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Abstract: The analytical solution of the elastic-plastic
response of a two-phase laminate microstructure sub-
jected to periodic simple shear loading conditions is
derived considering strain gradient and micromorphic
plasticity models successively. One phase remains purely
elastic, whereas the second one displays an isotropic
elastic-plastic behavior. Although no classic hardening is
introduced at the individual phase level, the laminate is
shown to exhibit an overall linear hardening scaling with
the inverse of the square of the cell size. The micromor-
phic model leads to a saturation of the hardening at small
length scales in contrast to Aifantis strain gradient plas-
ticity model displaying unlimited hardening. The models
deliver qualitatively relevant size effects from the physical
metallurgical point of view, but fundamental quantitative
discrepancy is pointed out and discussed, thus requiring
the development of more realistic nonlinear equations in
strain gradient plasticity.
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1 Introduction

Strain gradient plasticity still is a promising extension of
classic continuum mechanics to address size effects in
the materials behavior. Although much progress has been
gained in the continuum thermodynamics and mechan-
ics formulations and the computational analysis of such
models in the past 20 years, much remains to be done to
formulate reliable constitutive equations that are able to
account for the scaling laws observed in the mechani-
cal responses of materials [1]. Examples of such scaling
laws for metals and alloys are the Orowan 1/I relation-
ship, linking the overall yield stress to precipitate size or
spacing [, and the Hall-Petch 1/ \ﬁ scaling, where l is the
grain size.

Most implemented strain gradient plasticity models
have been shown to deliver a size-dependent hardening

response over a small range of grain sizes in the case of
polycrystals for instance. The hardening behavior of poly-
crystals according to now well-established generalized
crystal plasticity models has been shown in [2-5] to be
strongly grain size dependent, but the scaling laws are
either not provided or do not correspond to a Hall-Petch
behavior reference. In addition to that, the strain gradient
plasticity-induced extrahardening often displays a linear
character that is too simplistic compared with realistic
materials responses.

The objective of this work is to provide an analytical
solution of a simple strain gradient plasticity boundary
value problem that clearly shows the scaling between
yield stress, work-hardening modulus, and the micro-
structure’s characteristic length. The obtained scaling
law will be compared with existing rules coming from
the physical metallurgy. To make the example as simple
as possible, Aifantis isotropic strain gradient plasticity
model is used, instead of more elaborate single crystal
models more directly related to the physics of deforma-
tion and for which such analytical results have already
been derived in [6]. The presented solution will be shown
to share several common features with the single crystal
problem.

The considered physical situation is that of a two-
phase laminate microstructure made of alternating layers
of a purely elastic material and a plastically flowing
material. Two generalized continuum approaches are
compared: Aifantis original model incorporating the
effect of the gradient of the cumulative plastic strain and
a more recent micromorphic model including an addi-
tional plastic microdeformation variable. The theoretical
relationships between both classes of models have been
examined in [7, 8].

A discussion follows the presentation of the ana-
Iytical results to question the relevance of the obtained
scaling laws and to trigger incentives for the improvement
of the constitutive equations of strain gradient plasticity
models.

The following notations are used: a,a,a, a denote
tensors of rank 0, 1, 2, and 4, respectively. TheNgradient
operator is denoted by V.
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2 Thermomechanical formulation
of strain gradient plasticity

The thermodynamics of local action is applicable to gradi-
ent models meaning that the constitutive behavior can be
formulated by means of two potential functions of a set
of independent state variables, namely, the free energy
density function and a dissipation potential. This method
is illustrated first for a simple isotropic micromorphic
model and then specialized to Aifantis strain gradient
plasticity, following [8].

The micromorphic theory has been proposed simul-
taneously by Eringen and Mindlin [9, 10]. It consists of
introducing a general noncompatible field of micro-
deformation, in addition to the usual material deforma-
tion gradient, accounting for the deformation of a triad of
microstructural directions. The micromorphic approach
can, in fact, be applied to any macroscopic quantity to
introduce an intrinsic length scale in the original stand-
ard continuum model in a systematic way, as done in [7].

As usual, the total strain is split into its elastic and
plastic parts:

e=¢"+¢" oy
According to the micromorphic approach, a micro-
strain variable p, is associated to p and regarded as an
additional degree of freedom. The material behavior
is then assumed to depend on the micromorphic vari-
able and its gradient. Accordingly, the sets of degrees of
freedom and the state space are enhanced as follows:

DOF={u,p }, STATE={¢°, p,a,p,,V p,} @

The principle of virtual power is generalized to incor-
porate the microstructural effects. This represents a sys-
tematic use of the method of virtual power that Germain
applied to Eringen’s micromorphic medium [11]. The
classic power densities of internal and contact forces are
extended in the following way:

(i)

p=g:é+ap +b-Vp ,p'=t-u+a‘p, 3)

in which generalized stresses a and b have been intro-
duced. The application of the method of virtual power
leads to the following additional local balance equation
and boundary conditions, in addition to the classic local
balance of momentum and traction conditions at the
outer boundary:

divh-a=0, VxeQ, a“=bn, VxedQ (4)
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The microstructural effects therefore arise in the balance
of energy in the form:

pé=p'"-div g+pr 5)

where € is the specific internal energy, g is the heat flux
vector, and r is the external heat sources. The free energy
density function y is assumed to be a function of the pre-
vious set STATE. The entropy principle is formulated in
the form of the Clausius-Duhem inequality

-pp+p >0 (6)

in the isothermal case for simplicity. In this work, the
following state laws are postulated:

gwe, a=pa—w, l_’=pa—w
3

s Y
, X=
sz oV p, P

R=-pZX, x=p¥
Pop o D)

a=p

State equations relate the generalized stresses to the
microstrain variable and its gradient, assuming, for sim-
plicity, that no dissipation is associated with them. This
restriction will be sufficient to recover the targeted class of
models. The thermodynamic forces associated with inter-
nal variables are R and X. The residual dissipation there-
fore is

D'*=g:¢P-Rp-Xi20 8)

as in the classic case. The plastic behavior is character-
ized by the yield function f(g,R,X). In the micromorphic
model, the yield function can still be treated as the dis-
sipation potential providing the flow and evolution rules
for internal variables. This corresponds to the hypothesis
of maximal dissipation:

ST By AL ©)
- do oR oX

where 1 is the plastic multiplier. At this stage, a coupling
between the macroscopic and microscopic variables must
be introduced, for instance, via the relative cumulative
plastic strain pp,

A quadratic form is now proposed for the free energy
density function, with respect to elastic strain, cumulative
plastic strain, relative plastic strain, and micromorphic
plastic strain gradient:

e _1 e.rr. e 1 2 1 2
pYLe"p.p,,Vp, )= € :Cee®+— Hp'+—H (pp))

1
+EAV p,Vp, (10)
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The corresponding classic model describes an elas-
toplastic material behavior with linear elasticity charac-
terized by the tensor of elastic moduli C and the linear
hardening modulus H. Isotropy has been assumed for the
last term for the sake of brevity. Two additional material
parameters are introduced in the micromorphic extension
of this classic model, namely, the coupling modulus HZ
(MPa) and the micromorphic stiffness A (MPa mm?). The
thermodynamic forces associated with the state variables
are given by the relations (7):

1)

Note that when the relative plastic strain e=p-p, is close to
zero, the linear hardening rule retrieves its classic form and
the generalized stress a vanishes. Only the strain gradient
effect Vp remains in the enriched work of internal forces
(3). This is the situation encountered in the strain gradient
plasticity models developed in [12]. When inserted in the
additional balance equation (4), the previous state laws
lead to the following partial differential equation:

A
pX-H—Ap;p

x

(12)

which is identical to the additional partial differential
equation used in the so-called implicit gradient-enhanced
elastoplasticity in [13]. The microstrain p,is called there
the “nonlocal strain measure” p. Note, however, that the
latter model involves only one additional material param-
eter, namely, lf:A/ Hy, instead of two in the micromor-
phic approach.

In the micromorphic approach, the coupling modulus
H plays a central role and makes it possible to have a fully
consistent thermomechanical basis for the model. When
its value is high enough, it acts as a penalty term forcing
the micromorphic plastic strain to follow the macroscopic
one as close as possible.

The necessity of an additional boundary condition
associated with the nonlocal strain measure has already
been recognized in [13]. The associated Neumann condi-
tion is used in the form:

Vpx.g=0 on 0Q (13)

It coincides with the more general boundary condition
derived from the micromorphic approach:

bn=a‘° on 0RQ (14)
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when a‘=0 and when b depends linearly on Vp,, as it is
the case for the quadratic potential (10).
The yield function is now chosen as

f(o, R)=aeq-ay-R (15)

where 6, is an equivalent stress measure and o, is the
initial yield stress. The hardening rule then takes the fol-
lowing form:

el
Rngz(H+HX)p-prZ (16)

After substituting the balance equation (12) into the hard-
ening law, yielding takes place when

o,,=0,+Hp, -A[1+Hi]ApX 17)
X

This expression coincides with the enhanced yield
criterion originally proposed for gradient plasticity in [14—
16] and used for strain localization simulations in [17-19]
when the micromorphic variable remains as close as pos-
sible to the plastic strain: p,=p. In the original work, the
Laplace operator is directly introduced in the yield func-
tion either as a postulate or as a consequence of disloca-
tion flux in the elementary volume, whereas its presence
is derived here from the combination of the additional
balance equation and the linear generalized constitutive
equations.

As a result, Aifantis’ model has been retrieved from
the micromorphic approach by choosing simple linear
constitutive equations and introducing the internal con-
straint P=D, stating that the micromorphic variable coin-
cides with the plastic strain itself. The original Aifantis
model can also be directly constructed through a gradient
type of internal variable model, as already done by several
authors [16, 20, 21]. In particular, a recent contribution [22]
rests upon the energy storage due to gradient of plastic
strain to derive this class of models in the same way as
in [16]. More general dissipative mechanisms can also be
added.

3 Size effect in a laminate
according to isotropic strain
gradient plasticity

Laminate microstructures are prone to size effects, espe-
cially in the case of metals for which the interfaces act
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as barriers for the dislocations. The material response
then strongly depends on the layer thickness. This situa-
tion has been considered for Cosserat and micromorphic
single crystals under single and double slip in [6, 23, 24].
The laminate microstructure is considered here in the case
of Aifantis isotropic model. It is a periodic arrangement
of two phases including a purely elastic material and a
plastic strain gradient layer. The unit cell corresponding
to this arrangement is shown in Figure 1. It is periodic
along all three directions of the space. It must be repli-
cated in the three directions to obtain the complete mul-
tilayer material. The thickness of the hard elastic layer is
h, whereas the thickness of the soft plastic strain gradient
layer is s.

The unit cell size is I=s+h and the soft phase volume
fraction is f=s/l.

Both phases are assumed to share the same elastic
properties for simplicity. More general results, but without
fundamental difference, may be derived from [6].

3.1 Position of the problem

The unit cell of Figure 1 is subjected to a mean simple
shear y in direction 1. The origin O of the coordinate
system is the center of the soft phase. The displacement
field is of the form

U=y x,, u,(x,)=u(x,), u,=0 (18)
where u(x)) is a periodic function that describes the fluc-
tuation from the homogeneous shear. This fluctuation is
the main unknown of the boundary value problem. The
gradient of the displacement field and strain tensors are
computed as follows:

0 %(7+u’1) 0

070 .
[Vulu, 0 0| [elg(7+u) 0 0| (19)
000 0 o o

where u, denotes the derivative of the displacement u with
respect to x,. After Hooke’s law, the only activated simple

2]
ol—+| |

S h

Figure1 Unit cell of a periodic two-phase laminate.
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stress component is ¢,,. Due to the balance of momen-
tum equation and the continuity of the traction vector,
this stress component is homogeneous throughout the
laminate.

The plastic flow rule takes the usual form for a von
Mises material:

gl’zip s
27 ],(0)

, é”=§p(gl®gz+gz ®e,) (20)

where s is the deviatoric part of the stress tensor and
J,(@) is the von Mises equivalent stress, equal to \/E lo,|
in the present case. The cumulative plastic strain variable
is p, with p being the plastic multiplier.

The elastic law in the elastic phase and the elastic-
plastic response of the soft phase are then exploited in
the next section to derive the partial differential equa-
tions for plastic strain and, finally, for the displacement
fluctuation. The explicit solution is found after consider-
ing precise interface conditions regarding continuity of
various variables.

Note that the solution is known for conventional
plasticity, that is, in the absence of strain gradient effect.
The plastic strain is expected to be homogeneous in the
soft phase for any loading 7y. Plastic strain therefore
exhibits the usual jump at the interface. The introduc-
tion of higher-order interface conditions, associated with
strain gradient plasticity, will induce a nonhomogeneous
plasticity field.

The solution was given in [25] in the case of a linear
hardening soft phase. The size-dependent response of
the laminate is analyzed below in the absence of classic
hardening.

3.2 Detailed solution

Stress equilibrium requires ¢, to be uniform throughout
the laminate at each loading step. In the elastic zone, the
stress is given by

o,=u(7+u}) = u'=C, u"=Cx,+D (1)

where the integration constants are in red color.
In the soft phase, the von Mises yield condition is
assumed to be fulfilled:

\/50 »=R,-cp (22)

where c[=A from (17)] is a material parameter. Note that
linear hardening is excluded in the soft phase to more



DE GRUYTER

clearly exhibit the strain gradient effect, meaning that
H=0 in (10). Space differentiation of the previous equation
implies that the plastic strain profile is parabolic:

p=a(xz-i]
1

where the parity of the function was taken into account.
Also, the condition that p be continuous at the interface
x,=+s/2, meaning that p(+s/2)=0 has been enforced.

The displacement in the soft phase is derived from the
elasticity law in the form:

(23)

012=/A(7+uj-\/§p) = uj=C+\/§p,

2
us=[C-a\/§%]xl+a§xf

(24)

The rigid body translation has been chosen such that
uw¥(0)=0. The three integration constants arising in the
previous equations are identified by means of the three
following interface conditions:

- Displacement continuity at x,=+s/2

Js) s s?
Wz |Fu'|=| = V3a—=D 25
[suls) = e, @)
~ Displacement periodicity at x,=-s/2 and x =s/2+h
s) s s’
S| -= |=u"| =+h| = +3a—=CIl+D 26
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—  Continuity of the stress vector at x,=+s/2

R -2ca=u3(7+C) @7

The wanted constants are deduced from the previous
equations:

_ RO-\EW

l
\/§M+ 12cl 2 3s

J3s?

(28)

The obtained profiles of plastic strain and displacement
are illustrated in Figure 2 for the material parameters listed
in Table 1. These parameters correspond typically to a
bimetal laminate with a yield stress R =20 MPa in the soft

phase and an intrinsic length 1 =y/c/u=0.4 um, leading
to strong size effects in the micron range and below.

The macroscopic stress is equal to the uniform value
o,,. It can be related to the macroscopic applied shear as

R, A4 1
2a
+7

3s’

(V3 o a5
= Y2 PR +4
us’+4cl yfsz+4ck 3 IR, +4cy

Tn_
* B
(29)

Two limit cases arise naturally. For a constant volume frac-
tion f, an increasing size s—oo leads to the classic size-
independent yield stress o =R /\/5. When s becomes
vanishingly small, a purely elastic law is retrieved: o ,=uy.

X/l

Figure 2 Normalized profiles of plastic strain, vertical displacement, and horizontal double traction component in a shear unit cell of size [

according to strain gradient plasticity.
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Table1 Material and geometric parameters of a laminate micro-
structure made of strain gradient plasticity material.

u (MPa) R, (MPa) ¢ (MPa mm?) f [ (um) y

30,000 20 0.005 0.7 10 0.01

It should be noted that the previous solution implies
a jump of the higher-order stress b =2ca at the interface
s=*s/2:

b, [s?j-bl [%]=0-cas, [[blﬂ(g}-cas (30)
3.3 Scaling law
The plastic strain is
e - s o
e, =€, = ﬁp:y"’“)ff (31

The averaged plastic strain over the unit cell is
— s/2 _ 1 (s (s o,

P—Yf_slzp( x)dx, = \/Ep—f?+7[u (E]-u (E]jf7

(32)

The relative displacement appearing in the last equation
is found to be

S

us(_j-us[ﬁ}:.c:h = Sp-frcansle @)
2 2 M

The combination of this expression of the plastic strain as
a function of 7 with (29) relating the stress to the applied
shear provides the relation linking the current yield stress
to overall plastic strain:

R, 4/3c_ R 43c_
o, = :

2 \/5 $? p:\/§|f3lzp

(34)

This homogenized hardening law clearly shows
the additional linear isotropic hardening induced by
the intrinsic length associated with parameter c. For a
vanishing c, the usual size-independent constant yield
strength is retrieved. The relation (34) also reveals the
scaling law between the size-dependent extrastress
o,R, /\/E and the unit cell size [ for a given volume
fraction f.
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4 Size effectin a laminate according
to isotropic microplasticity

The previous boundary value problem is now reconsid-
ered when the material is treated as a two-phase micro-
plastic continuum with the following simple free energy
density function:

e 1 e e 1 1
py(e ,p,p%,Vpx)=E§ :C:¢ +§H%(p_p%)2+EAVpx'Vpx

(35)

In the elastic phase h, the variable p=0 and the mate-
rial parameter A is called A" For the sake of brevity, the
same value of H;C is used for both phases.

The generalized stresses associated with the state
variables are derived from partial derivation of the free
energy potential:

0 . 0
aTw“ : R=p%=HX(p-px),
dy dy

=AVp , a=p——=-H (p-
Vp, p, apapl (pp,)

a=p
(36)

b=p

The additional balance equation for a and b is

A
a=divb = p-—p ,=p

CH, 37)

4.1 Resolution for the laminate
microstructure

The shear stress is uniform throughout the laminate and
takes the value

\/50‘12 =R0 +R=R0 +Hx(p-px)=R0-Ap (38)

2.1

Derivation of the previous equations with respect to x,
shows that P,u=0 which leads to the following profile of
the microplastic deformation in the soft phase:

S
p,(X)=ax’+p, Vixlss (39)

where ¢ and [ are integration constants to be determined.
It follows that

V30,=R -24a (40)

The plastic strain distribution follows:
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2A S
p=ax2+ﬁ-F(x, VIXISE (41)

In the hard elastic phase, the solution of (38) with p=0 yields

s___s . , H
—<x<>+h, with w,=—*
2 A

. L)

l
p;=ah coshwh(x—zj,

Two relations between the integration constants are
first derived from two interface conditions:
- Continuity of microplastic deformation at x=s/2:

2

a%+ﬂ=ah coshwhg (43)

- Continuity of the generalized stress component b,:

. h
Aas=-A,a,0, sinhw, 5 (44)

It is recalled that &7 =\/§ p/2, sothat the displacement in
the plastic phase can be expressed as:

uj=&-?+ﬁp
(R,-2Aa) y+\/7 ax +[3’
f [

u

( {\/_ﬂy ff’ ZAM[[MT\/f]]X 45)

where the integration constant has been chosen by setting
u(0)=0.
The displacement in the elastic phase is obtained as

(R,-2Ax)- )/]X+C (46)

&

where a new integration constant C arises.

Two additional relations between the integration con-

stants are derived from requirements for the displacement
field:

- Continuity of the displacement at x=s/2: u*(s/2)=u"(s/2)

N \/’ 2Aa S_

S\fﬂ x 2

(47)

—  Periodicity of the displacement component u*(-s/2)=
u(s/2+h)

1% 5 2‘4&§~S3=C
(ﬂy]h/T[ﬂ 0|2 53

(48)
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The combination of (47) and (48) leads to the following
equation:

(i)t d) @

The combination of (43) and (44) leads to the following
equation:

a i+i—cotanhw +ﬁ 0 (50)
4 A" o,

The previous equations are necessary and sufficient for
the determination of the constants «, 3, ", and C. The
fields of plastic strain, plastic microdeformation, and
displacement follow. They are illustrated in Figure 3 for
which the material and geometrical parameters of Table
1 are used. The parameter ¢ of Table 1 is replaced by
A=A,=0.005 MPa mm’and Hx=50,000 MPa. Figure 3 shows
that, for this high value of H, the microplastic strain p,is
very close to p. It is worth noting that, in contrast to p, p,
does not vanish in phase h. In contrast to strain gradient
plasticity, the double traction component does not vanish
in phase h either. The double traction is continuous at the
interface. However, the decrease of b, is very steep for x
larger but close to s/2.

4.2 Scaling law

The scaling law results from the expression of the overall
stress ¢, as a function of the mean plastic strain over the
unit cell:

ﬁ=%_[§[ax2+,8-%]dx
s 24 1[5’ 2A
st

A s h

——cotanhwh—=-ﬁ.
W @O 2 «
component can now be expressed as a function of the

volume fraction f of the soft phase and of the unit cell size I:

2A P
\/5012:R0+ 272

fr %+A£cotanhw h
6 H Ao

(51)

with =+ The uniform stress

(52)

This homogenized relation reveals the macroscopic
linear hardening that results from the micromorphic
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X/l

Figure 3 Normalized profiles of plastic strain, vertical displacement, and horizontal double traction component in a sheared unit cell of

size [ according to micromorphic plasticity.

effects taking place inside the microstructure. The found
scaling of the effective hardening modulus is the same as
for strain gradient plasticity, namely, I2

A first limit case of interest is obtained for H —co for
which the strain gradient plasticity model is retrieved in
the form of (34) as the limit of (52).

A second important limit case is found for the unit cell
size | tending to zero:

S0,k -H L5

< (53)
This proves that the microplastic deformation model leads
to a saturation of the size-dependent hardening effect,
which is in contrast to the asymptotic behavior of Aifantis
model, see (34). This saturation is visible on the log-log
diagram of Figure 4.

For a fixed offset macroscopic plastic strain p, the
overall yield stress given by (53) tends to infinity when
the parameter H —oo, thus retrieving the unbounded
response of Alfantls strain gradient model.

5 Discussion

It is noteworthy that the previous simple strain gradient
plasticity models that involve only one or two additional
material parameters compared with the original classic
J, plasticity model give rise to clear size effects regarding
the plasticity distribution in the soft phase, on the one

hand, and the overall hardening behavior, on the other
hand.

The parabolic distribution of plastic strain inside the
channel of soft phase is reminiscent of the dislocation
gliding mechanism through the channel and the piling up
of dislocations along the channel walls. It corresponds to
the exact solution of the line tension dislocation model,
as shown in [26]. Such nonhomogeneous distributions of
plastic slip were also observed in a sheared layer in dis-
location dynamics simulations as well as strain gradient
plasticity simulations [27, 28]. More general cosh profiles
are obtained in the presence of classic isotropic harden-
ing in the plastic phase [24]. These profiles were also dis-
cussed in [25, 29], but corresponding scaling laws were
note explicitly provided.

The Aifantis and micromorphic models give rise to
an overall linear hardening directly related to the plastic
layer thickness and the additional material parameters.
Let us recall the obtained effective hardening modulus,
called H for Aifantis model and }_IX for the micromor-
phic model:

_af3e - 1 24
H=sp H,= “BFFE 24 AU n
312 24 cotanhw
6 H 4o h

(54)

They respectively come from (34) and (52) of the previ-
ous sections. They involve one (two) constitutive param-
eter for the strain gradient (micromorphic) model and the
unit cell thickness | and volume fraction f of the plastic
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Figure 4 Overallyield stress at 0.2% average plastic strain for a laminate microstructure as a function of the unit cell size [ according to the

micromorphic and the strain gradient plasticity models.

phase. Within the isotropic Aifantis model, this linear
hardening is of isotropic nature. Such a linear or quasi-
linear hardening also exists for single crystals undergoing
single or multiple slip [30, 31], but it is of intrinsic kine-
matic nature, thus representing a back-stress [23]. This is
due to the fact that the state variable of gradient crystal
plasticity is not the gradient of the cumulative plastic
strain but rather the dislocation density tensor, defined as
the curl of the plastic deformation.

A remarkable feature of (54) is the inverse quadratic
dependence of the effective modulus on I. The same
I? scaling of the effective hardening modulus with the
microstructure size has been found for a single crystal
model involving single or double slip, based on the
same micromorphic formulation [6, 24]. Aifantis model
exhibits this scaling over the entire range of lengths I,
whereas the micromorphic displays a saturation at tiny
length scales with a transition from the I? regime to the
saturation domain. The transition regime corresponds
to a varying size dependence that can be adjusted from
experimental data by identifying the suited parameter A
and H, see [6, 32].

Based on the overall behavior of the laminate, an
overall yield stress at 0.2% can be defined that follows the
same [? scaling as the effective hardening modulus. Nev-
ertheless, it is apparent that the initial yield stress of the
composite is the same as the one of the bulk soft phase.
This is sometimes seen as a failure of the strain gradient
plasticity model to address the initial Hall-Petch effect.
However, in polycrystals, the microplasticity threshold

for a given grain size may well be the same as that of the
bulk single crystal. Due to the presence of grain bounda-
ries, pileups may form very early and induce a strong
back-stress inhibiting the initial sources and leading to a
strong initial hardening hardly distinguishable from the
linear regime at the macroscale and leading to a higher
apparent yield stress. This effect has been analyzed for
polycrystals in [32]. However, the strain gradient harden-
ing effect appears to be too low under multislip conditions
in comparison with experimental results, at least in the
simulation conditions of [2, 32, 33]. This shortcoming may
(partly) be attributed to the simplistic strain gradient con-
stitutive equations like the linear higher-order constitu-
tive relations (11).

The saturation behavior of the micromorphic model is
reminiscent of the response of nanocrystalline metals that
exhibit a saturation of the Hall-Petch effect at grain sizes of
the order of 20-50 nm possibly followed by inverse grain
size effect due to the activation of grain boundary sliding
and rearrangement [34]. The material parameters of the
micromorphic model can be identified so as to mimic this
nanocrystalline behavior.

What is the relevance of a I? scaling of the yield stress
or hardening modulus for a laminate from the point of
view of physical metallurgy? The analysis of periodic
pileups in a narrow channel in [35] rather leads to a I
scaling that seems to be consistent with experimental evi-
dence of thin film or layer behavior. This analytical result
therefore questions again the relevance of the constitu-
tive equations and expresses a need for more elaborate



110 — S. Forest: Questioning size effects as predicted by strain gradient plasticity

strain gradient behavior laws. The quadratic potential
with respect to the plastic strain gradient that is necessary
to obtain a Helmholtz type of balance equation (12) has
been reconsidered in [36, 37]. These authors introduce the
Euclidean norm of the dislocation density tensor instead
of its square. This choice leads to strongly nonlinear
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