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Abstract

In classicalcrystalplasticity, thelatticeorientationis unchangedfrom thereferenceconfiguration to thelocal intermediate
plasticallydeformedconfiguration.Materialcrystalplasticitycorrespondsto a differentirreversibleprocessby which lattice
rotatestogetherwith materiallinesbetweenreferenceandintermediateconfigurations. Deformationtwinning is anexample
of materialplasticity. A continuum modelfor mechanical twinningof singlecrystalsispresentedin thiswork. Twin formation
is regardedasan unstablelocalizationphenomenon, followed by twin front propagation. Finite elementsimulationsare
providedshowing thetwinning anduntwinningof a singlecrystalundercyclic loading,thedevelopmentof twins at a crack
tip, andlastly theformationof twin networksin a coatingon anelasticsubstrate.
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1 Material vs. dislocation - based crystal plasticity
The constitutive framework of anisotropicelastoplasticityhasbeensettledby Mandel in (Mandel,1973) : it requiresthe
definitionof a tryadof directorsattachedto eachmaterialpoints. In thecaseof singlecrystalplasticity, therelative rotation
rateof latticedirectorswith respectto materiallinesis derivedin auniqueway from thekinematicsof plasticglideaccording
to N slip systems.A uniqueintermediateconfiguration canbe definedfor which the lattice orientationis the sameasthe
initial one. This resultsin a multiplicative decomposition of the deformationgradientF� into elasticandplasticparts,as
shown on figure1a:

F� � E� P��� Ṗ� P� � 1 � N

∑
s� 1

γ̇sms � ns (1)

whereslip systems is describedby the slip directionms and the normal to the slip planens, and γs denotesthe amount
of associatedslip. It follows that from the referenceconfigurationto the intermediateone, the lattice directionsare left
unchangedwhereasthemateriallinesrotateaccordingto therotationpartin thepolardecompositionof P�

Onecan also imaginean irreversibledeformationprocessby which the lattice directionsof the crystalwould simply
follow the materiallines. This is what we call material crystal plasticity. It leadsto the picture of figure 1b wherethe
individual atomsundergo a uniform simpleglide in a cooperative way. However this processis not sosimpleasit maylook
sinceduringtheshearingthelatticestructureis changedusuallygoingfrom ahighly symmetricclassto a lesssymmetricone.
Somecritical shearamount γ0 mayexist for whichthecrystalstructureis retrievedwith possiblyanorientationdifferentfrom
the initial one(Pitteri, 1985). Sucha deformationprocessexists in somecrystals.It is referredto asdeformationtwinning
(Christian,1965)(Reed–Hill et al., 1964). The sequelof the paperis devotedto the continuummodelling of this particular
modematerialcrystalplasticity.
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Figure 1: Kinematicsof crystalplasticitybasedondislocationglide (a); homogeneousshearingof a latticeasanexample of
materialcrystalplasticity(b).

Figure2: Twin network andfour cleavagecracks in a largeflat zincgraincoatedona steelsheet(grainsize: 500µm).

2 Continuum modelling of deformation twinning

2.1 Elements of deformation twinning
Deformationtwinning now is awell–known deformationmechanismin cubicandhexagonal crystals.A modernandexhaus-
tive account of thecurrentknowledge from thecrystallographic, metallurgical andmechanical point of view canbefoundin
(ChristianandMahajan, 1996).We will simply retainthefollowing features:� thedeformationof thetwinnedpartof thecrystalcanbedescribedby a homogeneousshearingγ0 in directionη1 and
in theplaneS;
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� thecrystalstructureof thetwin usuallyis themirror imageof theparentcrystalin thecrystallographictwin planeK1;
K1 very oftencoincideswith theplaneof contactbetweenthetwo crystalscalledcompositionplanewhich is neitherrotated
nor distorted;thedirectionin Sundergoingonly a rotationis calledη2 andK2 denotestheplanecontainingη2 andnormalto
S; � in fact,a simpleshearappliedto atompositions,asdistinct from latticepoints,is not alwayscapableof producing all
the atommovements which areneededto form a twin : additional reshuffle of someatomsof the unit cell is necessary, in
particularin multiple lattices.

For simplicity, thepresentwork is actuallyrestrictedto compoundtwins for which all elementsKi � ηi arerational(Kelly
andGroves,1970). Morespecifically, theprovidedexamplesdealwith purezinchaving hexagonalclosed–packedsymmetry.
Usingclassicalindex notationsfor this typeof symmetry(Christian,1963),thetwinning systemof purezinc is givenby :

η1
�	� 1011 
 � K1

��� 1012 � η2
�	� 1011 
 � K2

��� 1012 � γ0
� 0 � 139

Thelatticeorientationrelationshipbetweentheparentcrystalandthetwin in zinc are: a mirror symmetryin K1, or equiva-
lently a rotationof angleπ aroundη1, amirror symmetryin theplanenormalto η1 or a rotationif angleπ aroundthenormal
to K1.

2.2 Elastoplastic model of twinning
Mechanical modelsfor twinning areavailablefrom both microscopicandmacroscopic pointsof view. At the level of the
cooperative behaviour of atoms,non–linear elasticitywith a non–convex potentialhasproved to be an efficient methodto
describesucha phasetransition–like process(Ericksen,1980)(Truskinovsky andZanzotto,1998). Indeedelastictwinning
exists if thereareno latticefriction forcesopposingthemotionof thedislocationsat irregular interfaces.In this case,twins
will run backwhentheappliedstressis removed. In calcitefor instance,small twins nucleateby indentationanddisappear
whentheloadis removed(Kelly andGroves,1970).However, moregenerally twinning is not reversibleandtwins remainin
acrystalafterit hasbeenunloaded. Thereasonoftenis thataccommodationhasoccurredby slip, relieving thestressesat the
edgeof thetwin. Undertheseconditions,blunt twin plateswith quiteirregularinterfacesarepossible(figure2). Thatis why
deformationtwinning is modelledhereasanelastoplasticprocessassociatedwith dissipation.Suchanapproachhasalready
beenproposedto modelat themacroscopiclevel thevolumefractionof twins appearingin apolycrystallinevolumeelement
of metaldeformingby bothslip andtwinning (Kalidindi, 1998)(Staroselsky andAnand, 1998). We tackleherea different
problemsincetheaim is to simulatethenucleationandpropagationof twinsat thegrainlevel.

Theclassicalframework of crystalplasticityis now extendedto incorporatethefollowing featuresof twinning (figure3) :� twin formationis modelledasanunstableplasticslip processaccording to classicaldislocation–basedcrystalplasticity;� assoonasacritical amountof shearγ � γ0 hasbeenreachedfor theactivatedtwin system,theorientationof theisoclinic
intermediateconfiguration is changed switchingfrom theinitial parentoneto thatof theassociatedtwin.

Thedriving forcefor twinning is theresolvedshearstressτ on thetwin planein thetwinningdirectionandtheslip rateis
computedusing:

γ̇ �	� τ � τc

K

 n � τc

� τ0 � Q � 1 � e
� b � γ � E � γ � γ0 ����� (2)

wherethe viscosityparametersK andn arechosenso that the resultingbehaviour is asrate–independentasnecessary. τ0
denotestheinitial thresholdfor twinningandthehardeningparameterQ is takennegative. Suchasofteningbehaviour makes
twin nucleationanunstabledeformationmodeassociatedwith strainlocalization.Thefunctionfloor E ��� � takingtheinteger
part of � is introduced so that the initial thresholdis recoveredoncethe local twinning processis finished. Contraryto the
classicalSchmidlaw in deislocation- basedplasticity, thesignof τ playsarolesincetwinning is possibleonly in onespecific
direction: compressionin directionc in zinc triggersdeformationtwinning, but not tension.Thechoiceof m andn is such
thatτ � γ andγ̇ arepositive whentwinning occurs.

2.3 Thermodynamic setting
Thestatevariablesof thesystemcanbetakenastheGreen–Lagrangestraintensorwith respectto theintermediateconfigu-
ration � : �

∆� � 1
2
� E� TE� � 1� � (3)

andtemperature.Thefreeenergy ψ �
�
∆� � α � mayalsobea functionof an internalvariableα to bespecified.In thesequel,it

is referredto thepureisothermalcase.Only onetwinning systemis consideredfor simplicity. Thelocal form of theenergy
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Figure3: Kinematicsof twinning plasticity

balanceequationsthenreads:
ρε̇ � T� : Ḟ� F� � 1 (4)

whereT� is theCauchystresstensorandε theinternalenergy. Thefreeenergy takestheform :

ψ �
�
∆��� α � � 1

2

�
∆� : C�� :

�
∆� � g � α � (5)

TheClausius–Duhem inequality reads:
� ρψ̇ � T� : Ḟ� F� � 1 & 0 (6)

Noting that
T� : Ḟ� F� � 1 � � E� T� E� � T � : Ṗ� P� � 1 � � E� � 1T� E� � T � :

�
∆̇� (7)

it follows that

�'� ρ ∂ψ
∂
�
∆� � E� � 1T� E� � T � :

�
∆̇� � � E� T� E� � T � : Ṗ� P� � 1 � ρ

∂ψ
∂α

α̇ & 0 (8)

from which thestatelawsarededuced: �
T� � ρ

� ∂ψ
∂
�
∆� �

ρ
�

ρ
E� � 1T� E� � T (9)

Thethermodynamicforceassociatedwith theinternalvariableis :

A � � ρ
� ∂ψ
∂α

� � g( (10)

Theintrinsic dissipationratethenbecomes:

D �
�
S� : Ṗ� P� � 1 � Aα̇ � with

�
S� � ρ

�
ρ

E� TT� E� � T � E� TE�
�
T� (11)

Thepositivenessof theintrinsicdissipationis thenensuredby thechoiceof a convex dissipationpotentialΩ �
�
S� � A� :

Ω �
�
S� � A� � 1

n � 1
� τ � τc

K

 n) 1 � with τ �

�
S� : � m � n� (12)

suchthat

Ṗ� P� � 1 � ∂Ω
∂
�
S�
�*� τ � τc

K

 n m � n (13)

α̇ � ∂Ω
∂A

� � γ̇
∂τc

∂A
(14)
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D � τγ̇ � Aα̇ (15)

Only calorimetricmeasurementscanleadto anestimationof thedissipationassociatedwith twinning in a singlecrystal. It
appearsfrom (15) thattheamountof dissipatedpower is determinedby theproperchoiceof theinternalvariableα andthis
will bedictatedby theexperimentalmeasurements.Let usdistinguishthreecases:� if no internalvariableis introduced,D � τγ̇ so that the entireplasticpower is dissipatedinto heat;it is positive for a
properchoiceof m andn (suchthatτ 
 0 whenγ̇ 
 0), evenif a softeningbehaviour is introduced;� if we take g( � τc

� � A, thenα � γ andD � � τ � τc
� γ̇ which vanishesin therate-independentcase;accordingly, the

entireplasticpower is consideredasirreversiblystored,like dislocationforesthardeningin dislocation–glide plasticity;� if we take τc
� τ0 � A, i.e. g( � � A � Q � 1 � e

� bγ � , then α � γ andD � � τ �+� τc � τ0
�,� γ̇ - τ0γ̇ in the quasi–rate–

independentcase;it is againpositive sincethe twinning systemorientationconvention is suchthatγ̇ & 0. This choiceis
classicalin conventional elastoviscoplasticity (Chaboche, 1997).

A muchmorefine tuningof the internalvariablewill benecessaryin thecaseof twinning (Srinivaset al., 1998) andis
not undertakenhere.

3 Finite element simulations of twinning in single crystals
Theability of the modelto reproduceseveral experimentalfeaturesof deformationtwinning in singlecrystalsis illustrated
for threedifferentsituations.For thatpurpose,finite elementsimulationsareprovidedbasedonclassicalnonlinearalgorithms
for theresolutionof globalequilibriumandthelocal integrationof theevolution equations.

3.1 Twinning and untwinning under cyclic loading
Themain justificationfor choosinga softeningstress-strainconstitutive equationin themodelstemsfrom theexperimental
resultsobtainedby Price(Price,1961) on zinc whiskersdeformedin tensionunder a transmissionelectronmicroscope.He
wasableto observeandcontrolthenucleationof asingletwin andits propagationin thesamplecross–section. Thetwin then
thickensandinvadestheentirespecimen.Theload–displacementcurvedisplaysasharpsofteningstageassociatedwith twin
nucleation.Theparametersof themodelhave beenadjustedaccordingto thiscurve.

Thesimulationof asinglecrystalzincplateorientedfor planesingletwinningin tensionis now considered.A geometrical
defectis introducedto triggerstrainlocalizationthatis interpretedhereastwin nucleation.Indeedadeformationbandappears
andits orientationcorrespondsto thatof atwin. Oncethecritical amountof shearγ0 is reached,thetwin startsgrowing. Twin
growths is the resultof themotionof the localizationfront on oneor bothsidesof thetwin in thespirit of (Maugin,1998).
Thetwin thickensandspreadsover theentirespecimen(figure5a).Whenthewholesamplehastwinned,thecrystalbehaves
elasticallyin tension.Thecrystalcanthenbeentirelyuntwinnedif it is subsequentlysubjectedto compression(figure5b). It
mustbenotedthatat thelastdeformationstage,a virgin crystalis obtainedthatcanagaintwin in tension.This resultsin the
hysteresisloop shown in figure4.

3.2 Twinning modes at a crack tip
Let us now consider a singlecrystallineCompactTensionspecimenclassicallyusedin fracturemechanics.The c–axisof
the zinc crystalis normalto the crackplaneandthe initial crackgrowth directioncoincideswith . 0110/ . It is recalledthat
twinningoccursin aspecificdirectionη1 andnot in theoppositedirection.A positive resolvedshearstressin thisdirectionis
necessaryfor twinning to becomepossible.Thedistribution of resolvedshearstressesfor thesingleconsideredtwin system
is shown on figure6a. It appearsthat for thechosenorientationtheresolved shearstressis negative aheadof thecracktip.
Accordingly, a twin canform only behindthecracktip wherethestressesarecompressive. This is indeedpossibleasshown
on figure6b. This situationhasbeenobservedvery oftenin thedeformationof zinc coatingsandis thereforejustifiedby the
presentcomputation(Parisotetal., 2000).

3.3 Multiple twinning in a zinc coating
Thelastexampledealswith thesimulationof theformationof twin networksin asinglecrystalcoatingonanisotropichyper-
elasticsubstratesubjectedto tension.Two twinning systemsaretakeninto account here: . 0111/ � � 0112� and . 0111/ � � 0112� .
The c–axisof the crystal is normalto the coatingandthe tensilevertical directionis . 0110/ , parallel to the interface. The
twinning directionsof theconsideredsystemsarecontained in theplaneof thetwo–dimensionalsimulation.A displacement
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Figure 4: Load-displacementcurveof thetwinning anduntwinning of a singlecrystalin tension-compression

is prescribedat the top of the sampleandthe specimenis fixed at the bottom. Figure7 shows that a first twin forms and
is repelledat the interface,which correspondsto the formationof a secondtwin. A secondpair of twins forms theninde-
pendently at the lower part of the sample.Two of the twins intersect.The growth of the twins is limited by the fact that
the interfacecannotaccommodatethedeformationsincethesubstrateremainselastic. Insteadmany twins form to build an
actualnetwork. This typeof network is similar to thatof figure2. Sectionsof thecoatingarepresentedon figure8 showing
thetwin development in thethicknessof thecoating.No directevidenceof twin reflexion at the interfacehasbeendetected
but thismaybedueto thespecificcrystalorientations.

Thetwin systemsactivatedin eachstrainlocalizationbandaregivenonfigure9. In thecomputation,theorientationof the
sampleis sligthly tilted with respectto thepreviously givenorientationsothat twin system1 is significantlymoreactivated
thantwin system2. It is however quitesurprisingto seethat thepair of almostperpendicularbands at thetop of thesample
belongsto thesametwin system.This shouldin principlebe impossiblesincetwo twins having thesametwin planeshould
be parallel. Thesebandsmustbe interpretedin fact asshearbandsin a singlecrystalundergoing singleslip. Simpleglide
in the twinning directionhasbeenartificially introducedin the modellingto simulatetwin formation. Twin formationhas
beeninterpretedasa strainlocalizationphenomenon. In singleslip, it is known that two localizationplanesarepossible:
slip bandslying in theslip planebut alsokink bandsthatarenormalto theslip direction(ForestandCailletaud,1995). The
lastpicturegivesthedistribution of latticerotationwith respectto the initial orientationbeforethetwinnedlatticehasbeen
reindexed. This informationenablesus in fact to distinguishthedifferenttypesof bands: slip bandsareusuallyassociated
with no latticerotationwhereaskink bandinginduceslatticecurvature.It appearsthat thefirst twin at thetop is a kink twin
andthesecondonea“slip twin”. A “kink twin” canbeseenasastackingof many paralleltwin lamellae.A severelimitation
of themodelis thatsuchkink twins areusuallynot observedexperimentally.

4 Discussion : The pros and the cons of the model
Theproposed finite strainelastoplasticmodelof deformationtwinning is ableto accountfor severalexperimentalfeatures:
twin formationandpropagationin a singlecrystal,hysteresisloop associatedwith a twinning–untwinning process,arrow
shapeof twinsat a cleavagecracktip andbuild–upof twin networksin a coatingon a substrate.

Several importantlimitationsremainhowever. Onemayfor instancediscussthefactthata twinning criterionbasedon a
critical resolvedshearstresshasbeenchosen. It is oftenrecalledthattwin initiation is anucleation(in contrastto propagation)
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(a)

(b)

Figure5: Twin formationandpropagation in a singlecrystalin tension(a) followedby compression(b).

controlledprocess.It canthereforebe affectedfor instanceby prior dislocationglide so that it may be difficult to assigna
critical valueτ0 to the twinning mechanism.Let us thenadmit thatτ0 is thecritical resolved shearstressfor twinning in a
dislocation–freecrystallike Price’s zinc whiskers.Theeffective twin nucleationstresscanthendecreaseif dislocationglide
hasalreadytakenplace,accordingto a softeninglaw like :

τ � τ0 � Q2 � 1 � e
� b2γsli p � (16)

whereQ2 is negative andγslip denotesthecumulative amountof prior dislocationglide.
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Figure 6: Twin formationat a cleavagecrack tip : resolved shearstressdistribution ((a), in MPa) andequivalent plastic
deformationfield (b).

Furthermore,deformationtwinning is systematicallyassociatedwith dislocationglide because of thehigh local stresses
arisingfor instanceat thetwin tip. This interactionhasnot beentakeninto account yet,which leadsto unrealisticlocal high
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Figure 7: Multiple twinning in a zinc coating : the first twin is repelledat the interfacecoating/substrate(left), multiple
reflexion andformationleadto a network of twins in thecoating(right, only thecoatingis represented).

Figure 8: Sectionof thecoatingin thethicknessshowing theshapeandorientationof thetwins; thethicknessof thecoating
is 10µm.

stresses.Plasticslip can take placebeforetwinning andthe questionto be solved is then : what happensto the obtained
dislocationstructurewhenit twins?How canprior slip activity affect furtherdislocationglidewithin thenewly formedtwin?
Mechanical metallurgy hasalreadyprovidedsomeanswersthatmustbeincorporatedinto continuum modelling.

Specialattentionshouldalsobepaidto theintersectionof twins thathasoccuredin somesimulations.
A stronglimitation hasalreadybeenpointedout, namelythe predictionof kink twins thatarenot observed in practise.

Theeliminationof suchdeformationmodesis however possibleusingfor instanceCosseratcrystalplasticity(Forest,1998)
(Forestet al., 2000).
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(a) (b) (c) (d)

Figure9: Structureof thetwinsin thecoating: (a)equivalentplasticdeformation,(b) twinningsystem1, (c) twinningsystem
2, (d) latticerotationbefore reindexing.

An alternative approach to deformationtwinning is proposedin (Idesmanet al., 2000)basedon minimizationprinciples.
Thisglobalapproachenablesoneto predictself–equilibratingstructuresthatarefrequentlyobserved.Thedifficulty thenis the
numericalexplorationof all possibleregionsandshapeswheretwinning canoccurin orderto fingerout themostfavourable
configuration. Theauthorsthemselvespleadfor aLandau–Ginzburg or Cahn–Hilliard–typeof modellingof displacivesphase
transitionsanddeformationtwinning. Thatis why animprovement of thepresentmodelcouldbetheintroductionof anorder
parameter, aimingat forbiding “interruptedtwins”, i.e. regionswherecrystalglide hasbegunbut wherethevalueγ0 hasnot
beenreachedyet.
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