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Abstract: In this paper, the micromorphic approach, previously developed in the mechanical context is
applied to heat transfer and shown to deliver new generalized heat equations as well as the nonlocal
effects. The latter are compared to existing formulations: the classical Fourier heat conduction, the
hyperbolic type with relaxation time, the gradient of temperature or entropy theories, the double tempera-
ture model, the micro-temperature model or micro-entropy models. A new pair of thermodynamically-
consistent micromorphic heat equations are derived from appropriate Helmholtz-free energy potentials
depending on an additional micromorphic temperature and its first gradient. The additional micromorphic
temperature associated with the classical local temperature is introduced as an independent degree of
freedom, based on the generalized principle of virtual power. This leads to a new thermal balance equation
taking into account the nonlocal thermal effects and involving an internal length scale which represents the
characteristic size of the system. Several existing extended generalized heat equations could be retrieved
from constrained micromorphic heat equations with suitable selections of the Helmholtz-free energy and
heat flux expressions. As an example the propagation of plane thermal waves is investigated according to
the various generalized heat equations. Possible applications to fast surface processes, nanostructured
media and nanosystems are also discussed.

Keywords: hyperbolic heat conduction, finite propagation, micromorphic theory, nonlocal effects

1 Introduction

In the analysis of conduction heat transfer, the Fourier model [1, 2], indicating that the heat flux vector is
proportional to the temperature gradient, is the most widely employed model in solving engineering problems.
Such a heat conduction equation combined with the energy conservation law leads to a parabolic equation
predicting an infinite propagation speed of thermal pulses [3–13]. From the experimental standpoint, this result is
inaccurate for thermal conduction problems at cryogenic temperature or in the presence of strong temperature
gradients during material surface processing by laser treatment or fast machining. For instance, the propagation
speed of thermal signals has been measured in liquid helium [14, 15], in NaF at about 10°K [16] and in Bi at 3.4°K
[17]. A thermal Mach number has also been reported for heat conduction through solids [18]. On the other side,
several experiments or simulations on heat transport of materials with structure at nanometer length scale (e. g.
semiconductor quantumdots and superlattices, carbon nanotubes, polymer nanocomposites,multilayer coatings,
microelectronic and optoelectronic devices, and microelectromechanical sensors) [19–23] which involves high
frequencies and small length scales, show significantly different results from those of the classical Fourier model.
For instance, the heat flux obtained by applying a temperature gradient in nanometer-scale silicon samples is
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found to be significantly lower than that predicted by Fourier’s model [24], which is suggested as the result of a
reduction in the conductivity of the material. Considering the heat carriers’ mean-free path l and a relevant
characteristic length L of the system expressed by the Knudsen number Kn= l=L, the Fourier model is valid in the
limit of very small Knudsen number (i. e. l=L � 1). When the Knudsen number becomes comparable to or higher
than 1, due to an increase of mean-free path (as in rarefied gases and in aerospace engineering or in miniaturiza-
tion/nano-technologies), the heat transport is no longer diffusive but ballistic. The nonlocal effects are especially
important in the nanoscale structures [25–27]. A review of the current micro-, meso- and macroscopic methods in
micro- and nanoscale heat transport has been presented in the literature [28].

To overcome the paradox of an infinite propagation speed of thermal signals, and to describe the heat
transport behavior of nanoscale devices, many works have been done in the literature. They are briefly
reviewed in what follows classified into four classes depending on the used theoretical framework:
1) Class I – modifications of the classical Fourier model: The original work was proposed by Cattaneo

[3, 4] and Vernotte [5], which used an approximate version of kinetic theory of gases and suggested
a modification of the constitutive equation of heat flux with a relaxation term. When combined with
the first law of thermodynamics (energy conservation), this leads to a hyperbolic heat conduction
equation, which removes the paradox of infinite temperature propagation speed and gives a
solution more consistent with the experimental evidence. However, many works [6, 7, 10–12, 29]
raise the question whether Cattaneo’s hyperbolic heat equation is compatible with the second law
of thermodynamics. They show that the modification of the Fourier model may yield a non-positive
entropy production per unit volume, clearly in conflict with the second law of thermodynamics.
Later, Müller [9, 30, 31], motivated by the work of Cattaneo, has tried to derive the modifications of
the Fourier model of heat flux and Navier–Stokes equations from the thermodynamics of irrever-
sible processes (TIP). He noticed that the argument of TIP could be used to derive the Cattaneo’s
equation from the generalized Gibbs equation. He proposed a so-called extended thermodynamics
of irreversible processes based on the assumption that the generalized specific entropy is function
of the heat flux. In this framework, he obtained a generalized heat equation predicting a finite
speed while the second law of thermodynamics is fulfilled. Afterwards, a large number of papers
have appeared, based on the Müller’s methodology and mainly devoted to gases. A relatively
complete review of this type of generalized irreversible thermodynamics can be found in Jou
et al. [8, 32]. In the framework of the rational thermodynamics, Coleman et al. [6, 7] extended the
specific internal energy to a quadratic function of the heat flux. Consequently, the specific entropy
and specific Helmholtz-free energy were also extended by the heat flux, due to the relationship
between internal energy and free energy. The evolution of temperature was governed by a pair of
equations. Temizer et al. [33] derived a higher-order continuum formulations of linearized thermal
conduction similar to the strain-gradient elasticity theory. In particular, a thermal dissipation
potential that depends on the gradients of the temperature up to second-order was assumed.
Accordingly, the constitutive equations associated with heat flux, derived from the dissipation
potential, leads to extended Onsager-Casimir symmetry relationships. The Guyer-Krumhansl (GK)
equation [34, 35], using the linearized Boltzmann equation of phonon kinetic theory in which heat
transport is described by momentum and energy exchanges between colliding massless particles
called phonons, emphasizes the role of nonlocal effects in heat transport. A new coefficient
associated to nonlocality and higher spatial order of heat flux is introduced into the evolution
equation of the heat flux. It has been successfully used to describe a heat pulse experiment at room
temperature in a macroscopic, heterogeneous specimen, that cannot be modeled properly either by
the Fourier model or by the Cattaneo equation [35]. In the references [32, 36, 37], the GK equation
applied to model heat conduction at micro- and nanoscales has also been rigorously derived within
the framework of extended irreversible thermodynamics (EIT). The other two enhanced heat fluxes:
the Jeffreys type (lagging heat equation) and the Green-Naghdi equation can be also derived under
the framework of EIT [36]. Similar to the Fourier model, the GK equation also predicts that thermal
signals propagate at infinite velocity. In order to account for the nonlocal effects in metals
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irradiated by ultrashort laser pulses inducing large temperature gradient, Sobolev [38–42] proposed
an extension of Cattaneo’s equation with an additional contribution from the second-order space
derivative of heat flux, which can be regarded as an special case of the GK equation, and applied it
to the double temperature model. In order to be satisfactory for high-frequency processes, all the
higher-order fluxes must be incorporated into the formalism. The kinetic theory points out the fact
that the relaxation times of higher-order fluxes are not always shorter than the collision time. When
the frequency becomes comparable to the inverse of the relaxation time of the first-order flux, they
will behave like independent variables [25]. This yields the Ballistic heat transport model, in which
the effective thermal conductivity is expressed in terms of the classical bulk thermal conductivity,
the relaxation time and the Knudsen number. The dual-phase-lag model [22, 43] evolving from the
Fourier model introduces two phase lags: the phase lag of the heat flux captures the small-scale
response in time and the phase lag of the temperature gradient captures the small-scale response in
space, into the constitutive equation of heat flux. Combining these constitutive models with the
energy balance law leads to a fourth-order partial differential heat equation as well as third-order
time derivative. The Boltzmann equation being hard to solve, Chen [44] established the ballistic-
diffusive heat-conduction equations, which are applicable to transient heat conduction and are
derived from the Boltzmann equation under the relaxation approximation and from the splitting of
the distribution function into a diffusive and a ballistic parts, as required in small structures.
Computational results suggest that it is a much better alternative to the Fourier and the Cattaneo
equations at scales where the mean-free path is comparable to the system size and the time is
comparable to the carrier relaxation time. In fact, to obtain a finite velocity for the propagation of
thermal signals it is not necessary to assume relaxation terms in heat equation. This result can be
also obtained if one assumes a nonlinear diffusion equation with the thermal conductivity depend-
ing on the temperature in an appropriate way (Luikov et al. [45], Bubnov [46] and Swenson [13]).

2) Class II – considering the temperature gradient as an argument of the Helmholtz-free energy: There are
essentially three ways to comply with the second law of thermodynamics when introducing the
gradient of temperature or gradient of entropy:
a. by introducing an extra entropy flux: Ireman et al. [47], based on the idea of Maugin’s [48–50] work

on gradients of internal variables, discuss several ways of introducing the gradient of temperature
in continuum thermodynamics; the gradient theory assumes additional entropy production;

b. modification with extra energy production: Forest et al. [51] made an attempt to incorporate
temperature and temperature gradient into the second grade theory, with extra energy production
(extra power) by extending the method of virtual power and continuum thermodynamics. An extra
entropy production from the divergence of the generalized thermodynamic forces associated with
the temperature gradient was derived. Later, Forest et al. [52] developed the entropy gradient theory
and derived an enhanced heat equation which has the structure of the Cahn-Hilliard equation in
mass transport theory. He also showed that the entropy gradient theory and temperature gradient
theory are not equivalent. The generalized heat equation derived from the temperature gradient
theory can be regarded as an approximation of the reference gradient of entropy theory;

c. modification with additional entropy production. Nguyen [53] proposed an additional entropy
production and a new relationship between internal energy and free energy to introduce the
gradient of temperature in the set of state variables. The deduced generalized heat equation
predicts a finite propagation of thermal pulses.

3) Class III – double temperature model: Aifantis [54–56] derived the double temperature model, from
electron-phonon collisions during the ultra-short pulsed laser heating of metals, based on the mixture
theory of Müller [57]. Sobolev [42] showed that the two temperature model using Fourier’s model is a
parabolic heat equation. He also derived an extended hyperbolic two temperature model by using the
Cattaneo’s equation.

4) Class IV – the micro-temperature or micro-entropy theory: The micro-temperature, that depends on the
micro-coordinates of the micro-elements, was initially considered by Wozniak [58] assuming known
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functions of temperature and temperature gradients. Based on the work on kinematics and dynamics of
a continuum with microstructure by Eringen and Suhubi [59, 60], Grot [61] proposed a theory of
thermodynamics for elastic materials with microstructure which possessed micro-deformations and
micro-temperatures. The micro-temperatures were determined by a balance law. The second law of
thermodynamics is modified to include micro-temperature, and the first moment of the energy equa-
tion is added to the usual balance laws of a continuum with microstructure. From the linear approx-
imation, the temperature and micro-temperature are determined by a pair of equations. Later, Iesan
[62] also deduced the same pair of governing heat equations using homogeneous and isotropic
micromorphic continua [59, 60, 63–66]. The theory of micromorphic fluids with microstructures has
been studied in various papers [67–70]. A study of the problem of heat conduction in micromorphic
continua was presented by Riha [71] and an agreement was obtained between theoretical results and
experimental data for the silicone rubber containing spherical aluminum particles and for the human
body blood. Green et al. [72] illustrated in details of the thermal propagation in a rigid solid at finite
speed, based on the established thermomechanical theory with the introduction of a balance of entropy
and the use of energy equation as an identity for all motions and all temperature fields after the
elimination of external fields [73]. Later, a thermoelasticity theory without energy dissipation for
nonpolar bodies, based on the new thermomechanical theory, has been presented in Ref. [74]. It
permits the transmission of heat as thermal waves at finite speed. Iesan et al. [75] used the procedure
proposed by Green et al. [73] and extended it to the micromorphic continua. In the linearized theory, it
predicts the thermal propagation with finite speed. In the previous theories, the micro-temperature is a
vector quantity akin to a temperature gradient. In contrast, Forest et al. [56] present theories involving
scalar micro-temperature or micro-entropy, by applying the micromorphic approach [76, 77] extending
the local model to the micromorphic framework, to the temperature and entropy, respectively. They
showed that the gradient entropy theory and gradient temperature theory can be regarded as a limit
case of the micro-entropy and micro-temperature theories.

The objective of the present paper is to make a thorough discussion of existing extended heat
equations and to present the generalized heat equations derived from the micromorphic approach to
heat transfer, thus extending the model class IV. According to the different approaches, we summarize
various heat equations into six classifications: (i) classical type using the Fourier model, (ii) hyperbolic
type with relaxation time, (iii) double temperature model, (iv) temperature (or entropy) gradient theory,
(v) micro-temperature model and (vi) micromorphic theory, as listed in Table 1. Section 2 reviews the
classical formulations of heat equation of deformable continua under the framework of irreversible
thermodynamics. Using the Fourier model of heat flux leads to the most widely used parabolic heat
equation. Section 3 presents the two extended hyperbolic heat equations with relaxation time proposed
by Cattaneo and Vernotte, and the works from Müller and Coleman et al. to make the hyperbolic heat
equation compatible with the second law of thermodynamics, named extended thermodynamic of
irreversible processes (extended TIP) and rational thermodynamics respectively. In Section 4, the tem-
perature gradient and entropy gradient based theories are recalled. The extended internal energy and
Helmholtz-free energy are proposed as functions of temperature gradient or entropy gradient, to account
for the nonlocality effects. Section 5 reviews the double temperature model used extensively in ultra-short
pulsed laser heating of metals, the hyperbolic two-temperature type and the extended generalized two-
temperature heat equation with nonlocal effects. In Section 6, we recall the works of Iesan on the heat
conduction in linear micromorphic elastic continua deduced from the Grot’s theory or from Green’s
theory, and the work of Forest on micro-temperature and micro-entropy model by using the micromorphic
approach. In Section 7, the generalized micromorphic heat equation, based on the micromorphic
approach, is presented including new additional terms associated with thermal inertia. It shows that
the heat equations from micro-temperature model, the double temperature model, gradient theory of
temperature and hyperbolic type with relaxation time, can be retrieved from this generalized micro-
morphic heat equation by choosing different Helmholtz-free energies and the heat flux model. Section 8

330 W. Liu et al.: On Generalized Heat Equations

Authenticated | weijie.liu@utt.fr author's copy
Download Date | 10/9/17 7:28 AM



examines the propagation of thermal pulses in the generalized heat equations with the help of a simple
plane thermal wave problem. The presentation is limited to the small strain framework for the sake of
simplicity.

2 Classical heat equation with internal variables

In the classical thermodynamics, for any material volume V, the global form of the first law (energy
conservation) can be written as:

dE
dt

+
dK
dt

=W +Q (1)

Table 1: Various generalized heat equations.

Model Authors Heat equation

Classical heat equation with Fourier’s model Fourier,  ρCε _T = κΔT

Hyperbolic type with relaxation time Cattaneo I,  ρCε _T + τκΔ _T = κΔT

Cattaneo II,  ρCε _T + τρCε€T = κΔT

Coleman et al., 
ρCε +~q � dAdT �~q
� �

_T + 2~q � A � _~q= −div ~qð Þ
~q+ τ � _~q= − κ � ~∇T

(

Temperature (or Entropy) gradient model Nguyen,  ρCε _T +M~∇ _T � ~∇T = κΔT

Forest,  ρCε _T + T0ATΔ _T = κΔT

Forest,  ρCε _T + T0ATΔ _T + A2sC
2
ε

ρT0 Δ2 _s= κΔT

Forest,  ρCε _T − αT0€T +MT0Δ _T = κΔT

Double temperature model Aifantis,  _T + α€T −βΔ _T + γΔ2T = λΔT

Sobolev,  _Ti + τ + τ12ð Þ€Ti + ττ12 T
:::

i − l2Δ _Ti = �κΔTi

_T i + τ + τ12ð Þ€T i + ττ12 T
:::

i − l2 + l2e
� �

Δ _T i − l2eτ12Δ
2Ti = �κΔTi

Micro-temperature model Iesan, 
c _T = kΔT + k1div ~T

� �
b _~T = k6Δ~T + k4 + k5ð Þ~∇ div ~T

� �� �
− k2~T − k3~∇T

8<
:

Iesan, 
a€T +mdiv _~T

� �
= kΔT

b €~T =d2Δ~T + d1 +d3ð Þ~∇ div ~T
� �� �

−m~∇ _T

8<
:

Micromorphic temperature model Micro-temperature type ρT ς2 T
:̂::

+ ς1
€
T
^

� �
− TMg

^

Δ
_
T
^

− T
1
2
ρCε

_
T
^

T
^ −

_T
T

0
@

1
A+ 2M

^ _
T
^

− _T
� �2

4
3
5= κΔT

Two-temperature type
ρCε _T +ρT ς2 T

:̂::
+ ς1

€
T
^

Þ− 2TM
^ _

T
^

− _T
� �

− TMg
^

Δ
_
T
^

= κΔT
�

ρCε _T +ρ τCε + T0ς1ð Þ€T + ρT0 τς1 + ς2ð Þ T
:̂::

+ τρT0ς2 T
:̂:::
− T0Mg

^

Δ
_
T
^

− T0Mg
^

Δ
€
T
^

= κΔT
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where E denotes the internal energy, K is the kinetic energy, W is the mechanical power input, and Q is the
heat quantity input to the system.

By using the material time derivatives of a volume integral together with the divergence theorem in
order to transform surface integrals into volume integrals, and by applying the spatial localization lemma
(or local action theorem) for materially simple continua, the localized (differential) form of the first
principle of thermodynamics is obtained as:

ρ _e= σ : _ε−div ~qð Þ+ ξ (2)

where ρ denotes the mass density of the body, e is the (specific) internal energy per unit mass, σ is the
Cauchy stress tensor, _ε is the strain rate tensor, ~q indicates the heat flux vector received across the
boundaries of the body and ξ is the body heat source.

The integral form of the second law (inequality of entropy) of thermodynamics is given by:

d
dt

ð
V

ρsð ÞdV −

ð
V

ξ
T

� �
dV +

ð
Γ

~q
T
�~n

� �
dS ≥0 (3)

where s is the specific entropy, T is the absolute temperature and~n is the outward normal to the boundary
surface. The use of the divergence theorem together with the principle of space localization for materially
simple continua, leads to the local (differential) form of the second principle of thermodynamics in the
current configuration:

ρ_s+div
~q
T

� �
−
ξ
T
≥0 (4)

The relationship between internal energy and the Helmholtz-free energy is assumed as:

ψ εe, αn, Tð Þ= e− Ts (5)

where ψ is the specific Helmholtz-free energy, εe is the reversible part of the strain tensor and αn are the (n)
internal state variables associated with intrinsic dissipative phenomena (i. e. kinematic hardening or isotropic
hardening, … ). The dual stress-like variables associated with these internal state variables are denoted by An.

Substituting eq. (2) and eq. (5) into eq. (4) to eliminate the body heat source ξ and the specific internal
energy leads to the so-called Clausius–Duhem inequality under its local form:

σ : _ε− ρ _ψ+ s _T
� �

−
~q
T
� ~∇T ≥0 (6)

Here, the Helmholtz-free energy is assumed to be a positive, close and convex function of the reversible
strain εe and the overall strain-like internal state variables αn, and is a concave function of temperature T.
By assuming the additive decomposition of the total strain rate into elastic part and irreversible part
( _ε= _εe + _εir), the Clausius–Duhem inequality eq. (6) can be expressed as:

σ − ρ
∂ψ
∂εe

� �
: _εe − ρ

∂ψ
∂T

+ s
� �

_T + σ : _εir −
∂ψ
∂αn

: αn −
~q
T
� ~∇T ≥0 (7)

For simplicity, we assume that the terms σ − ρ ∂ψ
∂εe

� �
and ∂ψ

∂T + s
� �

do not depend on the rates of the state
variables respectively, then following standard arguments (Truesdell and Noll [78]), we obtain the state
relations:

σ = ρ
∂ψ
∂εe

s= −
∂ψ
∂T

(8)

and the residual dissipation:

’V =’in +’th = σ : _εir −An : _αn −
~q
T
� ~∇T ≥0 (9)
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where ’in = σ : _εir −An : _αn is the intrinsic dissipation with An =
∂ψ
∂αn

, and ’th = −
~q
T � ~∇T is the thermal

dissipation.
Using the deduced state relations eq. (8), and substituting eq. (5) into the first law of thermodynamics

eq. (2), lead to the classical local form of the heat equation:

ρ_sT + div ~qð Þ − ξ −’in =0 (10)

Considering the rigid body heat conduction ’in =0ð Þ in the absence of body heat source, the above heat
equation reduces to:

ρCε _T + div ~qð Þ=0 (11)

where Cε =T ∂s
∂T denotes the specific heat capacity at constant volume. In particular, if the Fourier model [1]

of heat flux is assumed:

~q= − κ~∇T (12)

with κ > 0 is the thermal conductivity coefficient for isotropic materials, then, the equation (eq. (11)) leads to
the following classical parabolic heat equation:

ρCε _T = κΔT (13)

where Δ stands for the Laplacian operator.
As shown in Refs [3–5, 32], the parabolic heat equation results in a paradox of propagation of thermal

signals with infinite speed. In the linear approximation, this implies that the influence of such a signal is
felt immediately throughout the whole system [32]. However, from the experimental point of view, Peshkov
[14] found that in liquid Helium II, the thermal wave velocity is one order of magnitude smaller than the
speed of sound and is called the speed of second sound. Recent measurements of the propagation speed of
thermal signals at room temperature, in inhomogeneous materials, have been performed by Kaminski [79]
showing clearly that the parabolic heat model is inaccurate to describe these phenomena.

3 Hyperbolic heat equation with relaxation time

3.1 The heat equation of Cattaneo I

Cattaneo [3] addressed the question of the paradox of heat conduction in 1948. He modified the (stationary)
Fourier model based on the elementary kinetic theory of gases. He focused upon a small volume element of
linear dimensions of the mean-free path of the molecules in which a temperature gradient prevails, to
review the Maxwell’s molecular interpretation to heat conduction. After, he changed this argument slightly
and argued that there is a time-lag between the start of the particles at their point of departure and the time
of passing through the middle layer [9]. If the temperature changes in time, it is thus clear that the heat flux
at a certain time depends on the temperature gradient at an earlier time. It therefore seemed reasonable to
formulate the transient Fourier model as:

qi = − κ
∂T
∂xi

− τ
d
dt

∂T
∂xi

� �� �
(14)

where τ is a positive scalar called thermal relaxation time of the heat conducting medium (free electrons in
the case of metals).

By substituting the above modified transient Fourier model into the heat equation (eq. (11)), the
following partial differential heat equation of rigid body is obtained:

ρCε _T + τκΔ _T = κΔT (15)
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Clearly, the above deduced heat equation (eq. (15)) is not a hyperbolic type, and therefore predicts infinite
speed for the temperature propagation.

3.2 The heat equation of Cattaneo II

Later, Cattaneo proceeded to modify the equation (eq. (14)) by assuming that the operator τ d=dtð Þ is small
such that:

1− τ
d
dt

� �− 1
� 1 + τ

d
dt

(16)

By using this approximation, the transient Fourier model eq. (14) transforms into the so-called Cattaneo
equation:

qi + τ _qi = − κ
∂T
∂xi

(17)

Combining the above equations (eqs. (2), (10)) and the state relations eq. (8), we can easily obtain the
following relationship:

ρ _e= ρCε _T + σ : _ε−’in − T
∂σ
∂T

: _εe +
∂An

∂T
: _αn

� �
(18)

Substituting Cattaneo’s equation eq. (17) into eq. (2) and using the above relation eq. (18), leads to the
following generalized heat equation with internal variables:

ρCε _T −’in −T
∂σ
∂T

: _εe +
∂An

∂T
: _αn

� �� 	
+ τ

∂

∂t
ρCε _T −’in −T

∂σ
∂T

: _εe +
∂An

∂T
: _αn

� �� �
= κΔT + ξ + τ _ξ (19)

Concerning the rigid body heat conduction (with neither intrinsic dissipation nor deformations), the heat
equation will transform to the often called Cattaneo’s hyperbolic heat equation:

ρCε _T + τρCε€T = κΔT (20)

This is the telegraph equation. It is hyperbolic, if τ > 0 holds.
Let us assume the plane thermal wave [32]:

T x, tð Þ =T0 exp i kx −ωtð Þ½ � (21)

where T0 indicates the amplitude, k is the (complex) wave number, w is the (real) frequency. The dispersion
relation obtained by substituting eq. (21) into eq. (20) is:

− iω− τω2 +
κ
ρCε

k2 = 0 (22)

By solving the above equation with k a complex number, the nonlinear dispersion equation of the thermal
waves and the attenuation distance α are obtained as:

vp =
ω

Re kð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 κ
ρCε

ω
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τω+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + τ2ω2

pp (23)

α=
1

Im kð Þ = 2
κ

ρCεvp
(24)

For low frequencies (τω � 1), the velocity vp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κω=ρCε

p
and α=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ=ρCεω

p
, which are the results

predicted by the classical heat equation using Fourier’s model. In high frequency limit (τω � 1), the first-
order term in eq. (20) is small compared with the two other terms, and eq. (20) becomes a wave equation
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whose solution is known in the literature as second sound. The quantities vp and α tend to the limiting
values: vp �

ffiffiffiffiffiffiffi
κ

ρCετ

q
and α � 2

ffiffiffiffiffi
κτ
ρCε

q
.

However, the most critical argument on Cattaneo’s hyperbolic heat equation is its inconsistency with
the second law of thermodynamics [6, 7, 10–12, 29]. Cattaneo’s hyperbolic heat equation may yields
negative values of the entropy production rate per unit volume.

Combing the local forms of first and second principles (eq. (2) and eq. (4)), the relation de =Tds holds
locally leading to the following expression of the entropy production rate [11]:

sp = −
~q
T2

� ~∇T (25)

Substituting the generalized heat flux eq. (17) into the above entropy production rate equation leads to:

sp =
1

κT2
~q �~q+ τ~q � ∂~q

∂t

� �
(26)

Whenever the heat flux~q has a constant direction and decreases at some point so deeply that ∂~q=∂tj j > ~qj j=τ,
the right-hand side of eq. (26), becomes negative and the local equilibrium scheme cannot be applied.

3.3 The model of Müller from extended TIP

Motivated by the work of Cattaneo, Müller [9, 30, 31] tried to derive the modifications of the Fourier model
of heat flux from the principle of thermodynamics of irreversible processes (TIP). He noticed that the
argument of TIP could be used to derive the Cattaneo equation. All what we need is to assume that the
specific entropy depends not only on the classical variables but also on the heat flux. The generalized Gibbs
equation is given by:

_s=
1
T

_e−
p
ρ2

_ρ+ 2 aT~q � _~q+ 2bTσdev : _σdev + 2cTπ _π
� �

(27)

where p is the pressure, σdev is the deviatoric part of stress tensor, π = tr σð Þ=3 + pð Þ is the dynamic pressure,
and the negative coefficients a, b and c enable s to have a maximum in equilibrium, when~q, σdev and π all
vanish.

By using the mass conservation law, momentum conservation and energy conservation, eq. (27)
becomes the following equation of entropy balance [9]:

ρ_s+ ~∇ � ~q
T

� �
=~q � ~∇ 1

T

� �
+ 2ρa _~q

� �
+ σdev :

1
T

~∇~v� �dev
+ 2ρb _σdev

� �
+ π

1
T
~∇ �~v + 2ρc _π

� �
(28)

Müller interpreted~q=T as the entropy flux and the right side of eq. (28) as the entropy production, which is
a sum of products of the thermodynamic fluxes and modified thermodynamics forces. However, because
the definition of the entropy flux is ambiguous, it is possible to add the term Kσdev �~q+ Lπ~q with arbitrary
coefficients K and L, to the usual entropy flux without upsetting the structure of the entropy production as a
sum of products of forces and fluxes:

ρ_s+ ~∇ �~ϕ=~q � ~∇ 1
T

� �
+ 2ρa _~q+K~∇ � σdev + L~∇π

� �

+ σdev :
1
T

~∇~v� �dev
+ 2ρb _σdev +K~∇~q

� �
+ π

1
T
~∇ �~v + 2ρc _π + L~∇ �~q

� � (29)

where the generalized entropy flux is ~ϕ= ~q
T +Kσdev �~q+ Lπ~q
� �

. The entropy production must be non-
negative. For simplification, linear phenomenological relations between the fluxes and the forces are
assumed:
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~q= − κ ~∇T − 2ρaT2 _~q−KT2~∇ � σdev − LT2~∇π
� �

σdev = 2μ ~∇~v� �dev
+ 2ρbT _σdev +KT~∇~q

� �
π = λ ~∇ �~v + 2ρcT _π + LT~∇ �~q� �

It is worth noting that the heat flux in eq. (30) is equivalent to Cattaneo’s equation eq. (17), if the
coefficients K and L vanish and τ= − 2ρaT2 holds. And from eq. (29), it clearly shows that eq. (30) is
compatible with the second law of thermodynamics.

This theory is called extended TIP, because it has extended the list of state variables on which the
specific entropy and the entropy flux can depend. After this modification of ordinary TIP, a large number of
papers have appeared, using the Müller’s methodology and devoted in particular to gases. An exhaustive
review of this type of irreversible thermodynamics is given by Jou et al. [8, 32].

3.4 The model of Coleman from rational thermodynamics

Coleman et al. [6, 7] derived the restrictions that the second law of thermodynamics imposes on con-
stitutive equations of the type proposed by Cattaneo. For generalization, Cattaneo’s equation (eq. (17)) is
equivalent to:

~q+ τ Tð Þ � _~q= − κ Tð Þ � ~∇T (31)

with τ Tð Þ and κ Tð Þ non-singular second-order tensors that, as function of temperature, depend on the
material under consideration. Clearly, in the isotropic case, it will be the same as eq. (17).

The authors showed that the relation eq. (31) with the tensors τ Tð Þ and κ Tð Þ non-singular is compatible
with the thermodynamics only if κ Tð Þ is positive definite, the tensor ZðTÞ= κðTÞ− 1τðTÞ is symmetric, and
the specific internal energy e, the specific entropy s and the specific Helmholtz-free energy ψ= e−Ts are not
functions of T only, but are instead given by functions ~e, ~s and ~ψ of the form:

ρe= ρ~e T,~qð Þ= ρe0 Tð Þ +~q � A Tð Þ �~q
ρs= ρ~s T,~qð Þ= ρs0 Tð Þ+~q � B Tð Þ �~q
ρψ= ρ~ψ T,~qð Þ= ρψ0 Tð Þ+ 1

2T
~q � Z Tð Þ �~q

(32)

with

A Tð Þ= −
T2

2
d
dT

Z Tð Þ
T2

� �
B Tð Þ= −

1
2
d
dT

Z Tð Þ
T

� �
(33)

here, e0, s0 and ψ0 are the specific internal energy, specific entropy and specific Helmholtz-free energy at
equilibrium. In the absence of both deformation and a supply of heat by radiation, clearly, _e is not given by
the classical formula eq. (18) _e=Cε Tð Þ _T (with Cε Tð Þ being the equilibrium heat capacity), but is instead
given by:

ρ _e= ρCε Tð Þ+~q � d
dT

A Tð Þ �~q
� 	

_T + 2~q � A Tð Þ � _~q (34)

Thus, the evolution of the heat flux and temperature field is governed by a pair of nonlinear partial
differential equations:

~q+ τ Tð Þ � _~q+ κ Tð Þ � ~∇T =~0
div ~qð Þ+ ρCε Tð Þ+~q � d

dT A Tð Þ �~q� �
_T + 2~q � A Tð Þ � _~q=0

(
(35)
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It is worth noting that if the parameter Z Tð Þ is isotropic and equals to Z Tð Þ=DT2 (where D is constant) [10],
the general result from eq. (32) reduces to ρ~e T,~qð Þ= ρe0 Tð Þ and ρ~s T,~qð Þ= ρs0 Tð Þ− D

2
~q �~q, which is similar to

the relationship given by Jou et al. [8].
By comparing the two non-equilibrium thermodynamics theories, it is clear that: (i) the extended TIP

theory modifies the entropy (entropy flux and entropy production) from the generalized Gibbs equation; (ii)
the rational thermodynamics theory starts from the extension of the specific internal energy, and conse-
quently, (iii) the specific entropy and specific Helmholtz-free energy are enhanced automatically due to the
dual relation ψ= e−Ts. In summary, both theories contain Cattaneo’s equation and make it compatible with
the second law of thermodynamics.

4 Temperature or entropy gradient dependent free energy
potential

4.1 Temperature gradient model from Nguyen

Nguyen et al. [47, 53, 80] assumed an extra entropy supply and modified the relationship between internal
energy and Helmholtz-free energy, to account for the temperature gradient effects. The dual relationship is
given under the following modified form:

e s,~s, ~∇~u, r� �
=ψ T, ~∇T, ~∇~u, r� �

+ sT +~s � ~∇T (36)

with the introduction of a new specific entropy vector~s.
The first principle (energy conservation) of thermodynamics remains unchanged, while an additional

entropy source is assumed in the second law, the local forms being given by:

ρ _e= σ : _ε− div ~qð Þ + ξ
ρ _s+

_~s
T � ~∇TÞ − ξ

T

� �
+div ~q

T

� �
≥0

�(
(37)

Combining the above equations (eq. (37) and eq. (36)) leads to the following local form of the Clausius–
Duhem inequality:

σ − ρ
∂ψ
∂ _εe

� �
: _εe − ρ

∂ψ
∂T

+ s
� �

_T − ρ
∂ψ
∂~∇T

+~s
� �

� ~∇ _T + σ : _εir −
∂ψ
∂αn

: _αn −
~q
T
� ~∇T ≥0 (38)

For simplicity, we assume that the terms σ − ρ ∂ψ
∂εe

� �
, ∂ψ

∂T + s
� �

and ∂ψ
∂~∇T

+~s
� �

do not depend on the rates of
the state variables respectively, then following standard arguments (Truesdell and Noll [78]), we obtain the
following state relations:

σ = ρ
∂ψ
∂εe

s= −
∂ψ
∂T

~s= −
∂ψ
∂~∇T

(39)

and the classical residual dissipation:

’V =’in +’th = σ : _εir −An : _αn −
~q
T
� ~∇T ≥0 (40)

Substituting the new dual relations into the first principle of thermodynamics yields the following form of
the heat equation:

ρT _s+ ρ _~s � ~∇T − ξ + div ~qð Þ−’in =0 (41)

In the case of rigid body conduction (no intrinsic dissipation), the free energy can be defined as follows:
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ρψ T, ~∇T
� �

= − ρCεT ln
T
T0

− 1
� �

−
M
2
~∇T � ~∇T (42)

where Cε > 0 and M > 0 are two positive material coefficients [53]. Using the state relations eq. (39), the
generalized heat equation is given by:

ρCε _T +M~∇ _T � ~∇T +div ~qð Þ=0 (43)

Taking into account the Fourier model of heat flux, the heat equation just becomes:

ρCε _T +M~∇ _T � ~∇T = κΔT (44)

Nguyen [53] considers the example of the small perturbation of a stationary temperature T0 xð Þ= T0 + gx=L,
in a 1D rigid rod 0, L½ �.

The associated linearized heat equation, using Fourier’s model of heat flux, can be expressed as:

ρCεT, t +
Mg
L

T, xt = κT, xx (45)

An elementary solution given in the work [53] shows that the thermal pulses propagate at finite velocity
given by −MgκL= ρ2C2

ε l
2L2 +M2g2

� �
with damping coefficient defined by ρCεκL2= ρ2C2

ε l
2L2 +M2g2

� �
.

4.2 Hyper-temperature (entropy gradient) model

In 2008, Forest and Amestoy [52] extended the classical thermodynamics of solids to incorporate a non-
trivial dependence of the internal energy density function on the gradient of entropy. The generalized heat
equation derived from this theory is shown to be different from existing models including gradient of
temperature effects in the free energy. In this theory, the additional contributions to the power of internal
and external forces are assumed, in the form:

Pint = −

ð
V

σ :~∇~v* + σs _s
* +~σs � ~∇_s*

� �
dV Pa = ρ

ð
V

_~v �~v*
� �

dV

Pext =
ð
V

ρ~f
u � _~u

*
+ f s _s* +~f

s � ~∇_s*
� �

dV +
ð
Γ

~F
u � _~u

*
+ Fs _s*

� �
dS

(46)

with, σs and ~σs (called hyper-temperature vector [52]) denotes micro-stresses. ~f u, f s, ~f s and ~Fu, Fs are the
simple and generalized body forces and contact forces respectively associated with ~u and s, and no micro-
inertia effects are attached to entropy.

Applying the principle of virtual power results in the following balance equations and associated
boundary conditions:

~∇ � σ + ρ~f u =0 in Ω
σ �~n=~Fu

on Γ

~∇ � ~σs −~f
s� �

− σa + f s =0 in Ω

~σs −~f
s� �

�~n= Fs on Γ

8<
:

8<
: (47)

Consequently, using the kinetic energy theorem, the local form of the energy balance follows:

ρ _e= σ : _ε+ σs _s+~σs � ~∇_s− div ~qð Þ + ξ (48)

Substituting the above extended rate of specific internal energy eq. (48) into the classical second law of
thermodynamics (eq. (4)) leads to the generalized Clausius–Duhem inequality:

ρ T _s− _eð Þ+ σ : _ε+ σs _s+~σs � ~∇_s−
~q
T
� ~∇T ≥0 (49)
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Considering thermoelastic solids and the set of state variables ε, s, ~∇s
� �

, the inequality eq. (49) becomes:

ρ T −
∂e
∂s

+
σs

ρ

� �
_s+ σ − ρ

∂e
∂ε

� �
: _ε+ ~σs − ρ

∂e

∂~∇s

� �
� ~∇_s−

~q
T
� ~∇T ≥0 (50)

from which the state relations are derived based on the Coleman–Noll standard arguments:

σ = ρ
∂e
∂ε

T =
∂e
∂s

−
σs

ρ
~σs = ρ

∂e

∂~∇s
(51)

and the residual thermal dissipation:

’V =’th = −
~q
T
� ~∇T ≥0 (52)

Substituting the state laws eq. (51) into the local energy balance equation (eq. (48)) leads to the classical
form of the heat equation:

ρT _s= − div ~qð Þ+ ξ (53)

Concerning the following internal energy density function, linearized around the reference entropy s0 in
rigid heat conduction:

ρe s, ~∇s
� �

= ρsT0 + ρ2
s− s0ð Þ2
4β

+
1
2
As~∇s � ~∇s (54)

where β and As are two positive material parameters. Using the derived state laws in eq. (51) and the Fourier
model eq. (12), the heat equation is derived as:

ρT0 _s= κΔT =
ρκ
2β

Δs− l2sΔ
2s

� �
(55)

where l2s =
2βAs
ρ2 is a characteristic length related to material parameters.

It is worth noting that this enhanced heat equation (eq. (55)) has the structure of the Cahn–Hilliard
equation in mass transport theory [81, 82]. The classical heat equation is retrieved for a vanishing intrinsic
length scale ls =0, or equivalently As =0, in the absence of prescribed external micro-forces. The additional
contribution in eq. (55) accounts for the size effects in heat conduction in micro-heterogeneous bodies.

By using the expressions of internal energy density function, the free energy density is given by:

ρψ T, ~∇T,Δs
� �

= − ρ T −T0ð Þs0 − β T −T0ð Þ2 + 2Asβ2

ρ2
~∇T � ~∇T

+ 4A2
sβ

2

ρ3
~∇T � ~∇ Δsð Þ+ βA2

s
ρ2 Δsð Þ2 + 2β2A3

s
ρ4

~∇ Δsð Þ � ~∇ Δsð Þ
(56)

The first line of the expression corresponds to the quadratic form in a linearized theory of rigid heat
conduction including the temperature gradient as state variables:

ρψT T, ~∇T
� �

= − ρ T − T0ð Þs0 − 1
2
ρCε

T0
T −T0ð Þ2 + 1

2
AT~∇T � ~∇T (57)

with β= ρCε=2T0 and ATT2
0 =AsC2

ε . The second line of the expression shows that the gradient of entropy and
gradient of temperature theories are not equivalent. If the parameter As is sufficiently small, the gradient of
temperature model eq. (57) can be regarded as an approximation of the gradient of entropy theory.

The generalized heat equation derived from the gradient entropy theory can be rewritten as:

ρCε _T +
AsC2

ε
T0

Δ _T +
A2
sC

2
ε

ρT0
Δ2 _s= κΔT (58)

If one considers a sufficiently small value of As, the last term in the left hand of eq. (58) can be neglected,
the heat equation becomes:
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ρCε _T + T0ATΔ _T = κΔT (59)

which is exactly the heat equation derived from the temperature gradient theory eq. (57). Note that the heat
equation (eq. (59)), derived from the gradient temperature theory, has the same form as the heat equation of
Cattaneo I (eq. (15)) taking τ= T0AT=κ.

5 Double temperature model

5.1 Aifantis’ double temperature model

A generalized heat equation has also been phenomenologically derived by Aifantis [54–56] based on a
double temperature mixture type theory. For the sake of brevity, we limit ourselves to the rigid body
assumption. In the case of a heat conducting two components system (indicated by 1 and 2), the following
two energy balance equations must be fulfilled:

ρ1 _e1 = −div ~q1ð Þ+ ξ 1 ρ2 _e2 = − div ~q2ð Þ+ ξ 2 (60)

In a mixture for which the particle densities are ρ1 = ρ2 = ρ=2, the macroscopic internal energy, heat flux and
effective temperature are defined as:

2e= e1 + e2 2~q=~q1 +~q2 2T = T1 + T2 (61)

In the absence of chemical reactions, the source terms are assumed to compensate ξ 1 + ξ 2 = 0. The entropy
production due to each constituent is assumed to take the form:

ρ_s1 + div
~q1
T1

� �
=π1 ρ_s2 + div

~q2
T2

� �
= π2 2π =π1 +π2 ≥0 (62)

Combining the balance equations of energy eq. (60) and the entropy inequality eq. (62), the reduced
Clausius–Duhem inequality is derived:

ρ 1−
1
T1

∂e1
∂s1

� �
_s1 + ρ 1−

1
T2

∂e2
∂s2

� �
_s2 + ρ

ξ 1
T1

+
ξ 2
T2

� �
−
~q1
T1

� ~∇T1

T1
−
~q2
T2

� ~∇T2
T2

≥0 (63)

Then, the state relationships linking partial temperature and entropies are derived based on the Coleman–
Noll arguments:

T1 =
∂e1
∂s1

T2 =
∂e2
∂s2

(64)

The residual dissipation:

’V =’th = ρ
ξ 1
T1

+
ξ 2
T2

� �
−
~q1
T1

� ~∇T1

T1
−
~q2
T2

� ~∇T2

T2
≥0 (65)

If the temperature variations remain sufficiently small, the generalized Fourier model is assumed to take
the form:

~q1
~q2

� �
= −

κ11 κ12
κ21 κ22

� 	
~∇T1
~∇T1

� �
(66)

and the generalized specific heat capacities Cij
� �

are also introduced in the form:

ρ1e1 =C11T1 +C12T2 ρ2e2 =C21T1 +C22T2 (67)
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Within the assumption of linear framework, the coupling term may be taken as proportional to the
temperature gap:

ξ 1 = − ξ 2 = h T2 −T1ð Þ (68)

where h is a coupling parameter (microscopic heat transfer).
Substituting the above state constitutive equations into the corresponding balance equations, the

following partial differential equations are obtained:

C11
d
dt − κ11Δ+ h C12

d
dt − κ12Δ− h

C21
d
dt − κ21Δ− h C22

d
dt − κ22Δ+ h

" #
T1

T2

( )
=

0

0

( )
(69)

Elimination of T1 and T2 leads to the following higher-order heat equation for the effective (global)
temperature:

_T + α€T − βΔ _T + γΔ2T = λΔT (70)

where,

α=
C11C22 −C12C21

h C11 +C22 +C12 +C21ð Þ β=
κ11C22 + κ22C11 + κ12C21 + κ21C12

h C11 +C22 +C12 +C21ð Þ

γ=
κ11κ22 − κ12κ21

h C11 +C22 +C12 +C21ð Þ λ=
κ11 + κ22 + κ12 + κ21
C11 +C22 +C12 +C21ð Þ

(71)

It must be noted that eq. (70) contains two more terms, the second time derivative and fourth space
derivative of temperature, compared with the heat equation of Cattaneo I (eq. (15)). The fourth-order spatial
derivative term can be neglected when the thermal conductivity of electron component κ11 is much larger
than the lattice component κ22, e. g. in pure metal [42]. This equation is also similar to Barenblatt’s
infiltration theory for the pore pressure in double porosity media [54].

5.2 Hyperbolic two-temperature model

As summarized by Sobolev [42], the double temperature model is still a parabolic heat equation. In order to
obtain hyperbolic heat equations of the two-temperature model, he adopts the Cattaneo equation eq. (17) as
the extension of the heat flux model. It yields the heat conduction equation for the electron and lattice
temperatures in the form:

∂T1

∂t
+ τ+ τ12ð Þ ∂

2T1

∂t2
+ ττ12

∂3T1

∂t3
= �κ

∂2T1

∂x2
+ l2

∂3T1

∂x2∂t
+ �Q+ τ+ τ2ð Þ ∂

�Q
∂t

+ ττ2
∂2�Q
∂t2

∂T2

∂t
+ τ+ τ12ð Þ ∂

2T2

∂t2
+ ττ12

∂3T2

∂t3
= �κ

∂2T2
∂x2

+ l2
∂3T2
∂x2∂t

+ �Q+ τ
∂�Q
∂t

8>><
>>: (72)

where τ is the electron relaxation time, τ12 =C1C2=α C1 +C2ð Þ is the characteristic time of energy exchange
between the electron and the lattice, α is the electron-phonon coupling factor, C1 and C2 are the electron
and lattice heat capacity, respectively, �κ = κ= C1 +C2ð Þ with κ is the electron thermal conductivity,
l=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κC2=α C1 +C2ð Þp

is the characteristic (internal) length scale, �Q=Q= C1 +C2ð Þ with Q is a heat source due
to laser irradiation, τ2 =C2=α is a characteristic warm-up time of the lattice.

If the heat source is omitted, the heat conduction equation can be written as:

_Ti + τ+ τ12ð Þ€Ti + ττ12 T
:::
i − l2Δ _Ti = �κΔTi (73)

In the work [42] a plane thermal wave T x, tð Þ= T0 exp i ωt − kxð Þ½ � is considered to examine the properties of
the heat equations. The dispersion relation for eq. (72) takes the form:
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iω3ττ12 +ω2 τ+ τ12ð Þ− iω 1 + τ2�κk2
� �

− �κk2 = 0 (74)

At the high frequency limit, eq. (74) implies that the temperature discontinuities propagate in the system
with finite velocity Vp =

ffiffiffiffiffiffiffiffiffiffiffiffi
κ=C1τ

p
, which depends only on the physical parameters of electron gas and is of

the order of Fermi velocity. In the intermediate frequency, the local equilibrium in the electron gas is
reached and energy is transferred into the bulk metal by diffusive transport of thermalized electrons and
from the electron gas to the initially cold lattice by electron-phonon coupling. In the low frequency, the
thermal equilibrium between electron and the lattice is reached, i. e. the energy exchange between the
electron gas and the lattice is negligible and energy transfer in the system is described by classical heat
conduction equation of parabolic type.

5.3 Generalized two-temperature model with nonlocal effects

To account for the spatial nonlocal effects (when the characteristic length scale of the process becomes
comparable with the mean-free path of heat carriers) due to large temperature gradients, Sobolevs [42]
extended Cattaneo’s equation with additional second-order space derivatives:

~q+ τ _~q= − κ~∇T + l2eΔ~q (75)

where le is the space nonlocality of the heat transfer process (correlation length), which for metal is of the
order of the mean-free path of electrons. It is worthy to note that eq. (75) is similar to the Guyer-Krumhansl
equation which can be derived from the linearized Boltzmann equation [34], the kinetic theory with more
general assumptions [83] or the framework of the non-equilibrium thermodynamics [36].

For the sake of simplicity, the material parameters are assumed to be constant and the extended heat
equation takes the form:

_Ti + τ+ τ12ð Þ€Ti + ττ12 T
:::
i − l2 + l2e
� �

Δ _Ti − l2eτ12Δ€Ti = �κΔTi +Q
eff
i (76)

where, the index i refers to the two temperatures, Qeff
i is the effective energy source, which is expressed as:

Qeff
1 = �Q+ τ+ τ2ð Þ _�Q− l2eΔ�Q+ ττ2€�Q− τ2l2eΔ

_�Q

Qeff
2 = �Q+ τ _�Q− l2eΔ�Q

(77)

Comparing with the hyperbolic two-temperature model eq. (72), the extended second-order space deriva-
tives of heat flux result in an additional fourth-order derivative of the temperature l2eτ12Δ€T, and additional
terms in the effective energy source. If le =0, eq. (76) reduces to eq. (73), which implies a hyperbolic type
with finite propagation of thermal waves. When le > 0, it is a parabolic function and discontinuities are
smoothed by diffusion associated with the effective thermal diffusivity.

6 Micro-temperature models

6.1 Continuum with micro-temperature vector

6.1.1 Heat equation of linear micro-stretch thermoelastic body using Grot’s theory

Based on the theory, established by Grot [61] dealing with thermodynamics of elastic bodies with micro-
structure whose microelements possess a micro-temperature vector, Iesan et al. [62, 75, 84–86] derived a
linear theory of micro-stretch thermo-elastic bodies with micro-temperatures. The second moment of the
stress tensor and the average micro-stress moment are neglected in the balance laws since these functions
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appear only nonlinearly in the field equations. The local forms of balance of energy and the balance of first
moment of energy can be expressed as:

ρ _e= σ :~∇~v + σ^ − σ
� �

: v +~σm _: :~∇v + div ~qð Þ+ ξ (78)

and

ρ _~em =~σm : ~∇v − v
� �

+div q
� �

+~q−~Q+~ξ (79)

with,~v is the velocity vector, σ^ is the micro-stress tensor, v denotes the micro-gyration tensor,~σm is the first
stress moment third-rank tensor, ~em represents the first moment of energy vector, q is the first heat flux
moment second-rank tensor, ~Q is the micro-heat flux average, and~ξ is the first heat supply moment tensor.

The local form of the second law of thermodynamics is modified to include the micro-temperature:

ρ_s− div
~q
T
+
q
T
�~TÞ− 1

T
ξ +~ξ �~T
� �

≥0
�

(80)

where ~T is the micro-temperature vector.
Concerning the linear micro-stretch elastic solid (see the work of Eringen [66]), the above entropy

inequality can be rewritten as:

ρ T _s− _e−~T � _~em
� �

+ σ : _ε+ σc : _k +~h � _~ζ − g _’+~σm : _ε− _’Ið Þ �~T +
~q
T
� ~∇T

+
~∇T
T

� q �~T − q :~∇~T + ~q−~Q
� �

�~T ≥0

(81)

with, ε= ~∇~u+~α � ~’, k = ~∇~’ and ~ζ = ~∇’ indicate the generalized strain tensors in the linear theory of micro-
stretch continua,~α denotes the alternating symbol, ~’ is the micro-rotation vector and ’ denotes the micro-
dilatation function, σc is the coupled stress tensor, ~h indicates the micro-stretch vector, g is the internal
body force, I denotes the identity tensor. Considering the following form of free energy:

ψ= e− Ts+~T �~em (82)

the inequality just becomes:

− ρ _ψ+ _Ts− _~T �~em
� �

+ σ +~σm �~T
� �

: _ε+ σc : _k +~h � _~ζ − g +~σm :I �~T
� �

_’+
~q
T
� ~∇T

+ ~∇TT � q �~T − q :~∇~T + ~q−~Q
� �

�~T ≥0
(83)

In the linear theory of thermodynamic materials with micro-temperature, the following constitutive equa-
tions [84] are obtained:

σ = ρ
∂ψ
∂ε

σc = ρ
∂ψ
∂k

~h= ρ
∂ψ
∂~ζ

g = − ρ
∂ψ
∂’

s= −
∂ψ
∂T

~em =
∂ψ
∂~T

(84)

and residual thermal dissipation:

’V =’th =~q � ~∇T −T0q :~∇~T +T0 ~q−~Q
� �

�~T ≥0 (85)

The linear approximations for the generalized heat fluxes are given by:

~q= κ � ~∇T +H �~T q= −P :~∇~T ~Q= κ −Kð Þ � ~∇T + H −Λð Þ �~T (86)

with, the constitutive coefficients κ, H, P, K and Λ satisfy the inequality equation (eq. (85)).
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By using the equations (eqs. (78), (79), (82) and (84)), and in the framework of the linear theory [84], the
following field equations of temperature and micro-temperature are obtained:

kΔT + k1div ~T
� �

− β0T0div ~vð Þ− β1T0 _’− c _T = − ξ

k6Δ~T + k4 + k5ð Þ~∇ div ~T
� �� �

+ μ1~α : ~∇ _~’− μ2~∇ _’− b _~T − k2~T − k3~∇T =~ξ

8><
>: (87)

where ki, βi, c and b are material constants.
Concerning the rigid body heat conduction (without body heat sources), the above generalized heat

equations become:

c _T = kΔT + k1div ~T
� �

b _~T = k6Δ~T + k4 + k5ð Þ~∇ div ~T
� �� �

− k2~T − k3~∇T

8<
: (88)

Combining the above two heat equations and considering the internal constraint that ~T = ~∇T, the general-
ized heat equation becomes:

c _T = k + k1 − k2 − k3ð ÞΔT − bΔ _T + k4 + k5ð ÞΔ2T (89)

If Δ2T is small enough, the above heat equation (eq. (89)) is equivalent to the one derived from the hyper-
temperature model (eq. (59)).

6.1.2 Heat equation in micromorphic continua using Green’s theory

Ieşan and Nappa [75] also deduced the heat equation in micromorphic continua, while using the thermo-
mechanical theory established by Green et al. [73]. In particular, he showed that in the linearized theory
according to this approach, heat can be transferred as thermal waves with finite speed. The heat equations
of linear theory for temperature and micro-temperature are given by:

a€T +mdiv _~T
� �

= kΔT

b €~T = d2Δ~T + d1 +d3ð Þ~∇ div ~T
� �� �

−m~∇ _T

8<
: (90)

where a, m, k, b and di are material constants.
Combining the above two heat equations and assuming that ~T = ~∇T, the generalized heat equation just

becomes:

a€T + 2mΔ _T + bΔ€T − d1 +d2 +d3ð ÞΔ2T = kΔT (91)

Compared with the heat equations (eqs. (88)) from Grot’s theory, eq. (90) predicts a finite propagation. For a
hypothetical medium in which m=0, eqs. (90) are uncoupled in the sense that the temperature is
independent of micro-temperatures. In this case the temperature satisfies the classical wave equation.
Moreover, it is interesting to note the similarity between the equations for micro-temperatures and the
Navier’s equations of motion.

6.2 Scalar micro-temperature and micro-entropy

Forest and Aifantis [56] proposed theories based on scalar micro-temperature and micro-entropy model, by
applying the micromorphic approach [76] to the temperature and entropy. They showed that the gradient of
entropy theory and gradient temperature theories can be regarded as a limit case of the micro-entropy and
micro-temperature theories. The formulations of micro-entropy model are now briefly reviewed in the
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purely thermal case. It assumes that there exist additional independent power of internal and external
generalized forces due to the introduced micro-entropy variable s

^
and ~∇s

^
. The virtual power of the

generalized internal forces [87] is enhanced:

Pint = −

ð
V

σ^a
_
s*
^

+~σ
^

b � ~∇
_
s*
^

� �
dV (92)

where σ^a and σ
!̂

b are generalized stresses or micro-forces according to Gurtin’s [82] terminology.

The virtual power of external generalized forces is expressed as:

Pext =
ð
Γ

F s
^ _
s*
^

� �
dS (93)

where FS
^

is the generalized contact forces.
In the quasi-static case, applying the generalized principle of virtual power results in the following

balance equation and the associated Neumann-type boundary condition:

~∇ � σ
!̂

b − σ
^

a =0 inΩ

σ
!̂

b �~n= F s
^

on Γ

8><
>: (94)

Accordingly, the first principle of thermodynamics is extended with the micro-entropy variable. The local
forms of the principles of thermodynamics are given by:

ρ _e= σ^a
_
s
^
+
~σ^b � ~∇ _

s
^
− div ~qð Þ+ ξ

ρ_s− ξ
T

� �
+ div ~q

T

� �
≥0

8<
: (95)

Using the classical relationship between internal energy and free energy (eq. (5)) yields the following
extended Clausius–Duhem inequality:

ρ T −
∂e
∂s

� �
_s+ σ^a − ρ

∂e

∂s
^

� �
_
s
^
+

~σ^b − ρ
∂e

∂~∇s
^

� �
� ~∇ _

s
^
−
~q
T
~∇T ≥0 (96)

The following state relations are derived based on the Coleman–Noll arguments:

T =
∂e
∂s

σ^a = ρ
∂e

∂s
^

σ
!̂

b = ρ
∂e

∂~∇s
^

(97)

and the residual dissipation:

’V =’th = −
~q
T
� ~∇T ≥0 (98)

Substituting the state laws eq. (97) into the local energy balance equation (eq. (95)) leads to the classical
form of the heat equation:

ρT _s= − div ~qð Þ+ ξ (99)

Within a linear context, the following quadratic energy potential [56] is defined:

ρe s, s
^
, ~∇s

^
� �

= ρsT0 + ρ2
s− s0ð Þ2
4β

+
1
2
H
^

s− s
^

� �2
+
1
2
A

s
^~∇s

^ � ~∇s
^

(100)

where β, H
^

and As are material parameters. The state relations are obtained:
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T =T0 + ρ
s− s0ð Þ
2β

+
H
^

s− s
^

� �
ρ

σ^a = −H
^

s− s
^

� �
σ
!̂

b =As~∇s
^

(101)

Combining the Fourier model (eq. (12)), the heat equation (eq. (99)), the relevant state relations (eq. (101))
and the balance equation (eq. (94)), the following generalized heat equation is obtained:

ρT0 _s= κ
ρ
2β

~∇2
s−

As

ρ
~∇4

s
^

� �
(102)

It should be noticed that this equation coincides with the heat equation (eq. (55)) derived from the gradient
of entropy theory, specialized for σ^a =0, when the following internal constraint is enforced:

s
^
= s (103)

As a result, the gradient of entropy theory can be regarded as a limit case of the micro-entropy model.

7 Heat equation from the micromorphic approach

7.1 Balance equations

In this section, the micromorphic temperature T
^

is introduced, based on the micromorphic approach [76],
into the constitutive equations as an additional degree of freedom (dof). It assumes that there exist extra
contributions to the virtual power from the micromorphic temperature. By using the generalized principle of
virtual power [87], the virtual power of internal forces is extended as (only the first gradient of micro-
morphic temperature is considered, for the sake of simplicity):

Pint = −

ð
V

σ : _ε* + ζ
_
T*
^

+~ζ � ~∇ _
T*
^

� �
dV (104)

where ~∇T
^

is the first gradient of the micromorphic temperature; ζ and ~ζ denote the generalized stress-like
variables with respect to micromorphic temperature and its first gradient respectively.

The virtual power of external forces (body forces and contact forces) is also enriched by the micro-
morphic thermal contributions:

Pext =
ð
V

ρ ~f
u � _~u* + f T

^

� _
T*
^

+~f
gT
^

� ~∇ _
T*
^

 !
dV +

ð
Γ

~F
u � _~u* + FT

^

� _
T*
^

� �
dS (105)

where~f u, f T
^

,~f gT
^

and ~Fu, FT
^

are the simple and generalized body forces and contact forces associated with
displacement, micromorphic temperature and its first gradient, respectively.

The virtual power of the generalized inertia terms (acceleration forces) is assumed as:

Pa =
ð
V

ρ €~u � _~u* + ς1
_
T
^ _
T*
^

+ ς2
€
T
^ _
T*
^

� �
dV (106)

with ςi represents the generalized mass of micromorphic temperature. Two thermal contributions are
introduced for the sake of generality. The first one mimics the mechanical acceleration and introduces
the second time derivative of the micromorphic temperature. The second one involves only the first time
derivative of the micromorphic temperature based on the idea of micro-kinetic energy in the spirit of the
kinetic theory of gas. Clearly, if ςi =0, the theory reduces to a micromorphic temperature model similar to
the micro-entropy model derived by Forest and Aifantis [56].
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It should be noticed that there are two kinds of inertia contributions (first and second time derivatives)
from micromorphic temperature. The first inertia term (second time derivative) is similar to the inertia of
displacement. The second inertia term (the first time derivative) is based on some justifications from kinetic
theory of gas, where the kinetic energy is proportional to temperature. In Ref. [88] it is recalled that Maxwell
and Boltzmann have developed a kinetic theory that yields a fundamental understanding of temperature in
gases. The kinetic theory assumes that pressure is caused by the force associated with individual atoms
striking the walls, and that this energy is translational kinetic energy. Using a sophisticated symmetry
argument, Boltzmann deduced what is now called the Maxwell–Boltzmann probability distribution function
for the velocity of particles in an ideal gas [89]. From that probability distribution function, the average
kinetic energy, Ek (per particle), of a monatomic ideal gas is:

Ek =
1
2
mv2rms =

3
2
kBT (107)

where kB is the Boltzmann constant, and vrms is the root-mean-square speed. It is reasonable to assume that
the temperature is function of velocity of particles. Then the first time derivative of temperature will result
in an acceleration term, which is a kind of generalized force. That is why we postulate that the generalized
thermal inertia [90, 91] (inertia of temperature) is proportional to the first and second time derivatives of
temperature.

The generalized principle of virtual power stipulates that the sum of the virtual powers of internal and
external forces balances the power of acceleration forces for all virtual velocity and microtemperature rate
fields (K.A. stands for kinematically admissible fields in the usual sense):

Pint
_~u
*
,
_
T
^
*

 !
+Pext

_~u
*
,
_
T
^
*

 !
=Pa

_~u
*
,
_
T
^
*

 !
∀ _~u

*
,
_
T
^
*

 !
K.A. (108)

The consequences are the following balance field equations and Neumann boundary conditions:

~∇ � σ + ρ~f u = ρ€~u in Ω
σ �~n=~Fu

on Γ

(
and

~∇ �~ζ − ζ
� �

+ ρ f T
^

− ~∇ �~f gT
^

 !
= ρ ς1

_
T
^

+ ς2
€
T
^

� �
in Ω

~ζ − ρ~f
gT
^

 !
�~n= FT

^

on Γ

8>>>><
>>>>:

(109)

7.2 Thermodynamics consistency and heat equation

Consequently, using the kinetic energy theorem, the first law of thermodynamics is extended because of the
introduction of the micromorphic temperature, while the second principle of thermodynamics remains
unchanged. The local forms of the two principles of thermodynamics can be expressed as:

ρ _e= σ : _ε+ ζ
_
T
^

+~ζ � ~∇ _
T
^

� �
−div ~qð Þ+ ξ

ρ_s+div ~q
T

� �
− ρ ς

T ≥0

8><
>: (110)

Substituting the Helmholtz-free energy ψ= e−Tsð Þ into the above local forms eq. (110) leads to the following
Clausius–Duhem inequality:

σ − ρ
∂ψ
∂εe

� �
: _εe − ρ s+

∂ψ
∂T

� �
_T + ζ − ρ

∂ψ
∂T

� �
_
T
^

+ ~ζ − ρ
∂ψ
∂~∇T

� �
� ~∇ _

T
^

+ σ : _εir −
∂ψ
∂αn

: _αn −
~q
T
~∇T ≥0 (111)
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For simplicity, we assume that the micromorphic temperature doesn’t dissipate and the terms

σ − ρ ∂ψ
∂εe

� �
, s+ ∂ψ

∂T

� �
, ζ − ρ ∂ψ

∂T
^

� �
and ~ζ − ρ ∂ψ

∂~∇T
^

� �
do not depend on the rates of the state variables respectively,

then following standard arguments (Truesdell and Noll [78]), we obtain the following state relations:

σ = ρ
∂ψ
∂εe

s= −
∂ψ
∂T

ζ = ρ
∂ψ
∂T

~ζ = ρ
∂ψ

∂~∇T
^

(112)

and the residual dissipation:

’V =’in +’th = σ : _εir −
∂ψ
∂αn

: _αn −
~q
T
� ~∇T ≥0 (113)

Substituting the state relations (eq. (112)) and free energy into the local form of the first principle of
thermodynamics yields the following form of the heat equation:

ρ_sT + div ~qð Þ − ξ −’in =0 (114)

For the sake of simplifications, in the next we focus on the rigid body heat transfer (’in =0). Using the state
relations, the above classical form of heat equation becomes:

ρT
∂s
∂T

_T − T
∂ζ
∂T

_
T
^

+
∂~ζ
∂T

� ~∇ _
T
^

 !
+div ~qð Þ− ξ =0 (115)

or

−T ρ
∂2ψ
∂T2

_T + ρ
∂2ψ

∂T
^

∂T

_
T
^

+ ρ
∂2ψ

∂~∇T
^

∂T
� ~∇ _

T
^

 !
+ div ~qð Þ− ξ =0 (116)

After substituting the balance equation of micromorphic temperature and neglecting the external
forces, the temperature and micromorphic temperature fields are found to be governed by a pair of
equations:

ρT ∂s
∂T

_T −T ∂ζ
∂T

_
T
^

+ ∂~ζ
∂T � ~∇

_
T
^

� �
+ div ~qð Þ− ξ =0

~∇ � ρ ∂ψ

∂~∇T
^

� �
− ρ ∂ψ

∂T
^ = ρ ς1

_
T
^

+ ς2
€
T
^

� �
8>><
>>: (117)

Combining the two equations in eq. (117) leads to the generalized partial differential micromorphic heat
equation associated to the Helmholtz-free energy:

ρT ς1
€
T
^

+ ς2 T
:̂::� �

− ρT
∂2ψ
∂T2

_T +
∂2ψ

∂T
^

∂T

_
T
^

− _T
� �

−
∂2ψ

∂T
^2

_
T
^

+
∂2ψ

∂T∂~∇T
^
−

∂2ψ

∂~∇T
^

∂T
^

 !
� ~∇ _

T
^

" #

− Tdiv ρ
∂2ψ

∂T∂~∇T
^
_T + ρ

∂2ψ

∂T
^

∂~∇T
^

_
T
^

+ ρ
∂2ψ

∂~∇T
^2 � ~∇

_
T
^

0
@

1
A+div ~qð Þ− ξ =0

(118)

where the temperature and micro-temperature variables are both present.

7.3 Special cases of the micromorphic heat equation

In this section specific constitutive expressions of the free energy and dissipation potentials are chosen in
order to derive explicit generalized heat equations within the micromorphic framework.
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7.3.1 Wave type heat equation

If the Helmholtz-free energy is defined as:

ρψ T,T
^

, ~∇T
^

� �
= − ρCT ln

T
T0

− 1
� �

− ρC
^

T
^

ln
T
^

T0
− 1

 !
−
1
2
M
^

T − T
^

� �2
+
1
2
M
^ g

~∇T
^ � ~∇T

^

(119)

where C and C
^

are the coefficients for local and micromorphic temperature, respectively. M
^

is the micro-
morphic temperature modulus coupling both the local and the micromorphic temperature. Mg

^

denotes the
micromorphic modulus related to the first gradient of the micromorphic temperature (for simplicity, the
moduli are assumed to be independent of local temperature and the isotropic case only is considered).

According to the deduced state laws eq. (112), the following stress-like variables are given by:

s= −
∂ψ
∂T =C ln T

T0
+ M

^

ρ T −T
^

� �
ζ = ρ ∂ψ

∂T
^ = − ρC

^

ln T
^

T0
+M

^

T − T
^

� �
~ζ = ρ ∂ψ

∂~∇T
^ =M

^ g
~∇T

^

(120)

Substituting the above free energy eq. (119) into the generalized heat equation eq. (118) leads to:

ρT ς1
€
T
^

+ ς2 T
:̂::� �

ρC
^

_
T
^

T
^
− ρC

_T
T
+ 2M

^ _
T
^

− _T
� �2

4
3
5− TM

^ g
Δ
_
T
^

+ div ~qð Þ− ξ =0 (121)

The heat equation can also be directly obtained from eq. (114) which provides an equivalent but shorter
expression of the heat equation (eq. (121)):

ρC _T + TM
^

_T −
_
T
^

� �
+ div ~qð Þ− ξ =0 (122)

This equation can also be obtained from eq. (121) after noting that:

Mg
^

ΔT
^

+ ρC
^

ln
T
^

T0
−M

^

T −T
^

� �
= ρ ς1

_
T
^

+ ς2
€
T
^

� �
(123)

which follows from the combination of the micromorphic balance equation eq. (109) and the state laws eq.
(120).

If the Fourier model of heat flux vector is chosen and neglecting the body heat source, the above
generalized heat equation will become to:

ρT ς1
€
T
^

+ ς2 T
:̂::� �

ρC
^

_
T
^

T
^
− ρC

_T
T
+ 2M

^ _
T
^

− _T
� �2

4
3
5− TMg

^

Δ
_
T
^

= κΔT (124)

It is interesting to consider the internal constraint which consists in forcing the difference between
temperature and micromorphic temperature to be close to 0. The micromorphic temperature model then
degenerates into a gradient of temperature model. After enforcing this constraint, the following generalized
heat equation is obtained:

ρTðς2T
:::

+ ς1€TÞ+ ρðC −C
^Þ _T −TMg

^

Δ _T = κΔT (125)

We may note that:
a) If ς2 = 0 (implying that the inertia is only proportional to the first time derivative of temperature), the

linearization of the heat equation (eq. (125)) leads to:
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ρT0ς1€T + ρ C −C
^

� �
_T − T0Mg

^

Δ _T = κΔT (126)

which has the same form as the generalized heat equations derived from the double temperature model in
eq. (70), provided that the fourth-order term in eq. (70) is small enough to be neglected (e. g. in pure metal,
the thermal conductivity of electron component is much larger than that of lattice component), if C −C

^

=Cε

holds.
b) If the two generalized heat capacities are equivalent C =C

^

, the heat equation becomes:

ρT0ς1€T −T0Mg
^

Δ _T = κΔT (127)

It is similar to the heat equation (eq. (91)) derived by Iesan and Nappa [75] in the absence of the fourth-order
derivatives, based on the balance laws of micromorphic continua established by Eringen [64, 65]. It involves
ρT0ς1 = a and Mg

^

= −m=T0.
c) In eq. (127), if Mg

^

=0 for a hypothetical medium or if Δ _T is relatively small compared with other two
terms, it indicates that the temperature satisfies the classical wave equation:

€T =
κ

ρT0ς1
ΔT (128)

This wave equation eq. (128) indicates a finite propagation velocity
ffiffiffiffiffiffiffiffi
κ

ρT0ς1

q
.

7.3.2 Double temperature type heat equation

If the coefficient of micromorphic temperature vanishes C
^

=0 is assumed for eq. (119), then the generalized
heat equation (eq. (125)) becomes:

ρCε _T + ρT0 ς2T
:::

+ ς1€T
� �

−T0Mg
^

Δ _T = κΔT (129)

The following special cases are derived:
a) If ς2 = 0, the linearized heat equation (eq. (129)) just becomes:

ρCε _T + ρT0ς1€T −T0Mg
^

Δ _T = κΔT (130)

which is the same with the classical two temperature model in eq. (70), if α= T0ς1=Cε, β=T0Mg
^

=ρCε, γ=0
and λ= κ=ρCε hold.
b) If ς1 = 0 (implying that the inertia is proportional to the second time derivative of temperature), the heat

equation (eq. (129)) is expressed as:

ρCε _T + ρT0ς2T
:::

−T0Mg
^

Δ _T = κΔT (131)

which is a third-order partial differential equation.

7.3.3 Hyper-temperature type heat equation

Considering the constrained micromorphic heat equation (eq. (129)), if we postulate that the inertia of
temperature is sufficiently small compared with other terms, the generalized heat equation becomes:

ρCε _T −T0Mg
^

Δ _T = κΔT (132)

which is exactly the heat equation derived from the temperature gradient theory (eq. (57)). It can also be
regarded as an approximation of the heat equation derived from the entropy gradient theory (eq. (58)), if
Mg
^

= −AT holds.
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7.3.4 Hyperbolic type heat equation

Let us now focus on the linearized heat equation (eq. (130)), for cases where the term Δ _T is sufficiently
small compared with other terms. The heat equation then is the same as the hyperbolic heat equation with
relaxation time:

ρCε _T + ρT0ς1€T = κΔT (133)

by taking ς1 = τCε=T0 holds.

8 Comparison of generalized heat equations based on a simple
example

In this section, the simple plane thermal wave eq. (21), which is a solution of the hyperbolic heat equation
with relaxation time, is adopted to examine the generalized heat equations derived above. Since the heat
equations, resulting from the Cattaneo I model (eq. (15)), the hyper-temperature (entropy gradient)
model (eq. (58) and eq. (59)), the microtemperature model using Grot’s theory (eq. (89)), and the micro-
temperature/micro-entropy model (eq. (102)), can be regarded as special cases of the heat equations from
classical two-temperature model of Aifantis (eq. (70)), as well as the hyperbolic and generalized two-
temperature heat equations have been analyzed by Sobolev [42], only the following three types of general-
ized heat equations will be analyzed:

FN Tð Þ= T, t +ANT, xt −BNT, xx =0
FD Tð Þ =T, t +ADT, tt −BDT, xx −CDT, xxt =0
FW Tð Þ=AWT, tt −BWT, xx −CWT, xxt =0

8<
: (134)

where FN Tð Þ is the generalized heat equation derived from Nguyen’s gradient temperature model (eq. (45)),
FD Tð Þ is the heat equation from the constrained micromorphic theory (eq. (130)) in double temperature type
with omitted fourth-order derivative, FW Tð Þ is the heat equation deduced from the micromorphic theory
which has the same structure as the micro-temperature model using Green’s theory (eq.). These coefficients
are given by: AN = Mg

ρCεL and BN = κ
ρCε

> 0, AD =
T0ς1
Cε
, BD = κ

ρCε
> 0 and CD =

T0Mg
^

ρCε
, AW = ρT0ς1, BW = κ > 0 and

CW =T0Mg
^

.
Substituting the assumed plane thermal wave solution, T x, tð Þ=T0 exp i kx −ωtð Þ½ �(eq.) with k is the

(complex) wave number indicating the attenuation of the amplitude of the propagating wave, w is the (real)
frequency, into the above nonlocal heat equations, leads to the following dispersion relationships:

− iω+ANkω+BNk2 = 0
− iω−ADω2 +BDk2 − iCDωk2 = 0
−AWω2 +BWk2 − iCWωk2 = 0

8<
: (135)

8.1 Solutions of Nguyen’s generalized heat equation

Let us write k = a + ib and substitute it into the dispersion relation (eq. (135)a), leading to:

−ω+ANbω+ 2abBNð Þi+ ANaω+BN a2 − b2
� �� �

=0 (136)

In order to satisfy the above equation, it requires:

ω=ANbω+ 2abBN

ANaω+BN a2 − b2ð Þ=0
�

(137)
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Solving the above nonlinear dispersion equations leads to the following velocity Vp and the attenuation
coefficient α:

Vp =
ω
Rek

= −
1
2
AN

BN
+

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 2ω A2

Nω−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A4
Nω2 + 16B2

N

q� �r
2
664

3
775 (138)

α=
1

Im kð Þ =
1

AN + 2BNVp
� �

ω
(139)

for lower frequencies A2
Nω � 4BN , the velocity is infinite; in high frequency A2

Nω � 4BN , the velocity
approaches the limit Vp � − 2Mg= κLð Þ and the attenuation distance is infinite.

Clearly, the heat equation provides a finite propagation speed of thermal waves in high frequency,
while requiring the coefficient g to be a negative number in order to obtain a positive velocity Vp, due to the
thermal conductivity coefficient κ > 0, material parameter M > 0 and the length L > 0 of the rod, are all
positive defined parameters in the literature [53]. Consequently, AN =Mg= ρCεLð Þ < 0 holds. It should be
noticed that it predicts an infinite velocity of thermal propagation at low frequency, in the case of existence
the attenuation of amplitude of thermal wave (k is complex), which differs from the classical Fourier model
and the hyperbolic heat equation with relaxation time. However, as shown in literature [53], the heat
equation gives a finite speed propagation of thermal wave with the help of k = i=l and ω are both complex
numbers.

8.2 Solutions of the heat equation in the double temperature theory

Let us take k = a+ ib and substitute it into the dispersion relation (eq. (135)b), leading to:

−ω+ 2abBD −CDω a2 − b2
� �� �

i+ −ADω2 +BD a2 − b2
� �

+ 2abCDω
� �

=0 (140)

In order to satisfy the above equation, it is required that:

ω= 2abBD −CDω a2 − b2ð Þ
ADω2 =BD a2 − b2ð Þ+ 2abCDω

�
(141)

Solving the above nonlinear dispersion equations results in the following velocity Vp and attenuation
distance α:

Vp =
ω
Rek

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 B2

D +C
2
Dω2

� �
ADBD −CDð Þ+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ADBD −CDð Þ2 + BD

ω +ADCDω
� �2q

vuut (142)

α=
1

Im kð Þ =
2 B2

D +C
2
Dω

2
� �

BD +ADCDω2ð ÞVp
(143)

a) At low frequency C2
Dω

2 � B2
D, the velocity Vp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2κω= ρCεð Þp
and α � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2κ= ρCεωð Þp
has the same form as

predicted by the classical theory based on Fourier’s model [32]. In the high-frequency limit C2
Dω

2 � B2
D,

the velocity approaches Vp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Mg

^

ω= ρς1ð Þ
q

and α � 2CD= ADVp
� � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Mg
^

= ρς1ωð Þ
q

. Clearly, the factor

Mg
^

=ς1
� �

should be positive (ADCD > 0) to have an infinite real velocity Vp of the propagation.
b) If AD =0, it yields the hyper-temperature heat equation (eq. (132)), or the heat equation from Cattaneo I

(eq. (15)), or the heat equation (eq. (89)) derived by Iesan [84] in the absence of the spatial fourth-order
term. The velocity and attenuation distance are given by:
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Vp =
ω
Rek

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 B2

D +C
2
Dω2

� �
−CD +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2
D +

BD
ω

� �2q
vuut (144)

α=
1

Im kð Þ =
2 B2

D +C
2
Dω

2
� �

BDVp
(145)

Clearly, for low frequency C2
Dω

2 � B2
D, the velocity Vp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2κω= ρCεð Þp
and α � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2κ= ρCεωð Þp
in

the high frequency limit C2
Dω

2 � B2
D, the velocity approaches Vp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 2T0Mg

^

ω= ρCεð Þ
q

and

α �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− 2 T0Mg

^
� �3

ω3= ρCεκ2ð Þ
r

, by taking Mg
^

< 0. this type of heat equations also predicts propagation at

infinite velocity.
c) If CD =0, it yields the hyperbolic heat equation with relaxation time (eq. (133)). The velocity and

attenuation distance are obtained:

Vp =
ω
Rek

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B2

D

ADBD +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ADBDð Þ2 + BD

ω

� �2q
vuut (146)

α=
1

Im kð Þ =
2BD

Vp
(147)

which are exactly the solutions given by the hyperbolic heat equation of Cattaneo II in eq. (20), correspond-

ing to the finite propagation of thermal waves: in low frequencies (ADω � 1), the velocity vp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κω=ρCε

p
and α=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2κ=ρCεω

p
, in high frequency limit (ADω � 1), the velocity vp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ= ρT0ς1ð Þp

and

α � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T0ς1κ= ρC2

ε
� �q

, by taking ς1 = τCε=T0.

8.3 Solutions of the heat equations in wave type

Taking k = a+ ib and substitute it into the dispersion relation (eq. (135c) gives:

2abBW −CWω a2 − b2
� �� �

i+ −AWω2 +BW a2 − b2
� �

+ 2abCWω
� �

=0 (148)

In order to satisfy the above equation, it is required that:

−AWω2 +BW a2 − b2ð Þ + 2abCWω=0
2abBW −CWω a2 − b2ð Þ=0

�
(149)

Solving the above nonlinear dispersion equations, yields the velocity Vp:

Vp =
ω
Rek

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 B2

W +C2
Wω2

� �
AWBW +AW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
W +C2

Wω2
q

vuut (150)

and the attenuation distance α:

α=
2 B2

W +C2
Wω2

� �
AWCWω2ð ÞVp

(151)

for low frequencies (C2
Wω2 � B2

W ), the finite velocity vp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ= ρT0ς1ð Þp

and the attenuation distance is

infinite; in high-frequency limit (C2
Wω2 � B2

W ), the velocity approaches vp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2T0Mg

^

ω
q

and

α �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2T0Mg

^

=ω
q

=ρT0ς1, by taking the two parameters ς1 and Mg
^

being positive.
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Clearly, the velocity given by eq. (150) also predicts the infinite speed of thermal propagation, and this
infinite propagation is caused by the term Δ _T in eq. (126). If CW =0 for a hypothetical medium, or if the term
Δ _T is sufficiently small compared with other two terms to be neglected, the velocity is finite:

Vp =
ω
Rek

=

ffiffiffiffiffiffiffi
BW

AW

r
=

ffiffiffiffiffiffiffiffiffiffiffiffi
κ

ρT0ς1

r
(152)

which is exactly the velocity of the wave equation eq. (128). The attenuation distance is infinite.

9 Conclusions

In this work, the micromorphic approach, initially developed by Mindlin and Eringen in the mechanical
context, has been applied to the problem of heat transfer by means of a generalized principle of virtual
power. For that purpose, an independent microtemperature field is introduced and its gradient is assumed
to contribute to the free energy density function. The proposed phenomenological method has been shown
to lead to a pair of coupled generalized heat equations. The model identically satisfies the local condition of
positive dissipation rate. The constrained case for which the microtemperature coincides with the tempera-
ture itself is of particular interest because it can be compared to the various extensions of the heat equation
available in the literature. The proposed equation is enhanced by essentially three new contributions which
were illustrated in the linearized case. The three terms affect the transient thermal behavior of the material
only. The first new term is related to the Laplacian of the temperature rate, a contribution which was
proposed first by Cattaneo in an early version of his theory. A second contribution is proportional to the
second time derivative of the temperature which changes the usual heat equation into a hyperbolic
equation with a positive characteristic time. The last term associated with the third time derivative of
temperature remains rather unexplored even though it is present in some generalized theories found in the
literature.

The proposed theory was shown to differ from existing thermomechanical extensions of Eringen’s
micromorphic model that rely on the introduction of a microtemperature vector akin to a relaxed tempera-
ture gradient. It has also been compared to the effective heat equation arising from the double temperature
model involving two coupled heat equations and leading also to fourth-order spatial derivatives:
– The hyperbolic heat equation of Cattaneo II with relaxation time can be obtained from the thermo-

dynamically consistent micromorphic heat equation by neglecting the nonlocal effects of the
temperature.

– The classical, hyperbolic and generalized two-temperature models can be also retrieved from the
micromorphic heat equations.

– Both the micro-temperature heat equation using Green’s theory and the micromorphic heat equation
provide a pair of governing equations for local and micro/micromorphic temperature. And the classical
wave equation can be obtained from their constrained heat equations.

The proposed theory allows for a direct coupling with the mechanics of materials and is thought to be
useful for the simulation of fast heat and mechanical treatments of materials including metal forming at
high speeds, laser surface treatments of materials, etc. The nonlocality in the proposed theory resulting
from the introduction of the gradient of micromorphic temperature could be an alternative to the analysis of
heat transport based on enhanced heat fluxes. Applications are expected in nano-structured media and
nanosystems, but also for fast material processing and surface treatments. The work performed by Saanouni
and Hamed [77] for finite time-independent plasticity will be extended to the thermomechanical processes
(finite viscoplasticity) using the generalized heat equation based on the present model of micromorphic
temperature.
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