
crystals has been developed in this work. Two simulations with a
single slip crystal and a 12 slip systems crystal show that the
approach can simulate 3D crack propagation over distances com-
parable to the crystal size and variation of crack planes during
growth. This method presents several advantages: (i) It is a compu-
tationally efficient method. Compared to the CPFE computational
time, the time it takes to interpolate the damage indicator to the
circles, and to select a crack growth direction and remeshing is
only a few minutes. Thus, the computational time is essentially
determined by the CPFE time. (ii) Crack front fragmentation and
bifurcation can be simulated. (iii) The physically based damage
indicator can easily be modified by comparing with experimental
measurements. However, there remain several major limitations:
(i) the crack growth rate is not simulated in the present work.
Threshold values should be defined for the damage indicator D.
(ii) The CPFE computations are performed in the small deformation
framework. (iii) Regarding robustness of this method, the mini-
mum element size around the crack tip depends on the given crack
propagation distance.

For future work, the stress and strain field transfer during a
crack propagation event will be performed, so that the plastic his-
tory is preserved, and also to avoid the computationally expensive
restarts. By analysing the slip activity and damage indicator values
of the single crystal with 12 slip systems at different depths along
the crack front, the crack growth rate can be determined by choos-
ing a threshold of the damage indicator. Then, the whole procedure
will be applied to the simulation of polycrystalline materials under
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fatigue loading [17]. The crack growth direction and the rate of
crack propagation will be simulated and compared to the experi-
mental measurements.
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