
Strain localization phenomena under cyclic
loading: application to fatigue of single crystals

S. Flouriot *, S. Forest, L. R�eemy

Centre des Mat�eeriaux/UMR 7633, Ecole des Mines de Paris/CNRS, BP 87, 91003 Evry Cedex, France

Abstract

Kinematic hardening plays an important role in strain localization phenomena under cycling loading. A single

crystal constitutive model including non-linear kinematic hardening is presented. Using a heterogeneous distribution of

kinematic hardening variable in a single crystal plate, a continuum model for the formation of intrusion/extrusion is

proposed based on FE simulation. The attention is focused on ratchetting phenomena taking place in the localization

band. A second example of strain localization is shown by the strain field at the crack tip in single crystals. 2D and 3D

finite element computations of the crack tip field in a CT specimen are provided. They are compared to analytical

solutions. The 3D computations show that slip activity is different in the bulk or at the surface of the specimen. The

evolution of the crack tip field subjected to cyclic loading is investigated. Ratchetting phenomena are shown to take

place in some of the localization bands.

� 2002 Published by Elsevier Science B.V.
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1. Introduction

The bifurcation criteria originally proposed in

[1] have been used successfully in many situations

to predict the occurrence of strain localization in
elastoplastic solids, mostly under monotonous

loading. The orientation of shear bands can be

predicted with good accuracy for geomaterials or

metals, including anisotropic materials like single

crystals [2]. In contrast, contributions for predict-

ing localization modes under cyclic loading are

much less numerous [3]. The aim of the present

work is to illustrate two types of localization

modes under cyclic loading: formation of extru-

sion/intrusion bands and ratchetting phenomena

in localization bands at a crack tip. Both phe-

nomena are frequently observed especially in the

cyclic deformation of metallic single crystals.
Fatigue in Cu single crystals has been studied

by many authors [4]. Sectioned surfaces of a fa-

tigued Cu single crystal reveal so-called persistent

slip bands. Plastic deformation is then localized in

slip bands that form extrusions at the surface.

Fatigue cracks can initiate in such deformation

bands [5]. In Ni-base single crystal superalloys,

intense slip lines appear on the surface of the
specimen during cycling. Hanriot [6] observed

heterogeneous deformations at low temperature.

In Fig. 1 a first intense slip band appeared during
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the first tensile loading, a second during the reverse

loading. The number of slip bands increases with

the number of cycles until the whole specimen is

covered. Such bands may well be the precursor of

fatigue damage.

Another example of strain localization in single

crystals is given by the strain field predicted at the

crack tip in a single crystal [7]. Sectors of constant
stress limited by strain localization bands are ex-

pected. In the present work, the evolution of these

bands under cyclic loading is investigated.

For that purpose, a single crystal constitutive

model including non-linear kinematic hardening is

presented. It is applied to the simulation of local-

ization bands appearing under cyclic loading. A

continuum model for the formation of extrusions,
based on the use of a heterogeneous distribution of

a kinematic hardening variable is proposed. In the

third part, 2D and 3D finite element computations

of the crack tip fields in a single crystal CT speci-

men are provided. They are compared to avail-

able analytical solutions. Ratchetting phenomena

are shown to take place in some deformation

bands when the specimen is subjected to cyclic
loading.

2. Strain localization in a single crystal under

cycling loading

2.1. Single crystal model

The model used in this work to describe the

elasto(visco)plastic behavior of f.c.c single crystals

has been developed in [8]. It is based on crystal
plasticity theory at small strains. The total strain is

partitioned into an elastic and a plastic part

e ¼ ee þ ep; r ¼ C : e ð1Þ
where C is the fourth-rank tensor of elastic mo-

duli. Plastic deformation is the result of slip pro-
cesses according to 12 octahedral slip systems

_eep ¼
X12
g¼1

mg _ccg with mg ¼ 1
2
ðlg � ng þ ng � lgÞ

ð2Þ
where lg is the glide direction and ng the normal to
the slip plane, for slip system g. The amount of slip
rate _ccg is given by

_ccg ¼ jsg � xgj � rg

k

� �n

signðsg � xgÞ ð3Þ

Fig. 1. Strain localization on the surface of a Ni-base single crystal. The test is carried out at 20 �C under total axial strain control

ðD�p ¼ 2� 10�3Þ on a polished low cycle fatigue specimen. The number of slip bands increase with the number of cycles. (After

[6].)

62 S. Flouriot et al. / Computational Materials Science 26 (2003) 61–70



where sg ¼ r : mg is the resolved shear stress. For

each slip system, internal variables are introduced

to describe the hardening of the material: isotropic

hardening variable rg and kinematic hardening
variable xg. The flow rule (3) is used in this work

near its rate-independent limit associated with

large values of parameters n or 1=k. The non-linear
evolution rule for isotropic hardening involves an

interaction matrix Hgr which is settled to identity

in this work as in [8]:

rg ¼ ro þ Q
X
r

Hgrð1� e�bvrÞ with _vvr ¼ j _ccrj

ð4Þ

The following form of non-linear kinematic hard-

ening is adopted

_xxg ¼ c _ccg � _vvgdðxg � �xxÞ ð5Þ
The second term in the right-hand side of the

equation is the non-linear part associated to the

irreversibility of the to and fro dislocation mo-

tion (in particular possible change of plane dur-

ing reverse motion). The additional constant term
�xx introduces a tension–compression asymmetry

observed in nickel-based superalloys at specific
temperatures. The integration of Eq. (5) under

monotonous tensile ðþÞ or compressive ()) load-
ing for a crystal undergoing single slip, gives

x ¼ �xx
�

	 c
d

�
ð1� e
dcÞ ð6Þ

2.2. Kinematic hardening and ratchetting effect

Non-linear kinematic hardening is the main

ingredient to model the irreversibilities of cyclic

slip. It corresponds to a ‘‘back-stress’’ due to po-
larized dislocation distributions [9]. The internal

stresses resulting in strain hardening are produced

by dislocation pile-ups for instance. A direct link

between such dislocation configurations and linear

kinematic hardening is provided in [9]. As for him,

Asaro [10] proposes micromechanical arguments

for three kinds of kinematic hardening. The ap-

plied stress is a function of internal structure
variables r ¼ rða1; a2; a3; . . .Þ determining the flow
strength. The order in which the recovery of indi-

vidual events ai occurs during reverse loading de-

termines the type of kinematic hardening. The first

kinematic hardening scheme corresponds to the

reverse sequence 2a1, 2a2, 2a3, the second to

the order a1, a2, a3 and the third to a3, a2, a1. The
formulation of kinematic hardening used in this

work is related to Asaro�s third mechanism.

The formation of an extrusion or an intrusion

in a metal grain is modelled in [9,11] by dislocation

pile-ups on two neighbouring plastically deformed

layers with the assumption of irreversible disloca-

tion motion. One pile-up forms during tensile

loading. It induces a negative back-stress in the
vicinity of the first layer (I). Therefore during re-

verse loading, plastic flow will occur near the first

one (layer II). As a result, further plastic defor-

mation takes place on layer I during tension and

on layer II during the compressive part of the cy-

cles. Extensions of this simple model of extrusion/

intrusion phenomenon can be found in [12]. In the

derivation, kinematic hardening plays the central
role. The progressive accumulation of plastic slip

in each band, cycle after cycle, can be regarded as a

ratchetting phenomenon. Constitutive models ac-

counting for ratchetting from a macroscopic point

of view under uniaxial or multiaxial loading are

available [13] and can help designing the proper

evolution equation at the single crystal level. This

is the case for Eq. (5) which represents, in a rather
phenomenological way, the reversible and irre-

versible parts of the go and fro motion of under-

lying dislocations. The modelling of ratchetting

effects requires non-zero mean stress and non-

linear kinematic hardening.

2.3. Finite element simulations

Strain localization phenomena in single crystals

under monotonous loading have been extensively

studied from both a theoretical and a numerical

point of view [2,14]. Bifurcation analyses show
that strain softening is required for localization to

occur at the early stage of plastic flow. One usually

considers a single crystal plate in tension with a

slight initial material or geometric flaw to trigger

localization. Shear band formation occurs at or

slightly after the peak of the load–displacement

curve. If the single crystal plate is then subjected to
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cyclic tension–compression, the whole deforma-

tion will take place in the formed shear band. No

additional band will form. If the material can cy-

clically harden, the band will thicken and spread

over the entire sample. This type of modelling, well
suited for localization under monotonous loading,

is therefore not sufficient to obtain extrusion or

intrusion formation.

To obtain multiple slip band formation, we

propose to assume that the plate is initially, or

after some cycles, slightly inhomogeneous. For

simplicity, the plate, oriented for plane single slip,

is divided into two parts: the upper (resp. lower)
part has an initial positive (resp. negative) �xx com-
ponent. The value of the parameters used in the

simulation are given in Table 1. Isotropic softening

is introduced via a negative parameter Q in 4. The

intrinsic response of each individual part in shown

by the stress–strain loops of Fig. 2. Due to the

presence of parameter �xx, the loops are not sym-

metric in stress. A material imperfection is intro-
duced in each part. The peak of the stress–strain

curve is reached earlier in the lower part of the

plate than in the upper one during the first tension.

As a result, a first slip band appears (Fig. 3,

N ¼ 1=2 cycle). During the following compressive

stage, a second slip band forms in the upper part

(Fig. 3, N ¼ 1 cycle). During the subsequent cy-

cles, the upper (lower) band is active only during
compression (resp. tension). This results in the

formation of an extrusion/intrusion between the

two slip bands (Fig. 3, N ¼ 4; 8 cycles). The am-

plitude of the extrusion increases with the number

of cycles. Fig. 4a shows the global mechanical re-

sponse of the plate. The overall strain–stress curve

is symmetric although the local response of each

crystal element is not. The local strain–stress in a
slip band displays a ratchetting effect in the slip

band (Fig. 4b).

3. Cracks in single crystals

The purpose of this part is to present the strain

and stress fields at a stationary mode I crack tip in

an elastic-perfectly plastic f.c.c. single crystal. The

attention is focused on the three-dimensional field
in a CT specimen and on its local cyclic response.

3.1. Asymptotic solution

An asymptotic solution of crack tip stress fields

has been proposed in [7,15] for plane strain tensile

(mode I) crack in elastic-ideally plastic single

crystals. It is shown that angular sectors with
constant stress exist around the crack tip. The

shear discontinuities between sectors can be in-

terpreted as strain localization bands which can be

slip or kink bands. Drugan [16] has derived other

crack tip deformation fields which do not require

the existence of kink bands. Rice [7] considers

(0 1 1)[1 0 0] and (1 0 0)[0 1 1] cracks for f.c.c. and

Fig. 2. Single crystal intrinsic behavior obtained for one ten-

sion–compression cycle with the material parameters of Table

1.

Table 1

Material parameters used in the simulation of strain localization in a single crystal plate under cyclic loading

Elasticity Isotropic hardening Kinematic hardening

E (MPa) m R0 (MPa) Q (MPa) b C (MPa) D �xx (MPa)

Upper part 200,000 0.3 50 )30 210 20,000 900 þ20
Lower part 200,000 0.3 50 )30 210 20,000 900 )20
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b.c.c. crystals. The notation ( ) denotes the crack

plane and [ ] the crack propagation direction. In

the present work, we consider also the orientation

(0 0 1)[1 0 0] which gives a different deformation

pattern at the crack tip. The Cartesian axes 1 and 2

of the crack of Fig. 5b then coincide with crystal

directions [0 0 1] and [1 0 0] respectively. Necessary

condition for slip to occur is that the resolved
shear stress on a slip system reaches the critical

value: sg ¼ sc. The yield surface can be represented
as a curve in the stress space of ððr11 � r22Þ=2; r12Þ.

For elastic–plastic materials the same result can be

applied to the stress state in a large sustained

strain. The yield surface for the studied orientation

is shown in Fig. 5a in the stress space ððr11 �
r22Þ=2; r12Þ. Every facet corresponds to a family of
activated slip systems. The equation of the yield

surface can be written in the form

NarabSb ¼ bsc; or

2N1N2

r11 � r22

2sc
þ ðN 2

1 � N 2
2 Þ

r12

sc
¼ b ð7Þ

Fig. 3. Strain localization in a plate oriented for single slip: representation of the two inhomogeneous parts of the crystal and location of

the imperfections (left), slip band and extrusion/intrusion formation during the first eight cycles (black corresponds to more that c ¼ 0:1).

Fig. 4. Single crystal plate in tension–compression: (a) overall response, (b) ratchetting effect in a localization band.
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where Na and Sa are the unit normal and tangent

vectors of a family of slip plane traces in the

straining plane (0 1 0). A polar coordinate system

r, h centered at the crack tip, so x1 ¼ r cos h,
x2 ¼ r sin h is introduced. Rice [17] and Drugan

[18] have shown that the asymptotic equilibrium

requires

r0
ab ¼ eaebðr0

11 þ r0
22Þ with ð Þ0 � lim

r!0

oð Þ
oh

ð8Þ

Here ea ¼ or=oxa with e1 ¼ ðcos h; sin hÞ is the ra-
dial unit vector in the x1, x2 plane. Combining this

equation with Eq. (7), we get

ðNaeaÞðNbebÞðr0
11 þ r0

22Þ ¼ 0 ð9Þ

This equation shows that the Cartesian stress

component is constant in each plastic sector except

for special angle h for which e is collinear to N or

S. In our case we have four values of h associated

with a stress jump. The continuity of the traction

vector across each sector boundary leads to an

additional equation

s1
2
ðr11 þ r22Þt ¼ �sLt ð10Þ

where L is the arc length along the yield surface
measured in the counterclockwise sense. For the

crack orientation (0 0 1)[1 0 0] the stress compo-

nents are given in Table 2. The orientations of the

discontinuity lines are given in Fig. 5b.

3.2. 2-D finite element analysis

Numerical analysis of a (0 0 1)[1 1 0] crack in
single crystals has been performed and compared

to the analytical prediction in [15,19] in finite

strain crystal plasticity.

We present here the case of a CT specimen with

a (0 0 1)[1 0 0] crack. Only one half of the specimen

Fig. 5. (a) Yield surface for a (0 0 1)[1 0 0] crack, (b) asymptotic structure of the crack tip.

Table 2

Stress distribution for a (0 0 1)[1 0 0] crack

Stress Angular sectors

A B C D E

0�/45� 45�/67.5� 67.5�/112.5� 112.5�/135� 135�/180�

r11=sc ð2þ 2
ffiffiffi
2

p
Þ

ffiffiffiffiffiffiffiffi
3=2

p
ð1þ 2

ffiffiffi
2

p
Þ

ffiffiffiffiffiffiffiffi
3=2

p
ð2þ

ffiffiffi
2

p
Þ

ffiffiffiffiffiffiffiffi
3=2

p
3

ffiffiffiffiffiffiffiffi
3=2

p
2

ffiffiffiffiffiffiffiffi
3=2

p
r22=sc ð4þ 2

ffiffiffi
2

p
Þ

ffiffiffiffiffiffiffiffi
3=2

p
ð3þ 2

ffiffiffi
2

p
Þ

ffiffiffiffiffiffiffiffi
3=2

p
ð2þ

ffiffiffi
2

p
Þ

ffiffiffiffiffiffiffiffi
3=2

p ffiffiffiffiffiffiffiffi
3=2

p
0

r12=sc 0 �
ffiffiffiffiffiffiffiffi
3=2

p
�

ffiffiffiffiffiffiffiffi
3=2

p
�

ffiffiffiffiffiffiffiffi
3=2

p
0
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is considered. A regular mesh with quadratic ele-

ments is used at the crack tip. The single crystal

model of Section 2.1 is used, without hardening

(elastic ideally plastic behavior). Fig. 6a shows the

four localization bands found at the crack tip. The
numerical solution agrees with the analytical pre-

diction, as shown in Fig. 6b, which gives the stress

profile along a circular arc near the crack tip. It

has been checked that the use of finite strain

crystal plasticity does not significantly affect this

result. This localization pattern has been described

in [20]: The localization bands (1) at 45� and (4) at

135� is composed of superimposed slip and kink
bands. Localization bands (2) and (3) at 67.5� and
122.5� are more complex multislip bands.

3.3. 3-D finite element analysis

Experimental techniques for the determination

of near-tip deformation fields rely on surface

measurements. For example Shield and Kim [21]
and Crone and Shield [22] have measured defor-

mation field using Moir�ee interferometry which

allows precise determination of strain fields in

single crystals. Glide shear sector boundaries were

observed. But Moir�ee Interferometry measures the

strains on a free surface, which is not under plane

strain condition. The asymptotic solution and the

2D FE analysis are only valid for plane strain, i.e.
in the interior of the specimen. Three-dimensional

near-tip fields in a copper single crystal specimen

loaded in four-point bending have been computed

in [23]. Slip activity at the surface and the interior

is found to differ significantly.

That is why surface effects are investigated here

for the CT specimen. Owing to the symmetry of the

problem, only one quarter of the CT specimen is
considered (Fig. 7). Both orientations (0 0 1)[1 0 0]

and (0 0 1)[1 1 0] are considered. Due to the large

number of degrees of freedom (270,000), it has been

resorted to parallel computing (see [24] for more

details on the parallel computation method). Fig. 7

shows the mesh of the CT specimen and the 3D

crack tip fields for both investigated orientations.

For the (0 0 1)[1 1 0] orientation, in the core of the
specimen, three localization bands appear in

agreement with the analytical prediction. In con-

trast, only one localization band is found at the

surface, in which one slip system (½11�11�ð110Þ) is
dominant. This system induces out-of-plane plastic

flow (Fig. 8).

3.4. Cyclic loading

The evolution of the stress–strain field at the

crack tip during cyclic deformation is investigated

for a (0 0 1)[1 1 0] CT specimen under plane strain

conditions. Contact conditions in the case of crack

closure are accounted for. Three localization

bands appear during the first tensile loading (as in

Fig. 9). In the first band (1) (at 55�) two slip sys-
tems are activated simultaneously with the same

amount of slip and result in a ð11�11Þ½112� effective
slip system. The second band (2) (at 90�) can be

Fig. 6. (0 0 1)[1 0 0] crack: (a) strain localization at the crack tip, (b) stress profiles along a circular line at a given distance from the

crack tip and parametrized by polar angle h.
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Fig. 7. (a) CT mesh; equivalent plastic deformation field at the crack tip for the ð001Þ½110� (b), and ð001Þ½100� (c) cracks. The visible
section corresponds to the interior of the specimen.

Fig. 8. 3D computation of a single crystal CT specimen: equivalent plastic deformation field. (a) Section in the bulk, (b) outer surface

of the specimen ((0 0 1)[1 1 0] crack).

Fig. 9. Crack blunting in a single crystal CT specimen during

cyclic loading ((0 0 1)[1 1 0] crack).

Fig. 10. Activity of slip system ð111Þ½�1101� along a circular line
near the crack type at different stages of cyclic deformation

((0 0 1)[1 1 0] crack).
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interpreted as a kink band [15,20]. During subse-

quent cycles, plastic strains stop accumulating in

localization band (3) (at 125�). The active slip

system in this latter band then appears in band (1),

as shown in Fig. 10. Strain accumulates in the
band (1). This results in plastic blunting at the

crack tip. The plastic slip variable c increases by

about 0.7% per cycle in band (1). This is associated

with non-symmetric stress variation. This local

ratchetting phenomenon can be regarded as the

origin of fatigue damage. It is thought to play an

important role in crack propagation (Fig. 9).

4. Conclusions

Strain localization under cyclic loading has

been shown to be related mainly to local ratch-

etting phenomena. A continuum model for the

formation of extrusion in a single crystal plate

undergoing single slip has been proposed, based
on a non-homogeneous distribution of the kine-

matic hardening variable. Such fluctuations are

likely to appear in cyclically deformed samples and

are sufficient to lead to the formation of multiple

intense slip bands after cycling. This is also the

assumption of micromechanical models like [12].

Note that the proposed continuum model is very

different from the one presented in [25], based on
the simulation of vacancy diffusion during cyclic

loading. Vacancies are associated to dislocation

pair annihilation due to the irreversibility of go

and fro dislocation motion. It is thought that non-

linear kinematic hardening can be regarded as an

effective model for such volume-preserving va-

cancy diffusion. The advantage of the kinematic

hardening model is that a diffusion-mechanical
coupling is not necessary.

When a crack initiates in such intense slip bands

and grows, it induces a complex stress–strain field,

which has been investigated in details via the finite

element method. Large scale three-dimensional

analyses are necessary because of the important

surface effect predicted in a CT specimen. In

elastic-perfectly plastic single crystals, three to four
localization bands form at the crack tip depending

on the orientation. Under cyclic loading, it has

been shown that a ratchetting process takes place

in the bands ahead of the crack tip, whereas

deformation saturates in the others. This feature of

cyclic crystal plasticity is expected to play an im-

portant role on subsequent crack propagation or

branching.
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