Rheology

e Onedimensional rheology

e Elastoplasticity, viscoelasticity, viscoplasticity

e Basic models

e Classical plasticity criteria
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Plastic behavior for monotonic tensile loading
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a. Elastic—perfectly plastic b. Elastic— linear plastic

Elastoplastic modulugyr = do/de.

The elastoplastic modulus is zero for perfectly plastic material,
constant for a linear elastoplastic behavior; it depends on plastic
strain in the general case
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Various regimes in plasticity
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Basic ingredients of the model :
- Strain partition assumptiorsinall perturbation analys)s ¢ = ¢° + &
- Theelastic domain, defined by a functiorf

- Hardening, defined througthardening variables, Y7.
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Building bricks for material modeling
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Various types of rheologies

e Time independent plasticity
e=¢e°+¢eP de? = f(...)do

e Elastoviscoplasticity
e=¢e“+¢P deP = f(...)dt

e Viscoelasticity
F(o,6,e,6) =0
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Time independent plasticity
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Elastic—perfectly plastic material

flo)=lo| -0y

— Elasticity domain if.  f< 0 (e=¢e“=06/F)
— Elastic unloading it f=0 andf<0 (¢ =¢°=06/F)
— Plastic flow . f=0 andf=0 (¢ =¢P)
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Prager’s rule

flo,X)=l|oc—X|—o0y with X = He?
Plastic flow iff f = 0 and f = 0.

of . of .

sign(oc — X ) — sign(c — X) X =0
c=X,and: & =5/H

The state variable is plastic strain
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Generic expression for onedimensional time independent plasticity

— Elastic domainif : f(o0,Y;)<0 (6 =0/F)
— Elastic unloading if  f(c,Y;)=0 andf(o,Y;)<0 (é=06/FE)
—Plasticflowif  : f(o,Y;))=0 andf(c,Y;)=0 (¢ =6¢/E +¢€P)

Consistency condition
f(o-a }/Z) =0
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Two hardening types
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a. Isotropic

f(o,R) = |o| — R — o,
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b. Kinematic

flo,X) =|oc —X| -0y,
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Isotropic hardening model

dR/dp = H (p, accumulated plastic strain : p = |€P|)
f(U7R) — |0'| _R—O'y

Plastic flow iff f = 0and f = 0

of . Of -
8—O_U—|—£ =0

sign(c)c — R=10

& = sign(c) R,and: p= sign(o)o/H

- Ramberg-Osgooda = o, + Kp™
- Exponential rule v = o, + (0, — 04,) exp(—bp)
The state variable is accumulated plastic strain
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Viscoelasticity
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d. Relaxation
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Elastoviscoplasticity

(H) 74
~STTB0T000Y-

(B) i :
—STTITBIL | .
(@,
o o

7777, >

a. Generalized Bingham model b. Behavior for tensile loading
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Generalized Bingham’s model
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a. Construction of the model e
b. Response under tensile loading

_ vp o UD
X = He Oy = TNE op < Oy

oc=X+o0,+0p

Boundary of the elastic domain reached whep = o,
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Equations of the model
Three regimes:

(@ &P=0 lol=lo—He"| <o,
(b) £P>0 op =0 —He"? —ne”? =g,
(c) €7 <0 o, =0—He"? —ne”? = —o,

(a) interior of the elastic domaind,| < o, )

(b) and(c) flow (|o,| = o, and|c,| = 0)

Let us sekk z >= maz(x,0) :

ne’r = (lo — X| —oy) sign(c — X)

or:.
gop — = /> sign(oc — X), with f(o,X) =|oc — X| — 0y
Ui
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Creep with Bingham’s model
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a. Viscoplastic straimersusime b. Evolution in the stress—viscoplastic

strain plan

o — ¢ .
gl = % (1 — exp (—E>> with: 7 =n/H
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Relaxation with Bingham’s model

A
A Transitoire: OA = BC

\B _TH
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a. Relaxation b. Erasing

Relaxation : AB
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A few classical models in viscoplasticity (1)

P = o(f), with »(0) = 0 ,¢ monotonic
Model with isotropic and kinematic hardening under tensile loading:
c=o0,+X+R+¢'(")=0,+ X+ R+ o0,

o, = f('P) is the Viscous stress, overstress from yield surface

- Concept of additive and multiplicative hardening.
- The elastic domain can shrink to the origin+£ 0).

0 0

VP = (?>nsign(a) : VP = (?)n (eP)™ sign(o)
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A few classical models in viscoplasticity (2)

VP — <M%> sign(o) : P = ¢y <M — > sign(o)

~ X| - R~ "
EVP = <‘O |K 0y> sign(oc — X)

— kinematic hardeningX is theinternal stresy,
— isotropic hardening + o, is thefriction stres$;
— hardening on the viscous stress s thedrag stress.
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Summary in plasticity and viscoplasticity
For both cases:

- elastic domain defined by the load functin< 0;

- Isotropic and kinematic hardenings

For plastic materials:

- plastic flow defined by the consistency conditign= 0, f = 0

- plastic flow istime independent
de? = g(o,...)do
For viscoplastic materials:
- viscoplastic flow is defined by the value of the overstrgss 0;

- possible hardening on the viscous stress;

- viscoplastic flow iftime dependent

de"? = g(o,...)dt
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State variables

e Isotropic hardening depend gntheaccumulated plastic straidefined as :
p = |”]

e Linear kinematic hardening depend ©h thepresent plastic strain

e Nonlinear kinematic hardening depend@defined as :

& = (1 — Dasign(eP)) P

asymptotic value ok = 1/
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Hardening variables

e |sotropic hardening :

e Linear kinematic hardening :

e Nonlinear kinematic hardeningX( = C'«) :
X = (C' = DXsign(eP)) &P

for tensile loading :
X = (C/D)(1 —exp(=De"))
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Flow

e Viscoplastic flow :

— X|—R— n
ép:<‘0 |KR 0y> sign(o — X)

e Tensile loading :

0 =0y + Q1 —exp(—be”)) + % (1 — exp(—DeP)) + K (eP)/"
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Tensile test

J11

200 Isotrope | Cin NL
Q 150 0

100
b 50 0

50 m C 7500
0 | | | | D 50
0 0.01 0.02 0.03 0.04 0.05

€11
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Cyclic Iso
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Cyclic Lin Kin
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I I I
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0 b 0
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-100 D 0
-200 |
' ' ' b. Linear kinematic hardening
-0.01 -0.005 0 0.005 0.01]
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Cyclic Nonlin Kin

011
200 oy, | 100
100 Q 0
b | O
’ C | 60000
-100 D | 400
-200 c. Nonlinear kinematic
-0.01 -0.005 0  0.005 0.0 hardening
€11
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Cyclic Iso + Nonlin Kin

011 |
2001 | s, | 100
100 L Q 50
: b 5
0 C' | 40000
-100 D 400
-200 d. Isotropic + Nonlinear
_0.01 -0.005 O 0.005 0.0] kinematic hardening

€11
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Role of each coefficient

a,, Initial yield stress
cyclic hardening or softening
convergence rate tQ

/ asymptotic value of X
convergence rate to/
viscous stress fai? = 157!

— 1 for high temperature

o foro, = R = X = 0, Norton model
e for o, = R = 0, no threshold (non linear viscoelasticity)

e for smallK, no more viscous effect{ time independent plasticity)
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Viscous stress

Viscous stress (MPa)
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No more strain rate effect fak — 0
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Viscous stress

Viscous stress with K=500MPa
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1 10 100
n

No more strain rate effect for high valuesof
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Phenomenological aspects
e Modeling of R,,, (assuming? ~ ¢ = 0.001s~1)

R, = R0+ QO+ (C/D)+ K x0.001"
e Modeling of Ry » (assuming? ~ ¢ = 0.001s~1)

Ry = RO+0Q(1—exp(—0.002x0))+(C'/ D) (1—exp(—0.002x D))+ x0.001/

e Modeling of the cyclic hardening curve (assumifg~ ¢ = 0.001s™ 1)

Ao /2 = R0+ Q)+ (C/D)tanh(DAeP/2) + K x 0.001/

e Secondary creep rate

o (7O R0

e Asymptotic stress in relaxation

0o = RO+ Q)+ (C/D)
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Chaboche’s model

***pehavior gen_evp

**elasticity isotropic young 160000. poisson 0.3
**potential gen_evp ep

*criterion mises

*flow norton K 300. N 7.
*kKinematic linear C 10000.
*kinematic nonlinear C 180000. D 600.
*Isotropic nonlinear RO  300. Q 100. b 10.
***return
o = + (1 — e~ ") isotropic
+ gP kinematic

+ (/D(1—e""¢")  kinematic

+ (ép)l/ Vviscous

— 8 material parameters
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Plasticity criteria
- Isotropic materials: - Invariants of the stress tensor:

I =trace(o) T
Iy =(1/2) trace(g)® = (1/2) gij0i

I3 =(1/3) trace(g)’ = (1/3) 04010k

- Invariants of the deviator:

s =g —(L/3)1

~Y

J1 =trace(a)
Jo = (1/2) trace(s)?
Js = (1/3) trace(s)’

0
(1/2) sijs;i
(

1/3) Siijk:Ski

- Let us set:

T =((3/2)s1585:)"" = ((1/2) (01 — 02)* + (02 — 03) + (03 — 01)2))075

= |o]|
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Physical meaning of .J

- sphere in the deviatoric stress space

- octahedral shear stress:
for a facet with a normal (1,1,1), the stress vector has the following nargpaand
tangentialr,., components:

Ooct — (1/3) Il 3 Toct — (\/5/3) J

- elastic energy (associated to the deviatoric pa# ete).
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Contour of the von Mises criterion in the deviatoric plane

Georges Cailletaud, Ecole des Mines de Paris, Centre desaviatix

TS denote the points which can be mapped on
pure tensile loading, CS the points which can
be mapped into pure compression (for instance a
biaxial loading, since a stress state for which the
only non zero stress arg = o2 = o IS equivalent

to os = —o), Cl a shear state loading
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Criteria insensitive to hydrostatic pressure

- von Mises

- Tresca

flg) = Max; jlo; — 04| — 0,

- Use of the third invariant

flg) = f(Jz2,J3)

Q
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Comparison between Tresca and von Mises

- for tension—shear loadings

. 0,5
— von Mises: flo,7) = (02 + 37’2) — oy
0,5
— Tresca: flo,7) =(c*+47%)"" — 0oy
- in the principal stress plane{, o3)
. 0,5
— von Mises: f(o1,02) = (01 + 05 —0102)  — 0y
— Tresca: flo1,02) = 02— 0y S 0<01< 09
flo1,02) = 01 —o0y S 0<o09< 0y
flo1,02) = o01—03—0, S 02 <0 <oy
(symmetry  with respectto the axigs = 09)

- in the deviatoric plane, von Mises = circle, Tresca = hexagone;

- in the space of the principles stresses, cylindres (1,1,1)
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Comparisons of Tresca and von Mises

AGIZ
Tm
Ty
- O'y O'y .~
0
- Tt
_Tm

a. Tension—shear (von Mises :
T = Uy/\/g, Tresca . = 0, /2)
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b. Biaxial tension
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Criteria sensitive to the hydrostatic pressure

- Drucker-Prager criterion

flg)=J -

Elastic yield in tensions,, , in compression-o, /(1 — 2 «)

Ojaj0.5

01

a. In the space of principle stresses
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f<O

1l — «

b. Inthe planl; — J
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Mohr-Coulomb criterion

flo) =01 — 03+ (01 + 03)sin ¢ — 2C cos ¢
(with o3 < 09 < 07)
T:| < —tan(o) T,, + C

- C cohesiong internal friction of the material

- If C'Is zero andp non zero, powder material.

- If ¢ I1s zero and”' non nul, purely cohesive material.
- K,,; compressive yield limitR,, :

flg)=Kyo1—03— R,

: 1 + sin ¢ o [T @ 2 cosopC
th K, = - Ty e -
W B = T g <4+2> = 1 aine
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Representation of Mohr-Coulomb’s criterion

In the deviatoric plane, one get a regular hexagon
(TS = 2+/6(C cos¢ — psin¢)/(3 + sin @),
CS =2v6(—Ccos¢+psing)/(3 — sin ¢))

O3
T ‘
f<O
0 3 O-1 >Tr o
OF] ‘

a. In Mohr’s plane
b. In the deviatoric plane
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’Closed” criteria

The material must also present plastic flow in compression:

- cap modelallow to close by means of an ellipse Drucker—Prager’s criterion,
- Cam—clay modédhas a curve defined by two ellipses in the plahe{ J)
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Anisotropic criteria

fla) = ((3/2) Hijri sij s)” — o, (ou Hijx1 0ij ki)

Hill's criterion,

- in orthotropy axes :

f(g) = (F(o11 — 022)* + G(o22 — 033)> + H(0ss — 011)? + 2 Loty + 2 Mo3s + 2 Nots) " o,

- transverse isotropy, 3 independent coefficients,
- cubic symmetry, one coefficient only
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Rheology

e Time independent plasticity
e=c¢e®+¢P de? = f(...)do
e Elastoviscoplasticity
e=¢e“+4¢P deP = f(...)dt

e Viscoelasticity

F(o,0,e,6) =0
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