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a b s t r a c t

3D finite element simulations of 9-grain multicrystalline aggregates are performed within the framework
of the classical continuum crystal plasticity and discrete dislocation dynamics. The results are processed
in a statistical way by ensemble averaging. The comparison is made at three levels: macroscopic stress–
strain curves, average stress values per grain, local values of stress and plastic strain. The comparison
shows that some similarities are observed in the stress and strain distributions in both simulations
approaches. But there are also large discrepancies caused by the discrete nature of plasticity in DDD.
The DDD simulations provide higher stress levels in the aggregate due to the small number of dislocation
sources and to the stress field induced by individual dislocations.

� 2008 Elsevier B.V. All rights reserved.

1. Introduction

The decreasing dimensions of devices cause that the material
structure properties play an important role in the device behaviour
under certain loading conditions. Small scale structures also exhi-
bit new kind of size effects which are not observed in bulk struc-
tures. The need for understanding these effects gives rise also to
several simulation approaches. The approach based on continuum
mechanics can be represented by the classical crystal plasticity
theory [1,2]. This continuum theory is able to describe behaviour
of polycrystalline aggregates. Since this theory is simple for imple-
mentation into finite element codes, it is very useful in practical
applications. It does not contain any intrinsic length scale so that
it is not able to describe the aforementioned size effects. These ef-
fects can be described within the framework of advanced contin-
uum theories like second gradient crystal plasticity [3], Cosserat
crystal plasticity [4] and statistical theory of dislocations [5,6].
The second approach considered in this work is based on the com-
putation of the motion of individual dislocations. This theory is
called discrete dislocation dynamics [7–11]. These models are able
to describe size effects, however, they are currently limited to sim-

ple geometries and dislocations arrangements due to the high
computational cost. In this paper the results of 3D simulations per-
formed within the framework of classical continuum crystal plas-
ticity and discrete dislocation dynamics are compared. The
studied material is aluminum. This comparison shows the ‘‘dis-
tance” between these simulation approaches since they are sup-
posed to stay at the (slightly overlapping) opposite sides of
length spectrum e.g. continuum simulations with no intrinsic
length scale vs. small scale DDD simulations.

2. Computational approaches and simulation parameters

2.1. Discrete dislocation dynamics (DDD)

The used DDD model is a based on a nodal formulation where
the dislocation line is interpolated by straight segments between
the nodes. The dislocations are allowed to move in certain glide
planes. The Peach–Koehler force acting on the dislocations is calcu-
lated within the superposition framework proposed in [7,10]. In
the chosen approach the elastic interaction between dislocations
is calculated, based on linear elastic solutions for dislocation seg-
ments in infinite space and a complementary elastic problem,
which accounts for the external load and the image corrections
fields. The complementary elastic problem is solved by the FEM
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method, as described in [7,9,10]. In the multi grain simulations, the
grain boundaries are assumed to be impenetrable for motion of
dislocations, however, the elastic interaction between dislocations
goes beyond the grain boundary. DDD simulations of tensile tests
were performed for single crystals for parameter identification,
on the one hand, and 9-grain multicrystalline aggregates, on the
other hand. The chosen in plane grain size is 0.5 lm and the initial
dislocation density is 2 � 1013 m�2 which corresponds to 32 initial

Franck–Read sources in each grain. The single crystals have [010],
[011], [111] crystallographic directions along the tensile direction.
The crystallographic texture in the aggregates is the following: the
central grain has a h001i crystallographic direction parallel to the
z-axis (normal of the film) and the surrounding grains have a h111i
crystallographic direction parallel to the z direction and a random
in–plane rotation around the z-axis. Similar crystallographic orien-
tations were analysed for copper thin films in [12,13]. The param-
eters of DDD simulations are summarized in Table 1. The boundary
conditions for the aggregates and the pole figure showing the tex-
ture are shown in Fig. 1. The aggregates are shown in Fig. 2: (a) one
realization for DDD simulations, (b) FE mesh for continuum crystal
plasticity simulations. 20-Node quadratic bricks are used in the fi-
nite element simulations. Due to the small number of dislocations
in DDD simulations, 10 different realizations of aggregates with
different initial source distributions were considered. An ensemble
averaging strategy was used for the processing of stress and strain
fields, following [14,15]. It consists in computing at each integra-
tion point of the finite element mesh the average of the 10 values
of stress and plastic strain components. The DDD maps shown in
this work correspond to the ensemble averaged fields.

2.2. Continuum crystal plasticity (CXP)

Continuum crystal plasticity model is based on the decomposi-
tion of the deformation gradient into elastic part F

�
e and plastic part

F
�

p:

F
�
¼ F
�

e � F
�

p; _F
�

p � F
�

p�1 ¼
Xn

s¼1

_csP
�

s; P
�

s ¼ ms � ns; ð1Þ

where the plastic deformation rate is computed as the sum of the
slip with respect to all active slip systems defined by their normal
ns and slip direction ms. The activation of each slip system is deter-
mined by Schmid’s law. The resolved shear stress and the amount of
plastic slip in each slip system according to Norton viscoplastic rule,
are computed as:

ss ¼ P
�

s : r
�

s; _cs ¼ hjs
sj � rs

k
insignss: ð2Þ

The threshold rs represents the current critical resolved shear
stress. The hardening law describing the isotropic hardening is
added to the set of constitutive equations:

rs ¼ r0 þ q
Xn

r¼1

hsrð1� expð�bvrÞÞ: ð3Þ

This equation involves the slip system interaction matrix hsr. In
contrast to the work done in [13], no kinematic hardening is intro-
duced at the single crystal material point level. The detailed
description of continuum crystal plasticity and viscoplastic model

Table 1
Basic properties of the DDD simulations of single crystals and 9-grain aggregates

In–plane grain
size (l m)

Film
thickness
(lm)

Glide plane
distance (lm)

Source
length
(lm)

Initial dislocation
density (m�2)

0.5 0.5 0.01 0.08 2.0 � 1013

741

852

63 9

x

y

z

u  =0y

prescribed u ya

b

Fig. 1. Boundary conditions of crystal plasticity simulations (a), {111} pole figure of
the crystallographic texture (b).

Fig. 2. Representation of the 9-grain aggregate in (a) DDD simulations (initial dislocation segments in colour), (b) continuum crystal plasticity simulations.

794 F. Šiška et al. / Computational Materials Science 45 (2009) 793–799



Author's personal copy

can be found in [1,2]. Two sets of parameters for the CXP model
were estimated. First set (parameters 1) is the result of identifica-
tion of the CXP model with the results of DDD simulations of single

crystals under tension, where displacements are prescribed in ten-
sile direction and lateral surfaces are free of forces. Comparison of
the curves for continuum and DDD simulations is shown in Fig. 3a.
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Fig. 3. Identification of the continuum model parameters using (a) DDD simulations of single crystals (b) central grain in DDD simulations of polycrystals.

Table 2
Values of CXP model parameters from the fitting of DDD simulations of tensile test of
single crystal (parameters 1) and average stress–strain curves for the central grain in
9-grain aggregates (parameters 2)

E m

Elasticity
72738 MPa 0.347
Parameters Parameters 1 Parameters 2

Plasticity
k [MPa s] 2.0 2.0
n 15.0 15.0
q [MPa] 0.091 58.2
b 0.089 65.6
r0 [MPa] 75.0 92.4
h1 1.0 1.0
h2 1.4 1.4
h3 1.4 1.4
h4 1.4 1.4
h5 1.4 1.4
h6 1.4 1.4
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Fig. 4. Global stress strain curves for 10 realizations of DDD and crystal plasticity
simulations.
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Fig. 5. (a) Comparison of the average von Mises equivalent stress values per grain
in simulations and (b) comparison of relative von Mises equivalent stress values per
grain in simulations.
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Due to the small number of initial dislocation sources in simula-
tions, the plastic flow is mostly given by the multiple activation
of only one or several sources and there is almost no dislocation
interactions inside the grains. Therefore the DDD results do not
show any hardening except in the case of [010] orientation where

a pile-up causes linear hardening. This situation cannot be repro-
duced accurately within a continuum model. Therefore, large dif-
ferences between the curves for DDD and continuum simulations
are found. A second identification (parameters 2) was performed
for the average stress–strain curves computed for the central grain

Fig. 6. von Mises equivalent stress maps at free surfaces for the continuum crystal plasticity simulation (parameters 1) (a) z = 0, (b) z = h, (parameters 2) (c) z = 0, (d) z = h,
DDD simulations (e) z = 0, (f) z = h (ensemble averaged fields). The tensile direction is vertical.
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five in the direction x (transversal) and y (tensile). Values of both
parameters sets are shown in Table 2. The comparison of these
curves is shown in Fig. 3b. The stress and strain distribution in this
grain is very heterogeneous. The boundary conditions and film
crystallographic texture are the same as presented in the previous
section.

3. Results and discussion

3.1. Macroscopic behaviour

The first level in the comparison of results is the macroscopic
behaviour. The comparison of global stress–strain curves is shown

Fig. 7. Equivalent plastic strain maps at free surfaces continuum crystal plasticity simulation (parameters 1) (a) z = 0, (b) z = h, (parameters 2) (c) z = 0, (d) z = h, DDD
simulations (e) z = 0, (f) z = h (ensemble averaged fields).
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in Fig. 4. This plot shows the curves of individual DDD simulations
and the ones for the continuum crystal plasticity simulations (two
sets of parameters). The overall stresses in the DDD simulations are
higher than in continuum ones. The continuum simulations with
‘‘parameters 1” exhibit the lowest yield stress and smallest harden-
ing. This result reflects that there is no hardening in DDD single
crystal simulations for parameters set 1, thus it cannot account
for grain boundary effects in polycrystals, e.g. grains interactions
due to strain incompatibilities, pile-up formation or elastic interac-
tions of dislocations across the grain boundaries. Better agreement
is obtained with ‘‘parameters 2” where these effects are, indirectly,
taken into account. The curve is the lower bound of the DDD re-
sponses and the hardening rate in CXP simulations is in agreement
with DDD results. The higher stress levels in DDD simulations with
respect to continuum simulations are caused by several factors.
The number of dislocation in the DDD simulations is much smaller
than required by a continuum approach. This limited number of
dislocation sources together with their position inside grains con-
strain the possibility of plastic slip which results in an increase of
stress level. The dislocations themselves act as stress concentrators
and contribute to the increased stress level in the aggregate. These
dislocations induce stress fields that can inhibit the activity of
some sources.

3.2. Average stress per grain

The comparison at the second level is based on the average val-
ues of stresses in the individual grains. The comparison is per-
formed at 0.5% of total imposed deformation. The average values
per grain are compared in Fig. 5. The case 5a shows the absolute
values of average stresses in DDD and crystal plasticity simulations
and case 5b shows the relative values normalized by the average
stress value for the whole aggregate. Numbers on x-axis give the
label of each grain in the aggregate. The case (a) shows again sig-
nificantly higher stress levels in the DDD simulations. The case
(b) shows that the relative values of stresses inside grains are very
similar for the continuum simulations with different parameters
sets. There is a good agreement for grains 1, 2, 3, 4 and 8. There
are large differences for grains 5 and 6 where the values in both
types of simulations lie above the overall average value. Values
for grains 7 and 9 are smaller than the average for CXP and higher
for DDD. This discrepancy is large especially for grain 9. The largest
pile-ups at grain boundaries occur in the grains 2, 5 and 6. This
high activity corresponds to the high Schmid factors for uniaxial
tension in these grains. The relative stress in grain 2 fits very well
for all cases of simulations while the grains 5 and 6 are those with
the strongest discrepancies. Accordingly, the differences cannot be
attributed solely to the presence of pile-ups inside the individual
grains, but the influence of adjacent grains also plays a significant
role.

3.3. Local stresses and plastic strain

The third level of analysis is the comparison of the von Mises
equivalent stress and plastic strain maps inside the grains. This
comparison is only qualitative due to the different stress and strain
levels in different simulations. The stress and strain distributions in
DDD simulations are still strongly influenced by the initial posi-
tions of the dislocation sources but some general similarities can
be recognized in both simulations. The first comparison is shown
in Fig. 6a–f. Fig. 6a and 6b show the distribution of von Mises
equivalent stress in continuum crystal plasticity simulation with
parameters 1 at the free surfaces z = 0 (a) and z = h (b). The
Fig. 6c and d then show the distribution of von Mises equivalent
stress in the continuum simulations (parameters 2). Fig. 6e and f
show the ensemble averages of von Mises equivalent stress from

DDD simulations. A similar comparison is made for the plastic
strain maps in Fig. 7a–f. The DDD simulations produce higher
stress concentrations and higher localization of these extreme val-
ues. This is caused by the presence of individual dislocations which
induce high stress concentrations. Higher plastic deformations are
generally found in the continuum crystal plasticity simulations.
The band of higher stress through the grains 6, 8 and 9 is clearly
visible at the bottom surface in all simulations. Comparable stress
concentrations occur also between grain 6 and 9 at the upper sur-
face. Increased plastic deformation is also observed in grains 6 and
9 in all simulations. These two grains show the mutual influence of
the dislocations stress fields across the grain boundary since the
grain 6 contains several pile-ups. Grain 9 is less active but both
grains show the highest discrepancy with the continuum model
in Fig. 5b. The opposite example is grain 2. The stress map shows
the concentrations at 2–5 grain boundary in all simulations. The
plastic strain maps show discrepancies and much higher plasticity
in DDD simulations. This corresponds to the fact that grain 2 is the
most active (111) grain in DDD simulations. In spite of the many
pile-ups, this grain provides the best fit in Fig. 5. This may be
caused by the low dislocation activity at grains 1 and 3. The stress
maps of DDD dislocations indicate also some stress concentrations
which are not present in the continuum simulations like at grain
boundaries 1–4, 4–7, 3–6. These concentrations are caused by
the presence of individual dislocations, that cannot be predicted
by the continuum model. The largest discrepancy in plastic strain
map is observed inside grain 1. The deformation is much higher
in continuum simulations. This is caused by the small number of
initial dislocation sources in DDD which does not allow the devel-
opment of more homogeneous plastification.

4. Conclusions

A comparison of DDD and continuum crystal plasticity simula-
tions of 9-grains multicrystalline aggregates was drawn. The ob-
tained results are summarized as follows:

� The statistical ensemble averaging approach is useful for mini-
mizing the effect of the initial positions of dislocation sources
on the overall behaviour of the aggregates and for coming closer
to a continuum description. The number of 10 realizations as
well as the small number of dislocation sources (32 per grain)
are not sufficient to avoid the effects of the position and activa-
tion of individual dislocation sources.

� The number of initial sources is too small for developing com-
plex dislocation microstructures. Therefore the most important
hardening mechanisms are the grain misorientation induced
strain incompatibilities, dislocations pile-up and dislocation
induced stresses across the grain boundaries.

� The comparison of macroscopic stress–strain curves shows the
best agreement between DDD and continuum theory for param-
eters which incorporate the impenetrable grain boundary effect.
Higher stress levels in the DDD simulations are due to stress
concentrations and restricted plasticity caused by the small
number of dislocation sources and pile-up structures at impen-
etrable grain boundaries. Pile-ups induce high internal stresses
not accounted for in the continuum model.

� The comparison of the average stresses in grains shows that the
stresses in the aggregates are distributed in similar way in most
grains for all types of simulations. The discrepancies in some
grains in DDD are caused by the dislocation stress fields induced
in these grains and their neighbors.

� The qualitative comparison of the von Mises equivalent stress
and plastic strain maps show that some stress and strain con-
centrations are predicted in all simulations. The differences are
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caused by the presence of individual dislocations and also con-
strained plasticity in DDD due to the small number of disloca-
tion sources.

The results show that the proper link between continuum crys-
tal plasticity and discrete dislocation dynamics cannot be estab-
lished at this length scale. There is a transition from a discrete
object determined behaviour to continuum crystal plasticity taking
place at the micron scale. More valuable relation should be ob-
tained when these approaches will go closer toward each other.
This requires higher number of realizations of DDD aggregates
with much higher initial dislocation density. And from the contin-
uum point of view, scale dependent internal stresses should be
introduced. Even though continuum crystal plasticity correctly
predicts the hard and soft grains, the stress levels are systemati-
cally underestimated. The comparison should now be drawn with
higher order continuum models like second gradient crystal plas-
ticity [3], Cosserat crystal plasticity [4] and statistical theory of dis-
locations [5,6].
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