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1 Moti vations

1.1 Homogenizationand secondgrade media

Theaim of homogenizationmethodsis to replace a heterogenous materialby a homogenous
equivalent one endowed with effective properties. The now well-establishedresultsof
classicalhomogenizationtheory [1] aregenerally basedon theassumptionof slowly varying
meanfields [2]. It means that the typical sizeof the heterogeneitiesis muchsmallerthan
the wave-length Lw of the applied loading conditions. If this hypothesisis dropped or,
equivalently, when the heterogenous material is subjectedto strong overall deformation
gradients, homogeneous substitutionmedia can also be constructedbut they usually are
generalizedcontinua [3,4,5]. In particular, it canbeadequatelydescribedby a secondgrade
medium as proposedin [6,7], which requires the useof the first and secondgradients of
thedisplacementfield u [8,9]. Strong overall deformationgradientscanalsobeinducedby
strongly non-homogeneous temperaturefields. Let us considerfor instancea periodically
perforatedthermoelasticplateunderplanestrainconditionssubjectedto aprescribedbilinear
temperaturefield (figure1) andto stringentboundaryconditions at thebottom.

The rapid variationof the meandeformationfrom cell to cell canbe seenon figure 1.
However figure3ashows thattheperforatedplateunder suchconditions canbesuccessfully
replaced by a homogeneousthermoelasticmediumendowedwith theeffective thermoelastic
properties according to classical periodic homogenization. If the wave length of the
temperaturevariation is notmuchbiggerthanthecell size(likefor thesinusoidal temperature
field of figure 2), the solutionpredicted by the classicalhomogeneous mediumis seento
depart from theactualresponse(figure 3b).
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Figure1 : Bilinear temperaturefield T
�
x����� x� L �
	 200 � C

where thesizeof onecell is L � 200 .

Figure2 : Sinusoidal temperaturefield T
�
x��� 600 �� sin2x

L � cos2y
L � 	 200 � C

spatialperiod of T � 3L with L thecell size.

If thewave lengthof thetemperature loading, is not muchbiggerthanthecharacteristic
size of the material structure, i.e. here the cell size, then the temperature within a
representative elementcanno morebe taken asconstant in principle. But this means that
strain-energy is storedwithin thehomogeneoussubstitutioncontinuumdueto thetemperature
gradient. This pleads for the useof a thermoelastichomogeneous substitutionmedium of
grade two.

1.2 Tentative form of the constitutiveequations

Let us considera rectangular homogeneous Cauchymaterialelementsubjectedto a linear
temperaturegradient ε� th � α ∆T

L x1� � αθx1� . If the element candeform without hindrance
(boundary freeof forces),nostressarisessinceε� th is a compatible field (figure4a).
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Thedisplacementfield associatedwith this lineartemperaturegradient is (in the3D case):

u1 � 1
2

α θ
�
x2

1 � x2
2 � x2

3 � ; u2 � α θ x1x2 ; u3 � α θ x1x3 (1)

up to a translationterm.
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Figure3 : Comparisonbetweenthedeformation
of theheterogenousandthehomogenousmaterialunder

abilineartemperaturefield (a)anda sinusoidal temperaturefield (b) .

For an appropriatechoiceof the reference state,the following averagequantities are
computed: �

ε����� 0 � � σ����� 0 � � ε��� ∇ ��� α θ � � σ��� x ��� 0 (2)

using the samenotation as in [4]. If no displacement is possibleat the upperand lower
boundariesin direction2, internalstressesdevelop in the element.For an isotropic elastic
element,they aresuchthat:

u1 � 3λ � 2µ
2
�
λ � 2µ� α θ x2

1 ; u2 � 0 ; u3 � 0 (3)

and �
ε����� 0 � � σ� ��� 0 � � ε��� ∇ ��� 0 � � σ��� ��� x � �� 0 (4)

except ε11! 1 if theelementis freein direction1 (figure4(b)). Moreprecisely�
σ22 x1 ��� � σ33 x1 ��� � 1

6
3λµ � 2µ2

λ � 2µ
αθ L2

Theprevious materialelement mayberegardedasthehomogeneous elementreplacing the
(heterogeneous)representative volume elementof thehomogenization theory. As a resultof
(2) and(4) it appearsthatthesituations1 and2 cannot bedistinguishedfrom thesolepoint
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of view of classicalhomogenization theory. Thereasonis that theclassicalhomogenization
theory exclusively accounts for the first moment of stressand strain. In contrast,if the
homogeneoussubstitutionmedium is takenasa secondgrademedium,thesecondmoment
(or derived quantities)areaccountedfor asshown in [4]. According to theschemepresented
in [4], thesituations1 and2 wouldberespectively representedat themacroscopic level by :

E� � 0 � Σ� � 0 � K� � α�"� ∇T � S� � 0 (5)

and
E� � 0 � Σ� � 0 � K� � 0 � S� �� 0 (6)

whereE� , Σ� , K� andS� respectively are the strain, stress,secondgradient (K� � ε�#� ∇) and
hyperstresstensors.

Figure4 : Boundaryconditions.

Theprevioussituationsarecompatiblewith overall constitutive equationsof theform :

σ�$� C�� :
�
ε� � ε� th � with ε� th � ∆Tα� (7)

and
S� � A��� :̇

�
K� � K� th � with K� th � α�"� � T∇ � (8)

whereC�� andA��� aretheclassicalandgeneralizedelasticmoduli for a materialof grade 2. The

thermal strainε� th andthegradient of the thermal strainK� th respectively represent theparts
of the total strainandstraingradient that develop without associatedstressnor hyperstress
asa resultof homogeneousor inhomogeneoustemperature changes.They canbeseenasan
eigenstrain andaneigenstraingradient.
Sincethe formulation of suchconstitutive equations doesnot seemto have beenpresented
hitherto, the sequelof this work dealswith the derivation of thermoelasticconstitutive
equation for secondgrademediafromtheusualprinciplesof mechanicsandthermodynamics.
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2 Mechanicsand thermodynamicsof thermoelasticsecond
grademedia

We successively apply the method of virtual power, the energy andentropy principles of
continuumthermodynamicsto thermoelasticsolidsin thefully nonisothermal case.For the
sakeof brievety, we stick to thesmalldeformationframework.

2.1 Principle of virtual power

Themethodof virtual power hasprovedto bea powerful tool to derive thefieldsequations
andtheassociatedboundaryconditions thattheunknown fieldsmustfulfill onabodyΩ [10].
Ω denotesthe openbody and∂Ω its closure. For the sake of simplicity, the surface∂Ω is
consideredtwicecontinuouslydifferentiable,sothatit possessesateachpointanormal n and
ameancurvatureR. Thepresenceof edgesandverticesmustbetreatedasshown in [9]. The
degreesof freedom of a thermoelasticbody of grade 2 arethedisplacement u

�
x � t � andthe

temperatureT
�
x � t � , from whichwe deducethesetof generalizedvirtual motions% � �'& u̇ � Ṫ ( (9)

The rate of temperature Ṫ hasbeenaddedto the usualvelocity variable for the sake of
generality andbecausewe want to grantthe transientvariable Ṫ its full statusof a degree
of freedom [11]. Then,according to [11], theenergy flux hasto bemodified. Theenlarged
setof relevant variablesfor theorder of theconsideredtheorythenis% �'& u̇ � u̇ � ∇ � u̇ � ∇ � ∇ � Ṫ � Ṫ∇ ( (10)

where the virtual velocity is supposed to be at least continuous and twice continously
differentiable,andthetemperature rate Ṫ is continuousandcontinuouslydifferentiable.The
setof virtual motions in [9] hasthereforebeencomplementedby thepair & Ṫ � Ṫ∇ ( .
Virtual powerof generalizedinternal forces

Thedensity of virtualpowerof internalforcesis takenasalinearformin all thearguments
in ϑ:

p ) i * � σ� : ε̇� : � S� :̇ K̇� � a ) i * Ṫ � b ) i * 	 � Ṫ∇ � (11)

Theexpressionof thevirtual powerof internal forcesin thedomain +-, Ω reads:. ) i * �0/21 p ) i * dV (12)

ε̇� thesymmetricpartof thevelocitygradient and

K� � ε��� ∇
�
Ki jk � 1

2

�
ui ! jk � u j ! ik �3� (13)

Theaxiomof thevirtual power of internal forcesstatesthat
. ) i * vanishesfor any isothermal

rigid-body motion. It hasalready beenappliedto expression(11) in which only objective
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quantities intervene. The quantitiesdual to the strain rateandstrain rategradient are the
symmetric stresstensorσ� andthe hyperstresstensorS� (Si jk � Sj ik). Two additional dual

quantities a ) i * andb ) i * have beenintroduced. The purely mechanicalpartof the densityof
virtual power of internalforceshastherefore beencomplementedby thermal contributions
that representthe thermalpart of the power of work, which is the convectively performed
power (in opposite to the caloric power). The useof Gauss’theoremin (11) leadsto the
alternative expression. ) i * � u̇ � Ṫ � � / 1�4 � 4 � σ� � S� 	∇ �5	∇ 67	 u̇ � � a ) i * � b ) i * 	∇ � Ṫ 6 dV

� /
∂
18494 � σ� � S� 	∇ �:	 n6 	 u̇ � � S� 	 n� :

�
u̇ � ∇ ��� b ) i * 	 n Ṫ 6 dS (14)

The application of the divergencetheorem for surfacesto the last term gives the final
expression[9] :. ) i * � u̇ � Ṫ � � /21 4 � 4 � σ� � S� 	∇ �5	∇ 6 	 u̇ � � a ) i * � b ) i * 	∇ �:	 Ṫ 6 dV

� /
∂
1 494 � σ� � S� 	∇ �:	 n � 2RS� :

�
n � n� � Dt

�
S� 	 n�;67	 u̇

� 4 S� :
�
n � n�;67	Dnu̇ � b ) i * 	 n Ṫ 6 dS (15)

whereDn andDt respectively denote thenormal andtangent gradient operator

u � ∇ � Dnu � Dtu with Dnu � �
u � ∇ �5	 n (16)

Virtual powerof externalforces
The usualdistinctionis madebetweendistanceandcontactappliedforces. In its most

general form, thevirtual powerof external forcesis a linearform onϑ :. ) e* � / 1 4 f 	 u̇ � C� : ω̇� � F� : ε̇� � P� :̇ K̇� � a ) e* Ṫ � b ) e* 	 Ṫ∇ 6 dV (17)

whereω̇� is skew-symmetric partof thevelocity gradient. Theintroduceddual quantities are
the volume forces f , the volumecouplesC� andthevolumedouble forcesF� , that canexist
within theclassicalframework. Volumetriple forcesP� canbeaddedfor a medium of grade

2. For completeness,thequantities a ) e* andb ) e* mustbeintroduced.Theexpressionof
. ) e*

canthenbetransformedinto volumeandsurfacepartsasin (15).
Virtual powerof contactforces

Theappropriateform of thevirtual powerof contact forces is dictatedby theobservation
of thesurfacetermin (15) :. ) c* � /

∂
1 4 T 	 u̇ � M 	 � Dnu̇��� a ) c* Ṫ 6 dV (18)

whereT is thetractionvector, M a normalsurfacedouble forceanda ) c* thedualquantityof
Ṫ.
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Application of theprinciple of virtual power
According to theprinciple of virtual power, in thestaticcase[Germain9]< + < & u̇ � Ṫ (>= ϑ � . ) i * � . ) e* � . ) c* (19)

from which thefollowing balanceequationsarededuced:

τ�?	∇ � f � 0 with τ�@� σ� � F� � C� � S� 	∇ � P� 	∇ (20)

b 	∇ � a � 0 with a � a ) i * � a ) e* and b � b ) i * � b ) e* (21)

Theassociatedboundaryconditions arealsoobtained:

T � τ� 	 n � 2RS� :
�
n � n� � Dt

�
S� 	 n�

M � S� :
�
n � n�

a ) c* � b 	 n (22)

Notethatin theclassicalcase,S� andb ) i * arenotintroducedin (11).Theterma ) i * Ṫ canstill be

introducedin principle but,sincetheexternal forcesa ) e* andb ) e* areusuallynotintroducedin
theclassicalcase,a ) i * , asit turns out, remainswithout counterpart. Theclassicalframework
therefore is retrieved. This advocatesfor the plausibleintroduction of Ṫ asa generalized
virtual motionevenin theclassicalcase,at leastfor thesakeof generality andfor thegeneral
fully anisothermal expressionof theprinciple of virtual power.

2.2 Energy principle

Theadoptedglobalform of theenergy balanceonsystemΩ reads:

Ė � K̇ � . ) e* � . ) c* � Q (23)

whereE is the internal energy of the system,K �BA Ω 1
2ρu̇ 	 u̇ dV its kinetic energy and Q

thetotal heatsupply. Theapplication of thekinetic energy theoremeasilyderivedfrom the
principle of virtual poweryields:

Ė � . ) i * � Q (24)

Introducing the specific internal energy e and the heat flux vector q, and an inner heat
productionrater,

Ė � /
Ω

ρėdV ; Q � � /
∂Ω

q 	 n dS � /
Ω

r dV (25)

a local form of theenergy balanceis obtained:

ρė � p ) i * � q 	∇ � r (26)

and,taking(11) into account,

ρ ė � σ� : ε̇� � S� :̇ K̇� � a ) i * Ṫ � b ) i * 	 Ṫ∇ � q 	∇ � r (27)
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2.3 Entr opy principle

Thesecondprinciple is formulatedasfollows : ˙CED
N,

where
C

is theglobal entropy of thesystemandN is thetotalflux of entropy. Introducingthe
localspecificentropy η

�
ε� � K� � T � T∇ � , we will assumethat:

C �F/
Ω

ρη dV and N � � /
∂Ω

Φ 	 n dS �G/
Ω

r
T

dV (28)

Theentropy flux vectorΦ is takenas: Φ � q
T .

Thelocal form of theentropy inequality follows :

ρη̇ � � q
T
�:	∇ � r

T
D

0 (29)

Combining (27)and(29), wegettheClausius-Duheminegality

ρ
�
T η̇ � ė��� σ� : ε̇�H� S� :̇ K̇� � a ) i * Ṫ � b ) i * 	 � Ṫ∇ � � � qT �:	 � T∇ � D 0 (30)

TheHelmholtz freeenergy ψ � e � Tη is now introducedandis afonction of
�
ε� � K� � T � T∇ � .

TheClausius-Duheminequalitycanthenbewritten :

�
σ� � ρ

∂ψ
∂ε� � : ε̇� � �

S� � ρ
∂ψ
∂K� � :̇K̇� � � a ) i * � ρ η � ρ

∂ψ
∂T
� Ṫ

� �
b ) i * � ρ

∂ψ
∂T∇

�:	 � Ṫ∇ � � q

T
	 � T∇ � D 0 (31)

The variables ε� , K� , T andT∇ beingindependent andassumingsufficient regularity of the
introducedquantities,Coleman’s argumentappliesandwe getthelaws of state:

σ� � ρ
∂ψ
∂ε� ; S� � ρ

∂ψ
∂K� ; b ) i * � ρ

∂ψ
∂
�
T∇ � ; ρ η � � ρ

∂ψ
∂T

� a ) i * (32)

This endstheconstruction of theproposedthermodynamicalframework that is required for
the development of constitutive equations for a thermoelasticmediumof grade 2. It can
be compared to the classicalformulationof the theoryof secondgrade mediaby Mindlin
[8] andGermain[9] : the variable T∇ hasbeenaddedto develop a generalframework for
anisothermalconstitutivemodelling. Theclassicalexpressionof theentropy (32) is modified
by theterma ) i * which,according to thebalanceequation (21), is nothing but thedivergence
of thegeneralizedthermodynamical force b associatedwith the temperaturegradient. As a
resultdissipationis reducedto its thermal part:

D � � q

T
	 � T∇ � (33)
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2.4 Heat equation

The purposeof this sectionis to show that the type and order of the partial differential
equation in T, so-calledheatequation, is not alteredby the previous results. Taking the
lawsof state(32) into account, theenergy balance(27) canbewritten :

� q 	∇ � r � ρ T η̇ (34)

in whichwecansubstitutetherelation

η � � ∂ψ
∂T

� 1
ρ

a ) i * (35)

Theexpandedexpressionof theheatequation thenreads:

� q 	∇ � r � ρ
� � T

∂2ψ
∂T2 � T

ρ
∂a ) i *
∂T
� Ṫ � � � T

∂b ) i *
∂T

� T
∂a ) i *

∂
�
T∇ � �5	 Ṫ∇

� T
� � ∂σ�

∂T
� ∂a ) i *

∂ε� � : ε̇� � T
� � ∂S�

∂T
� ∂a ) i *

∂K� � :̇ K̇� (36)

wherea generalizedspecificheat

C � � T
∂2ψ
∂T2 � T

ρ
∂a ) i *
∂T

(37)

canbedefined. Fourier’s law q � � κ� 	 T∇ canstill beapplied, thusidenticallysatisfyingthe
dissipationinequality. This leadsto apartialdifferentialequation of order2, with anew term
in Ṫ∇.

3 Alter native formulations

Several non-classicalthermodynamical frameworksareliable to incorporatethedependence
onT∇. Threeof themarenow briefly described.

3.1 A conceptakin to “interstitial working”

Thenon-classicalthermodynamics,proposedin [12], hasbeenprimarily invokedto introduce
higher orderstraingradients into theconstitutive framework, with no referenceto Mindlin’s
nor Germain’s derivation. Theseauthors [12] modify theenergy balanceonly formally. The
weaknessof this methodwhencompared to Mindlin, Germainor Trostel’s foregoing [13],
is that it doesnot explicitely provide the adequateadditional boundarycondition. In fact,
the aim of this methodis to leave the classicalboundary value problem unchanged, and
somemodern work follows this track[14]. Fromour point of view, suchanapproachis not
adequatein thecaseof secondgradematerialsin the isothermal case.That is why we stick
to Mindlin andGermain’s derivation[8,9] (seealso[15]). However we cantry to applythis
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techniquefor theintroductionof T∇, whichhasnotbeendone in [12]. Thepowerdensityof
internal forcesis takenas:

p ) i * � σ� : ε̇�I� S� :̇ K̇� (38)

Like in [12], anadditional contributionw is introducedin theenergy balance :

ρ ė � p ) i * � q 	∇ � w 	∇ � r (39)

Takingw � Ṫb, weget

ρ ė � p ) i * � q 	∇ � Ṫ b 	∇ � b 	 Ṫ∇ � r (40)

which is exactly the expression(27) whereit is recalledthat a ) i * � b 	∇. The associated
boundarycondition b n � a ) c* canbe introduced. Accordingly, this methodprovides the
samefinal form asours. Threedifferencesmustbe noted: the form w � Ṫ b is not well
motivated,the additional boundaryconditions arenot explicitely derived andthe power of
internal forcesremains unchanged.

3.2 T, degreeof fr eedomor internal variable ?

Maugin [16] proposeda general formalism for the introduction of internal variablesand
their gradients into theconstitutive framework. We demonstratein this subsectionthestrict
treatment of T asan “internal variable” according to that scheme.Within this framework,
the relationbetweenthe entropy flux andtheheatflux vectorsis regardedasa constitutive
relation[17] of theform

Φ � q

T
� k (41)

wherek is an extra entropy flux densityto be determined. Herethe entropy is introduced
axiomatically, andthuswithout a clearcharacterisation by analreadyknown flux (asq� T is
but k not). Thelocal form of theentropy inequality thenreads :

ρ η̇ � Φ 	∇ D
0 (42)

The energy balanceremaining unchangedwith a free energy definednow by a not clearly
characterizedentropy, theinequality becomes

� ρ
�
ψ̇ � ηṪ �$� σ� : ε̇�H� S� :̇ K̇� � � kT �:	∇ � Φ 	 � T∇ � D 0 (43)

Assumingthat the free energy is a fonction of
�
ε�J� K� � T � T∇ � , its time derivative canbe

written

ψ̇ � ∂ψ
∂ε� : ε̇� � ∂ψ

∂K� :̇K̇� � ∂ψ
∂T

Ṫ � � ∂ψ
∂
�
T∇ � 	∇ � Ṫ � � Ṫ ∂ψ

∂
�
T∇ � �5	∇ (44)

sothat �
σ� � ρ

∂ψ
∂ε� � : ε̇� � �

S� � ρ
∂ψ
∂K� � :̇K̇� � � b 	∇ � ρη � ρ

∂ψ
∂T
� Ṫ

� �
kT � Ṫ b�5	∇ � Φ 	 � T∇ � D 0 (45)
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whereb � ρ∂ψ � ∂ � T∇ � . At this point, wechosetheextraentropy flux

k � Ṫ
T

b (46)

sothatthelawsof stateare:

σ� � ρ
∂ψ
∂ε� ; S� � ρ

∂ψ
∂K� ; ρ η � � ρ

∂ψ
∂T

� b 	∇ (47)

whichareidentical to (32). Theheatequationthentakestheform

� q 	∇ � �
Ṫ b�5	∇ � ρ T η̇ i.e. � � T Φ �5	∇ � ρ T η̇ (48)

In order to identically fulfill the non-classicalheatconduction inequality, the generalized
Fourier’s law takestheform :

Φ � � 1
T

κ� 	 � T∇ � (49)

which leavestheclassicalheatequation unchanged:
�
κ� 	 T∇ �:	∇ � ρ T η̇.

3.3 Final remarks

No specialextensionof theoriginal form (29) of theentropy principle seemsto bejustified
when the independentvariableT∇ is introduced. The local entropy density η is simply
regardedasa function of

�
ε�J� T � K� � T∇ � . This relieson Caratheodory’s argumentandits

“rational” out-of-equilibrium version by Trostel[18] which involves only so-calledcontact
variables like T but excludes T∇ in the (Carnot) function for the integrating factor. In
all formulations, the direct physical meaning of the necessaryadditional termsassociated
with Ṫ andT∇ remains unclear. In particular, it is difficult to accessthe pertinenceof the
introductionof anextraentropy termk in (46).
In thecaseof classicalthermoelastics,theconstitutive relationΦ � q� T canbeexplicitely
derived usinga formulation of the entropy principle with Lagrangemultipliers [17]. This
procedure,which requires a tremendouscomputationaleffort, mustbe carriedout for each
setof specificconstitutive equations. This therefore is a stronglydifferentstrategy from the
rational oneusedherewhich aimsat providing a framework for the further developmentof
constitutiveequations. However thismethodremains to beappliedto theintroductionof T∇
in thethermodynamical setting.

Extendedthermodynamics [17] mayprovideanadequateframework for theconstruction
of a theory of secondgradethermoelasticity. But it wasthepurposeof thiswork to show that
themore classicalthermodynamicsof irreversible thermodynamicscanaccount for it, with
only slightextensions.
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