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Models for polycrystals : Voronoi mosaics
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Meshing polycrystals : Voronoi cells

multiphase elements free meshing
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Morphological and crystallographic texture
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cupro–beryllium alloy
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Parallel computing

old chicken
farm...
60 PC bipro
Pentium IV
768 Mo
30 Go
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Parallel computing

new chicken
farm!
80 PC bipro
Opteron
8 Mo
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Parallel computing
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Subdomain decomposition method
Zset code (www.nwnumerics.com, www.mat.ensmp.fr): FETI
method (Finite Element Tearing and Interconnecting Method)
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Boundary conditions for material volume elements

• Kinematic uniform boundary conditions (KUBC) :

u = E∼.x ∀x ∈ ∂V

< ε∼ >=
1

V

∫
V

ε∼ dV = E∼ and Σ∼ =̂ < σ∼ >=
1

V

∫
V

σ∼ dV

• Static uniform boundary conditions (SUBC) :

σ∼ .n = Σ∼ .n ∀x ∈ ∂V

< σ∼ >=
1

V

∫
V

σ∼ dV = Σ∼ and E∼=̂ < ε∼ >=
1

V

∫
V

ε∼ dV

• Periodicity conditions (PERIODIC) :

u = E∼.x + v ∀x ∈ V , v periodic

Computational mechanics of microstructures 11/55



Plan

1 Computational mechanics of microstructures
Morphology and meshing of polycrystals
Exercise: boundary conditions for computing volume elements

2 Computing strain heterogeneities in polycrystals
Representative volume element for polycrystals
Parallel computing of polycrystalline aggregates

3 Homogenization models for polycrystals

4 Texture evolution during the deformation of polycrystals

5 Grain size effects in polycrystals
Cosserat single crystal plasticity
Hall–Petch behaviour



RVE for elastic copper crystals

isotropic texture

Fri Aug 22 15:56:49 2003
  /home/users/elhou/c18_417g_dhc/Per_400gr/TEST_RESOL/Mesh.ps

self-consistent model
Voigt and Reuss bounds
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C11 = 168400 MPa, C12 = 121400 MPa, C44 = 75390 MPa

cubic elasticity a = 2C44/(C11 − C12) = 3.2
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RVE for polycrystalline thin films?

periodic or mixed boundary conditions

The RVE does not exist for
a one–grain thick polycrys-
talline layer

self-consistent model
Voigt and Reuss bounds

mixed PERIODIC–SUBC C66
PERIODIC C44
PERIODIC C66

KUBC C44
KUBC C66
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However 3 to 5 grains within
the thickness are sufficient
to reach bulk properties...

[El Houdaigui, 2004]
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Elastoplastic deformation of polycrystalline
aggregates
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RVE for the polycrystal cumulative plastic strain
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Macroscopic response
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Mean response per grain
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Local response in one grain
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Local response in one grain
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Ingredients of mean field theory

• Macroscopic quantitied

Σ∼ ,E∼,E∼
p

• Mean values per phase

σ∼
g , ε∼

pg , γsg

• Taylor model
ε∼

pg = E∼
p =⇒ σ∼

g 6= Σ∼

• Static model
σ∼

g = Σ∼ =⇒ ε∼
pg 6= E∼

p

• Self–constitent estimates

σ∼
g 6= Σ∼ , ε∼

pg 6= E∼
p
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Self–consistent scheme

[Kröner, 1961]

Homogenization models for polycrystals 23/55



Scale transition rules

• Secant and tangent approximations

Σ̇∼ = L∼∼
eff : Ė∼

• Lin and Kröner estimates (' Taylor)

σ̇∼ = Σ̇∼ + µ(Ė∼
p − ε̇∼

p)

• Berveiller and Zaoui’s estimate (1979)

σ∼ = Σ∼ + µα(E∼
p − ε∼

p)

elastoplastic accommodation coefficient α varying from 1 to
0.01 during deformation

• limitations : elastoviscoplasticity, radial and monotonic
loading, no real grain morphology, limited interaction between
grains, estimation that may be out of the theoretical bounds,
difficult to estimate strain heterogeneities inside the grains...
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Identification of scale transition rules

E∼ = E∼
e + E∼

p, Σ∼ = C∼∼
: E∼

e , Σ∼ =

Ng∑
g=1

fg σ∼
g , Ė∼

p
=

Ng∑
g=1

fg ε̇∼
pg

σ∼
g −→ ε̇∼

pg according to the constitutive equations of single
crystal plasticity
Example of efficient parametrized scale transition rule:

σ∼
g = Σ∼ + C

(
B∼ − β

∼
g
)

, B∼ =

Ng∑
g=1

fg β
∼

g , β̇
∼

g
= ε̇∼

pg − D ε̇pg
eq β
∼

g

intergranular plastic accommodation variables β
∼

with the nonlinear
evolution law

scale transition parameters : C ,D 6= material parameters

identification procedure, inverse approach
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Texture evolution (FCC)
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Texture evolution (FCC) (tension F33 = 1.7)
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Texture evolution (FCC) (compression F33 = 0.3)
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Texture evolution (FCC)
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Texture evolution (FCC) (rolling F33 = 0.66)
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Texture evolution (FCC) (rolling F33 = 0.43)
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Texture evolution (FCC) (rolling F33 = 0.43)
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Texture evolution (FCC)
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Texture evolution (FCC) (rolling F33 = 0.88)
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Texture evolution (FCC) (rolling F33 = 0.43)
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Texture evolution (FCC) (rolling F33 = 0.43)
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Texture evolution (FCC) (anisotropic initial texture)
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Texture evolution (FCC) (torsion F12 = 0.55)
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Texture evolution (FCC) (torsion F12 = 0.77)
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Texture evolution (FCC) (torsion F12 = 1.00)
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Dislocation density tensor

F

P E

F

p eK

K

K

E
P

resulting Burgers vector

b =

∮
c

E∼
−1. dx

b =

∫
S

α∼ .n dS

with

α∼ = −curl∼ E∼
−1

in other words,

α∼ =< b ⊗ ξ >
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Nye’s relation (1953)

α∼ = K∼
T − (traceK∼ )1∼

lattice curvature tensor

K∼ = φ ⊗∇

lattice curvature due to
edge dislocations
lattice torsion due to screw
dislocations
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Cosserat continuum mechanics

µ

µ

+=

µ

σ

σ

σ
σ

σ11 31

11

31

21

12

32
22

L

1

2

isotropic elasticity :

σ∼ = λ 1∼ Tr e∼
e + 2µ {e∼

e} + 2µc
}e∼

e{

µ
∼

= α 1∼ Trκ∼
e + 2β {κ∼

e} + 2γ }κ∼
e{

kinematics
d.o.f. u ,Φ
Cosserat deformation :

eij = ui ,j + εijkΦk

curvature tensor :

κij = Φi ,j

statics
balance of momentum :

σij ,j + fi = 0

balance of moment of mo-
mentum :

µij ,j − εijkσjk + ci = 0Grain size effects in polycrystals 46/55



Cosserat crystal plasticity model

]F∼ = R∼
T .F∼, ]K∼ = R∼

T .K∼

multiplicative/additive decomposition

]F∼ = ]F∼
e .]F∼

p, ]K∼ = ]K∼
e .]F∼

p + ]K∼
p

]Ḟ∼
p
.]F∼

p−1 =
nX

s=1

γ̇s ]P∼
s

]K̇∼
p
.]F∼

p−1 =
nX

s=1

 
θ̇s
⊥

l⊥

]Q
∼

s
⊥ +

θ̇s
�

l�

]Q
∼

s
�

!
]P∼

s = ]m s ⊗ ]n s

]Q
∼ ⊥ = ]ξ ⊗ ]m , ]Q

∼ � =
1

2
1∼−

]m ⊗ ]m

F

p eK

K

K

E
P

generalized Schmid law

τ s = P∼
s : σ∼

s

νs = Q
∼

s : µ
∼

s

γ̇s =<
| τ s | −r s

k
>n signτ s

θ̇s =<
| νs | −l⊥r s

c

l⊥kc
>nc sign(νs)

hardening law r s = r0 + q
nX

r=1

hsr (1− exp(−bv r )) +R(| θs |), r s
c = rc0
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Grain size effects in polycrystals

150µm 10µm

plastic strain 0.00045
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Lattice curvature in a ferritic steel

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 rad/mm

' 1− 10◦/µm

additional hardening Rs(θs) = Qc

√∑
r

|θr |

[Zeghadi, 2004]
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Grain size effect in a ferritic steel

Microplasticity: plastic strain
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[Zeghadi, 2004]
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Grain size effect in a ferritic steel

Microplasticity: lattice rotation

0.00075
0.0015

0.00225
0.003

0.00375
0.0045

0.00525
0.006

0.00675
0.0075

0.00825
0.009

0.00975
0.0105

min:0.000001 max:0.009853

0.001
0.002

0.003
0.004

0.005
0.006

0.007
0.008

0.009
0.01

0.011
0.012

0.013
0.014

min:0.000000 max:0.010442

150µm 10µm

[Zeghadi, 2004]
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Grain size effect in a ferritic steel

Microplasticity: lattice curvature
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Grain size effect in a ferritic steel

Microplasticity : local stresses
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Grain size effects in a ferritic steel
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