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1 Motivations

1.1 Homogenizationand secondgrade media

Theaim of homaenizatiormethalsis to repla® a hetergenows materialby ahomaenos
equialent one endaved with effective properties. The now well-establishedresults of
classicahomayenizatiortheoy [1] aregeneally basedn theassumptiorof slowly varying
meanfields [2]. It mears that the typical size of the heterogneitiesis muchsmallerthan
the wave-lergth Ly of the appliedloading condtions. If this hypothesisis dropped or,
equialently, when the heterognols materialis subjectedto strongoverall defamation
gradents, homaeneos substitutionmedia can also be corstructedbut they usually are
genealizedcontinwa [3,4,5]. In particdar, it canbe adeqgately describedy a secondyrade
mediun as proposedin [6,7], which requiresthe useof the first and secondgradents of
thedisplacerentfield u [8,9]. Strorg overall defamationgradients canalsobeinducedby
strondy nonhonmogeneas tempeaturefields. Let us considerfor instancea periodcally
perforatedthernoelasticplateunderplanestraincondtions subjectedo aprescribedilinear
tempeaturefield (figure 1) andto stringentboundarycondtions at the bottam.

The rapid variation of the meandefamationfrom cell to cell canbe seenon figure 1.
However figure 3ashaws thatthe perfaatedplateunder suchcondtions canbe successfully
replacel by ahonogeneasthermalasticmediumendwedwith the effective thermalastic
properties accordiny to classical periadic homogenization If the wave length of the
tempeaturevariation is notmuchbiggerthanthecell size(lik e for thesinusoidatemperatte
field of figure 2), the solution predictel by the classicalhomogeneas mediumis seento
depat from theactualresponséfigure 3b).



Figurel: Bilineartemperatee field T(x) = |x/L|.200°C
whete thesizeof onecellis L = 200 .
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Figure2: Sinusoidl temperatee field T(x) = 600+ [sinZ + cosz—Ly].200°C
spatialperiad of T = 3L with L thecell size.

If thewave lengthof thetemperatte loading is not muchbiggerthanthe characteistic
size of the material structure,i.e. here the cell size, then the tempeature within a
representatie elementcanno more be taken as constan in prindple. But this mears that
strain-emrgy is storedwithin thehomaeneos substitutiorcontinumdueto thetemperatte
gradent. This plead for the useof a thermalastichomayeneos substitutionmedium of
grack two.

1.2 Tentative form of the constitutive equations

Let us considera rectanglar homayeneais Cauchymaterialelementsubjectedo a linear
tempeaturegradien g = a%x; = a6xl. If the elemen candefam without hindrance

(bounday freeof forces),no stressarisessincegth is acompdible field (figure4a).



Thedisplacenentfield associatedavith this lineartempeaturegradentis (in the 3D case).
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Figure 3: Comparisorbetweerthedeformation
of thehetergenausandthehomaenais materialunder
abilineartempeaturefield (a) anda sinusoicl temperatte field (b)

For an appopriate choice of the refererme state, the following averagequariities are
computed:
<g>=0,<0>=0,<e@ld>=006,<0o®x>=0 2
usingthe samenotatian asin [4]. If no displacerentis possibleat the upperand lower
boundariesin direction2, internal stresseslevelop in the element. For anisotrofc elastic
elementthey aresuchthat:

_ 3+2u 5 . A _
u1_2(7\+2p)aexl i Ub=0; uz3=0 3)
and
<eg>=0,<0>=0,<e00>=0, <olelx>#0 (4)

except €111 if theelements freein directionl (figure4(b)). More precisely

1 3Ap+ 242
<022X1 >=<033X1 >=—5 —(/—F—"—

2
6 A+2u adL

The previous materialelemen may be regadedasthe homaeneos elementrepladng the
(hetengeneas)representate volume elementof thehomayenizatia theoy. As aresultof
(2) and(4) it appearshatthe situationsl and2 cannot bedistinguishedrom the solepoint



of view of classicalhomogenizatio theoy. Thereasoris thatthe classicahomogenizion
theol exclusively accounts for the first moment of stressand strain. In contrast,if the
honogeneas substitutionmediun is taken asa secondgrademedium,the secondnoment
(or derived quantities)areaccountedfor asshovnin [4]. Accordingto theschemepresented
in [4], thesituationsl and2 would berespectiely represetedat the macroscpic level by :

E=0,5=0,K=a®0T,$=0 5)

and
E=0,3=0,K=0,S#0 (6)

whereE, Z, K and S respectiely arethe strain, stress,secondgradient (K = £ ® 00) and
hyperstressensos. B

Figure4: Boundary condtions.

The previoussituationsarecompatible with overall constitutve equdions of theform :

g=C: (g - ") with €"=ATg (7)

and

S=A:(K - K" with K" =a®(TD) ®)

20>

whereC andA aretheclassicabndgenealizedelasticmoduli for amaterialof grace 2. The

thermal strainz;:th andthe gradent of the thermal strainK " respectiely representhe parts
of the total strainand straingradent that develop without associatedtressnor hyperstress
asaresultof honbgen®usor inhomogereoustemperatte changesThey canbe seenasan
eigenstran andaneigerstraingradent.

Sincethe formulation of suchconstitutve equatios doesnot seemto have beenpresented
hithetto, the sequelof this work dealswith the derivation of thernpelastic constitutive
equaion for secondyrace mediafrom theusualprindplesof mechaits andthermognamics.



2 Mechanicsand thermodynamics of thermoelastic second
grade media

We successiely apply the methal of virtual power, the enegy andentrogy principles of
contiruumthermognamicsto thernoelasticsolidsin thefully nonisothernal case.For the
sale of brievety, we stick to the smalldefomationframework.

2.1 Principle of virtual power

The methodof virtud power hasprovedto be a powerful tool to derive the fields equatiors
andtheassociatettoundarycondtions thattheunkrown fieldsmustfulfill onabodyQ [10].

Q dendesthe openbody and0Q its closure For the sale of simplicity, the surfacedQ is
consideedtwice contiruouslydifferentiable,sothatit possesseat eachpointanormd nand
ameancunaureR. Thepresencef edgesandverticesmustbetreatedasshavnin [9]. The
degreesof freecbm of a thermelasticbody of grade 2 arethe displacemenu(x,t) andthe
tempeatureT (x,t), from whichwe dedce the setof genealizedvirtual motiors

vV ={u, T} 9)

The rate of temperatee T hasbeenaddedto the usualvelocity varizble for the sale of
geneality andbecauseve wantto grantthe transientvariabde T its full statusof a degree
of freecbm [11]. Then,accodingto [11], theenepy flux hasto be modfied. Theenlaged
setof relevant variallesfor the order of the consideedtheorythenis

v={u,ue0,uwede0, T, TO} (10)

where the virtual velocity is supmsedto be at least contiruous and twice continaisly
differentiable andthetemperatte rate T is continiousandcontinwously differentiable. The
setof virtual motiors in [9] hastherebre beencomgementedy thepair { T, TO}.

Virtual powerof generlizedinternal forces
Thedersity of virtual power of internalforcesis takenasalinearformin all thearguments
ino:
o) =0:¢ 1+ SK + al T + b0).(TD) (11)

The expressionof thevirtual power of interna forcesin thedomain® C Q reads

pl) — / 00 dv (12)
D

€ thesymmetricpartof thevelocity gradiert and

1
K=¢exd (K= E(Ui,jk + Ujik)) (13)

Theaxiomof thevirtual power of internd forcesstateshat? () vanishedor ary isothermal
rigid-body motion. It hasalreagy beenappliedto expression(11) in which only objedive



quartities internvene. The quantitiesdual to the strainrate and strainrate gradien arethe
symmetic stresstensorg andthe hyperstresgensorS (Sjk = Sjik). Two addtional dual

quartities a) andb™ have beenintroduced. The purely mectanicalpartof the densityof
virtud power of internalforceshastherebre beencomplenentedby thermal contritutions
that representthe thermalpart of the power of work, which is the corvectively performed
power (in oppasite to the caloric power). The useof Gauss'theoremin (11) leadsto the
alternatve expression

200 1) = [ (-(-s0.0)u+ @ -b".0T) av
+ /a (((Q §Q)_) Q+(§n):(g®g)+k_)(i).nT)dS (14)

The application of the divergencetheoem for surfacesto the last term gives the final
expression9] :

@1 = [ (-(e-s00)a+ @ -p2.0).7) av
D
+ | ((o-sDn+2Rs: (0o - i (Sn) &
D ~ = ~
+ (§: (n®n)) .Dnt + b.n T) ds (15)
whereD,, andD; respectiely dende the normal andtanget gradent opeator
u®O = Dpu + Dy with  Dpu = (u®D).n (16)

Virtual powerof externalforces
The usualdistinctionis madebetweendistanceand contactappliedforces. In its most
geneal form, thevirtual power of extemalforcesis alinearformon$d :

gp<e>=/ (f.g Y Ci+ FiE+PK+a®T + Q(e).TQ) v (17)
A P

where® is skew-symmetric partof the velocity gradient. Theintroduceddud quariities are
the volume forcesf, the volumecouges C andthe volumedoule forcesF, thatcanexist
within the classicafframevork. Volumetriple forcesP canbe addedfor a medium of grade

2. For competenessthe quariities a® andb(® mustbeintroduced. The expressionof 2 (¢)
canthenbetransfomedinto volumeandsurfacepartsasin (15).
Virtual powerof contactforces

Theappopriateform of thevirtual power of contac forces is dictatedby the obsenretion
of thesurfacetermin (15) :

29— [ (Ta+ MO +a9T) v (18)
0D

whereT is thetractionvecta, M anormalsurfacedoulde forceanda(© the dualquantityof
T.



Apdication of the principle of virtual power
According to theprinciple of virtual power, in the staticcasgfGermain9]

VD V{i, T} € 9° 20) = ¢ 4 p(© (19)

from whichthefollowing balancesqiationsaredediced:

td+f=0 wth 1=0-F-C-SO+PO (20)
bO-—a=0 with a=a"—-a® andb= bl - p® (21)
Theassociatethoundarycondtions arealsoobtained
T = 1n+2RS (n®n) — Dy (Sn)
M = & (ﬂ@D; N
a® = bn (22)

Notethatin theclassicataseSandb() arenotintroducedin (11). Theterma() T canstill be

introducedin principle but, sincetheexterral forcesa‘® andb(® areusuallynotintroducedn

theclassicalcasea!), asit turns out, remainswithout countepart. The classicafframework

therebre is retrieved This adwcatesfor the plausibleintroduction of T asa genealized
virtud motionevenin theclassicakase atleastfor the sale of geneality andfor thegeneral
fully anisotherral expressionof the principle of virtual power.

2.2 Energy principle

Theadgtedglobalform of theenepgy balanceon systemQ reads.
E+K=2® 420 4Q (23)

whereE is the internal enegy of the system,K = [, %pg.g dV its kinetic enegy and Q
thetotal heatsupply The applicatio of the kinetic enegy theoem easilyderived from the
principle of virtual poweryields: .

E=204+0Q (24)

Introducing the specificinternal enegy e and the heatflux vector g, and an inner heat
productionrater,

E:/pédv;Q:—/ q.gds+/rdv (25)
Q 0Q~— Q
alocal form of theenepgy balances obtained
pe=pY —qO+r (26)
and,taking(11) into account,
pe=g:¢+SK+a"T +pT0-qO+r (27)



2.3 Entropy principle

Thesecondorinciple is formulatedasfollows : S >N,
wheres is theglobal entrqoy of thesystemandN is thetotal flux of entrqy. Introducingthe
local specificentrofy n (g, KT, T0O), we will assumehat:

S = /pr]dV andN = —/ Q.QdSJr/LdV 28)
Q aQ T

—a

Theentrqy flux vector® istakenas: @ = =.
Thelocal form of theentropy inequality follows:

: q r
P+ ($)0-320 (29)
Combiring (27) and(29), we getthe Clausius-Dubeminegality

p(TA-8+g:t+SK+a0T+b0.(0) - (D.(TD) >0 (30)
TheHelmhdtz freeenegy Y = e— Tn is now introdwedandis afondion of (¢, K, T, TO).
The Clausius-Dubminequalitycanthenbewritten: a

_ o _ oM M _on — 0 %1
(@-pg)ie + Bpmulk+@T—pn—pa)T
i oy |- a
M _ 2

Thevarialles g, K, T and T beingindependem andassumingsufiicient regulaity of the
introducedquantities, Colemans argumentappliesandwe getthe laws of state:

LU aw.b<i):p0w . oy

_ 0w _ oM 0
g 2 Poak P ooy PN = PHr t @ (32)

g=p
This endsthe constrution of the proposedthermodyramicalframework thatis required for
the developmert of constitutive equatiors for a thermeelastic mediumof grace 2. It can
be compaed to the classicalformulation of the theory of secondgradce mediaby Mindlin
[8] andGermain[9] : thevariade TO hasbeenaddedto develop a generalframewnork for
anisothemal constitutve modelling Theclassicalexpressiorof theentropy (32)is modified
by theterma(® which, accordng to the balanceequaion (21), is nothirg but the divergence
of the genealizedthermognamica force b associateavith the tempeaturegradent. As a
resultdissipationis rediwcedto its thermal part:

D=-

—|la

(TD) (33)



2.4 Heatequation

The purpose of this sectionis to shav that the type and orde of the partial differential
equdion in T, so-calledheatequation is not alteredby the previous results. Taking the
laws of state(32)into accoum, theenepgy balancg27) canbewritten:

—-q0+r =pTn (34)
in whichwe cansubstitutetherelation

W 1 g

Theexpandedexpressionof the heatequatio thenreads
2y Toal . ab) gal) .
—9.Q+r = p(—Tﬁ-{'Ba—T) + (— a—T+Tm)TQ
dc  9al) . 0S oal) . .
wherea genealizedspecificheat
2y T aal
=T oo 37)

canbedefined Fourierslaw g = —k.T[ canstill beapplied thusidentically satisfyingthe
dissipatiorinequdity. Thisleadsto a partialdifferentialequatio of order2, with anew term
in TO.

3 Alter native formulations

Several nonclassicathermalynamical framavorksareliable to incomporatethe dependence
onTO. Threeof themarenow briefly described

3.1 A conceptakin to “interstitial working”

Thenon-classicathernodyramics,praposedn [12], hasbeenprimarily invokedto introduce
higher orderstraingradierts into the constitutive framework, with noreferereto Mindlin’s
nor Germains derivation. Theseauthas [12] modify the enegy balanceonly formally. The
weakressof this methodwhencompaed to Mindlin, Germainor Trostel’s foregoing [13],
is thatit doesnot explicitely provide the adeqate additioral bowundary condition. In fact,
the aim of this methodis to leave the classicalboundary value problem unchaged, and
somemoden work follows this track[14]. Fromour point of view, suchanappoachis not
adeqatein the caseof secondyradematerialsin the isothernal case.Thatis why we stick
to Mindlin andGermains derivation[8,9] (seealso[15]). However we cantry to applythis



techniaqiefor theintrodwction of T O, which hasnotbeendore in [12]. The power densityof
interral forcesis takenas: _ _
p=g:¢ + SK (38)

Likein [12], anadditioral contritutionw is introdwcedin the enegy balane :
pe=pl) —qO+wDO+r (39)
Takingw = Tb, we get
pe=p) —qO+TbO+bTO+r (40)

which is exactly the expression(27) whereit is recalledthata‘) = b.0. The associated
bowndary cordition b n = a‘® canbe introduced. Accordingly, this methodprovides the
samefinal form asours. Threedifferencesmustbe noted: theformw = T b is not well
motivated,the additiona boundary condtions are not explicitely derived andthe power of
interral forcesremairs unchaiged.

3.2 T, degreeof freedomor internal variable ?

Maugn [16] propseda geneal formalism for the introduction of internal variables and
their gradientsinto the constitutive framevork. We demanstratein this subsectiorthe strict
treatmenof T asan “internal variale” accoding to that scheme.Within this framework,
therelationbetweenthe entrofy flux andthe heatflux vectorsis regadedasa constitutve

relation[17] of theform q
D ==+k 41
&=z +k (41)
wherek is an extra entropy flux densityto be determired. Herethe entrqy is introduced
axiomatically, andthuswithout a clearcharacterisatio by analreadyknown flux (asq/T is

but k not). Thelocal form of theentropy inequality thenread :
pn+®0>0 (42)

The enepgy balanceremainng unchangedwith a free enegy definednow by a not clearly
charaterizedentropy, theinequdity becones

—p (U +nT) + 0:¢+ SK + (KT).0 - &(TD) > 0 (43)

Assumingthat the free enepy is a fonctionof (¢, K, T, TO), its time derivative canbe
written -

po W W 0 0 s 0
Vot et G T o @
sothat
(N—pa—g)-N + (8- @)-ﬁ‘F(DQ—pﬂ—Pﬁ)
+ (KT -Th.O-(TO) >0 (45)



whereb = poy/o(T). At this point, we chosetheextraentrgy flux

.I'_
k= T b (46)
sothatthelaws of stateare:
W W Y
g—pa§,§—pa}§,pn— Py +bO (47)

which areidertical to (32). Theheatequationthentakestheform
—q0=(THO+pThH ie —(T®O=pTH (48)

In order to identically fulfill the non<classicalheatcondiction inequality, the genealized

Fourier’s law takestheform: 1
@ = -Zk.(TD) (49)

which leavesthe classicaheatequatio unchanged (k. TO).O = p T n.

3.3 Final remarks

No specialextersion of the original form (29) of the entrqoy principle seemdo bejustified
whenthe independentvariable TO is introduced. The local entrogy dersity n is simply
regadedasa function of (g, T, K, TO). This relieson Carathedory’s agumentandits
“rational” out-ofequilibiium versia by Trostel[18] which involves only so-calledcontact
variables like T but excludes TO in the (Carnd) function for the integrating factor In
all formuations, the dired physical meanimg of the necessanadditicnal termsassociated
with T and T remairs unclear In particular it is difficult to accesghe pertirenceof the
introductionof anextra entrofy termk in (46).

In the caseof classicalthermelastics,the constitutie relation® = g/T canbe explicitely
derived using a formuation of the entropy principle with Lagrange multipliers [17]. This
procedure which requires a trememlouscomputationaleffort, mustbe carriedout for each
setof specificconstitutive equatims. This therefae is a stronglydifferentstratgy from the
ratioral oneusedherewhich aimsat providing a framework for the further developmentof
constitutve equatios. However this methodremairs to beappliedto theintrodwctionof TO
in thethermalynanical setting.

Extendedthermalynanics [17] mayprovide anadeaiateframenork for the constrution
of atheow of secondyradethermodasticity. But it wasthe purposeof this work to show that
the more classicalthernodyramicsof irreversible thermodyramicscanaccoun for it, with
only slightextensiors.
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