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Crack-tip stress–strain fields in single crystal nickel-base superalloys
at high temperature under cyclic loading
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Abstract

This work is related to life prediction of high-pressure single crystal turbine blades. Stress and strain fields are first analysed at the tip
of a static crack subjected to creep-fatigue loading, assuming an elasto-viscoplastic single crystal behaviour model. Local ratchetting
effects are observed, depending on the distance from the crack-tip. Creep-fatigue loadings are compared with pure fatigue and pure creep
loadings. The significant differences are pointed out, especially stress relaxation and amount of plastic slip. These results will be useful for
the development of a new life prediction tool, based on local approach to fracture.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Improving the life prediction of high-pressure turbine
blades in land-gas turbines and aerojet-engines is possible.
Such blades are subjected to damaging thermomechanical
fatigue loadings. Turbine blades are now frequently made
of nickel-base superalloy single crystals, because of their
excellent mechanical properties at high temperature, espe-
cially under creep loadings. Life prediction of these struc-
tures is a key feature for aerojet engines and gas turbines
manufacturers. Present models are able to compute crack
initiation time from elasto-viscoplastic finite element (FE)
calculations. But these lifetime criteria are often too conser-
vative: analyses performed on real structures have revealed
that cracks may propagate and then stop, preserving the
structure’s integrity. The understanding of crack propaga-
tion in single crystal (SC) nickel-base superalloys is also
necessary to predict crack growth rate as well as crack
path.
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The behaviour of such alloys has been extensively stud-
ied during the last twenty years, for various temperature
ranges and loadings (fatigue, creep and creep-fatigue) [1–
5]. It has been shown that these SC are prone to strain
localization [1,6].

The life prediction of these structures has also been stud-
ied. Most studies focused on crack initiation and were also
applied to life prediction of volume elements, under iso-
thermal and non-isothermal loading conditions [7]. Crack
propagation at low (i.e. <650 �C) and high (i.e. >750 �C)
temperature was investigated in [8–10]. Crack bifurcation
has been observed in some temperature ranges (Fig. 1).
These works have pointed out some crack growth mecha-
nisms, but most proposed models [7,11,12] were not
designed to simulate explicitly crack growth.

The difficulty to get structure-oriented models with these
approaches leads us to focus on local approaches. Such
kinds of approaches require the accurate calculation of
stress and strain in the vicinity of the crack-tip [13]. For
single crystals, classical solutions such as HRR fields for
polycrystalline materials are not valid anymore, because
of the strongly anisotropic nature of plastic deformation.
Actually, these SC nickel-base superalloys have a face cen-
tred cubic (fcc) crystallographic structure. Their plastic
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Fig. 1. Example of successive crack bifurcations in a (001)[110] CT
specimen in fatigue (T = 650 �C).
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deformation is due to plastic slip on 12 octahedral
{11 1}h110i and 6 cube {100}h110i slip systems. In
1987, Rice [14] found the asymptotic solution for a
(001)[11 0] crack orientation (where (001) is the crack
plane and [110] the crack propagation direction), consider-
ing several assumptions: plane strain state, elastic–perfectly
plastic material behaviour, mode I and monotonic loading.
This results in four sectors (A, B, C, D), in which the Carte-
sian components of stress are constant (Fig. 2). Between
each sector, there is a strain localization band. The number
of these bands, as well as their orientation and nature,
depend on the crystal orientation with respect to the crack
orientation. For the (001)[1 10] crack orientation, the three
bands AB, BC and CD are respectively at 54.7�, 90� and
125.3� from the crack propagation direction [110]. These
bands will be used to indicate the location of plastic activa-
tion, but the results shown in this work strongly differ from
the elastic–perfectly plastic case. The strain localization
patterns at the crack-tip in SC have been extensively stud-
ied, numerically and experimentally [15–19]. A comprehen-
sive analysis of crack orientations and localization patterns
(including experimental observations) can be found in [17].
Such an analysis is important because strain localization
seems to be related to crack bifurcation [16]. The influence
of fatigue loading has been studied in [18], for elastic–per-
fectly plastic material behaviour. However, to the authors’
Fig. 2. Constant stress sectors.
knowledge, no work has been done for creep-fatigue load-
ings, considering high temperature material behaviour.

In the first section of this paper, the elasto-viscoplastic
constitutive model used for finite element simulations is
presented. The mesh, boundary conditions and loading
conditions are also presented. The second section shows
the results obtained for creep-fatigue loading conditions
and focuses on the differences with pure fatigue or pure
creep loading conditions. The activation of slip systems is
analysed around the crack-tip, and the evolution of slip
as a function of time is shown for an octahedral slip system
in front of the crack-tip.
2. Computational tools

2.1. Constitutive laws

Several models exist to describe the anisotropic behav-
iour of SC nickel-base superalloys, for a wide range of tem-
peratures. It is possible to distinguish three main types of
models:

• Phenomenological models, based on theory of invari-
ants [2,20].

• Crystallographic phenomenological models [21,22].
• Crystallographic micromechanical models [23,24].

Here, the modelling of material behaviour is done using
Cailletaud’s crystallographic model [21], because of its
low computational cost and its consistency with experi-
mental results obtained for various crystal orientations.
This model was calibrated for AM1 and CMSX4 single
crystals under cyclic loadings by Hanriot [1] and Köster
[7]. The classical partition of strain is assumed

_~e ¼ _~ee þ _~ep ð1Þ
Elastic strain is defined as

~ee ¼ ~~C�1 : ~r ð2Þ
where ~~C is the fourth-order tensor of elastic moduli.

The flow rule is written at the slip system level and the
macroscopic strain rate _~ep is obtained with the orientation
tensor ~ms (corresponding to Schmid law)

~ms ¼ 1

2
~ns �~ls þ~ls �~ns
� �

ð3Þ

where~ns is the normal to the plane of slip system s, and~ls is
the slip direction of system s.

_~ep ¼ _~ep
oc þ _~ep

cu ¼
X12

s¼1

~ms _cs
oc þ

X6

s¼1

~ms _cs
cu ð4Þ

The flow rule on slip system s is a classical Norton rule with
threshold

_cs ¼ jss � xsj � rs

kI

� �nI

sgnðss � xsÞ ð5Þ
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where I = 1, 2 respectively for octahedral and cube slip
systems.

Isotropic hardening is considered constant, and no inter-
action between slip systems is accounted for

rs ¼ r0I ð6Þ
Kinematic hardening is non-linear

xs ¼ cIa
s ð7Þ

with

_as ¼ _cs � dI _vsas and _vs ¼ j _csj ð8Þ
The viscoplastic behaviour is also described by five param-
eters for each family of slip systems: kI, nI, r0I , cI, dI with
I = 1, 2. These coefficients were identified to simulate high
temperature behaviour (950 �C) with important viscous ef-
fects and significant hardening.

Cumulative octahedral and cube slip variables are
defined as

_coc
cum ¼

X12

s¼1

j _cs
ocj ð9Þ

_ccu
cum ¼

X6

s¼1

j _cs
cuj ð10Þ

Shear stresses are defined as

ss
oc ¼ ~ms

oc : ~r ð11Þ
ss

cu ¼ ~ms
cu : ~r ð12Þ
2.2. Loading sequence, mesh and boundary conditions

The loading sequence is 1s monotonic loading/90s hold
time/1s unloading (Fig. 3). The load ratio is defined as:
R ¼ Kmin

Kmax
¼ 0:1 and Kmax ¼ 20 MPa

ffiffiffiffi
m
p

, which are typical
values for fatigue crack growth in superalloy SC. The ori-
entation of the crack is (001)[11 0].

The 2D mesh (Fig. 4) is representative of a compact ten-
sion (CT) specimen, despite the fact that 3D meshes are in
principle necessary to calculate plastic deformation in a CT
specimen made of single crystal, as shown in [17]. This aims
at saving computation time since many cycles will be sim-
2
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Fig. 3. Loading sequence.
ulated. The calculation is done under plane strain condi-
tions. The mesh is a free mesh, except at the crack-tip,
where 5 lm square quadratic elements are used. Possible
crack–closure effects are accounted for using a ‘‘positive
displacement’’ boundary condition along the crack. The
calculations are done with an updated mesh geometry, with
the assumption of small strains (they are not larger than
10%). All finite element simulations were performed with
the FE code Z-Set, developed at Ecole des Mines de Paris,
ONERA and Northwest Numerics (www.nwnumerics.
com).

3. Creep-fatigue loading conditions

3.1. Results

In Fig. 5, the cumulative octahedral slip coc
cum is plotted at

three instants at the beginning of cycling. One can see that
sectors B and D are activated. The largest increase of slip is
obtained during the first dwell time. In Fig. 6, cumulated
slip on octahedral and cube slip systems is plotted along
a path surrounding the crack-tip at 35 lm (see path in
Fig. 4), at the end of the first dwell time and of the second
dwell time. A peak is clearly visible at nearly 90� and means
that cube slip is activated in a vertical sector. The amount
of cumulated plastic slip on cube slip systems is very large,
which is unusual in fcc single crystals. For octahedral slip,
peaks are less pronounced. However, a local maximum is
reached at approximately 70–80� and another at nearly
135�. We define a front band, located at 75� from [110],
i.e. where octahedral slip is predominant (Fig. 6).

Under plane strain conditions, plastic deformation in
sector B (Fig. 2) is due to the simultaneous and symmetri-
cal activation of two octahedral slip systems: ð11�1Þ[101]
and ð11�1Þ[011]. The activation of these two slip systems
is equivalent to the activation of a ð11�1Þ [11 2] system,
called ‘‘effective slip system’’ in [16]. The [112] direction
is parallel to the plane defined by [00 1] and [11 0] and jus-
tifies the choice of the 2D mesh. Because of this symmetry,
only octahedral slip system ð11�1Þ[101] (numbered 12 in Z-
Set and on the figures) will be referred to. Hence, we ana-
lyse the evolution of slip and shear stress on this system at
four points 1, 2, 3, 4 lying on the line at 75� (respective dis-
tances to the crack-tip �25, 50, 60 and 70 lm) (Fig. 4). In
fact, this area is thought to be the most important for crack
propagation, because it is located in front of the crack tip:
plastic slip is this band tends to make the crack propagate.
Crack propagation along {111} planes has been also evi-
denced experimentally, in some temperature ranges [25]
(Fig. 1). Moreover, in the low temperature case, Flouriot
has shown in [18] that for the (001)[110] crack orientation
under pure fatigue loadings slip stops in the rear and verti-
cal bands, whereas it is still activated in the front band.

In Fig. 7, the soc12 � coc12 loops at points 1–4 illustrate
the stress relaxation behaviour of the material on system
12. Actually, the mean stress relaxation can be clearly seen
and a trend of strain saturation around 0.8% at point 1 is
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Fig. 4. View of the CT mesh used for FE analyses.

Fig. 5. Octahedral slip isovalues, at three times of the loading sequence: (a) beginning of the first dwell time, (b) end of the first dwell time and (c) end of
the second dwell time.
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observed. A ‘‘local ratchetting effect’’ can be observed,
especially for points 2–4: this effect consists in the uninter-
rupted accumulation of plastic slip during cycling, despite
reverse loadings (for point 1, this phenomenon occurs
during the eight first cycles). Important stress relaxation
during the first dwell time is observed.
In Fig. 8, plastic slip on system 12 is plotted as a func-
tion of time, for the points 1–4. The curves are rather dif-
ferent for point 1, point 2 and points 3–4, located further
from the crack-tip. For point 1, the evolution of maximal
plastic slip versus time is not monotonic. Actually, slip
begins to increase at each cycle during the first eight cycles,



Fig. 6. Amount of slip along a path surrounding the crack-tip.

Fig. 7. Resolved shear stress as a function of slip on system 12, after more than 80 cycles.
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up to a maximum. Then, it decreases up to t = 4000 s (� 43
cycles), and after that it rises again, reaching the maximum
value again. Computations with higher cycle number are
necessary to know whether this oscillatory behaviour goes
on or stops at a stabilized cycle. For point 2, the local
ratchetting effect can be observed again: slip increases at
each cycle, and reaches a stabilized value after approxi-
mately 5000 s. For points 3 and 4, plastic slip still increases
at every cycle, even after 80 loading cycles. The differences
of slip evolution between these points can be explained by
the fact that viscous stresses do not affect the material at
points 3 and 4 yet, because they are located further from
the crack-tip.

It is interesting now to check if similar results under
creep-fatigue loadings can be observed for pure fatigue or
pure creep loadings.



Fig. 8. Amount of slip on system 12 as a function of time at four points on the front band.
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3.2. Comparison with pure fatigue and pure creep

loadings

Pure fatigue loading (R = 0.1, f = 0.5 Hz, Kmax ¼
20 MPa

ffiffiffiffi
m
p

) and creep loading ðK ¼ 20 MPa
ffiffiffiffi
m
p Þ were

applied to the same mesh to compare slip systems activity.
Hundred fatigue cycles were calculated and creep is com-
Fig. 9. Comparison between pure fatigue and creep-fatigue loadings. Resolve
1840 s.
puted during 7500 s (i.e. longer than 80 creep-fatigue
cycles).

The results of pure fatigue simulations are presented in
Figs. 9 and 10. Fig. 9 shows the important differences
between both loading conditions. Actually, not only the
amounts of slip differ, but also the amount of stress relax-
ation. At point 1, stress reaches a stabilized value (Fig. 9)
d shear stress as a function of slip on system 12, at points 1 and 4, after



Fig. 10. Slip on system 12 as a function of time, for pure fatigue loading (100 cycles).
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for both loadings. The value is much lower in the case of
creep-fatigue because of the presence of dwell times, espe-
cially thanks to the first dwell time, which causes a large
stress relaxation. In Fig. 10, we can see that the variation
of slip as a function of time during each cycle is very differ-
ent for pure fatigue and creep-fatigue: there is less slip dur-
ing each fatigue cycle than during each creep-fatigue cycle.
Like for creep-fatigue, the curve related to point 1 is differ-
ent from the other curves. At point 1, slip increases during
Fig. 11. Resolved shear stress as a function of
the first cycles (local ratchetting effect), reaches a maxi-
mum, and then decreases. This is not the case for slip at
points 2–4 for pure fatigue loading. The maximum of slip
is slightly lower for pure fatigue than for creep-fatigue
(coc12 = 0.0092 for pure fatigue and coc12 = 0.0094 for
creep-fatigue), but it is not reached at the same time, or
after the same number of cycles.

The results of simulations for pure creep loading are
presented in Fig. 11. The resolved shear stress on system
slip on system 12 for pure creep loading.
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12 decreases for each point, and reaches the same value for
all points (end of each curve in Fig. 11). Slip at points 1–4
stabilizes very fast, at values that depend on the distance
from the crack-tip (e.g. coc12 � 0.008 for point 1 and
coc12 � 0.002 for point 4). The analysis of slip as a function
of time on system 12 shows that the amount of slip at
points 1 and 4 is much larger in the case of creep-fatigue
than in the case of pure creep. Even the minimum value
of maximal slip reached at t = 4000 s for point 1 (Fig. 8)
is larger than the saturated value of slip due to creep
(0.009 vs. 0.008).

4. Conclusions

This work focused on crack-tip stress and strain fields in
a single crystal nickel-base superalloy. First, these fields
were studied for a static crack subjected to creep-fatigue
loading. They were then compared with stress–strain fields
obtained for pure fatigue and pure creep loading condi-
tions. We have shown that the stress–strain state at the
tip of a static crack is very complex when considering visco-
plastic material behaviour and complex loading conditions.
Actually, the crack-tip stress–strain fields depend on the
distance to the crack-tip.

We have shown that for viscoplastic single crystal
behaviour:

• Deformation takes place in specific sectors.
• Local ratchetting effects appear on octahedral slip sys-

tems in front of the crack-tip.
• These ratchetting effects tend to stabilize, depending on

the distance from the crack-tip.
• Creep-fatigue enables more stress relaxation than pure

fatigue or pure creep on octahedral system ð11�1Þ [101]
in front of the crack-tip.

However, the validation of these results has to be done
experimentally. For example, the experimental observation
of the activation of viscoplastic sectors shall be done at
high temperature. The main difficulty is the surface oxida-
tion of the specimen, which necessitates carrying out the
test under vacuum. Moreover, the fact that the crack
remains static in our calculations has also to be checked
for a real crack.
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