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• First and second principles of thermodynamics

• Clausius-Duhem, dissipation
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• Standard models

• Kinematic nonlinear hardening

• Heat dissipation under cyclic loadings
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–Track the energy in the plastic process–
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First and second principle of the thermodynamics

- first principle :
dE

dt
=

∫
D

ρ
de

dt
dV = Ẇe + Q̇

(Ẇe = power of the external load,̇Q = heat received, E (e) specific internal energy, kinetic

energy neglected).

With q the heat flux vector andr the volumic heat :

ρ
de

dt
= σij ε̇ij + (r − div(q))

- second principle :

dS

dt
≥

∫
D

r

T
dV −

∫
∂D

qini

T
dS

then :
∫

D

(ρ
ds

dt
− r

T
+ div

( q
T

)
)dV ≥ 0

(entropy (specific) S (s),n outward normal to the surface∂D of the domain)
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Dissipation
Clausius-Duhem inequality
(the specific free energy isψ = e− Ts)

σij ε̇ij − ρ
dψ

dt
− ρsṪ − 1

T
q.grad(T ) ≥ 0

Application of the method of local state:
ψ depend on temperature andstate variablesαi

dψ

dt
=
∂ψ

∂T
Ṫ +

∂ψ

∂αi
α̇i

s = −∂ψ
∂T

σij ε̇ij − ρ
∂ψ

∂αi
α̇i −

1
T

q . grad(T ) ≥ 0 (4)

Intrinsic dissipation Φ1, thermal dissipation Φ2 :

Φ1 = σij ε̇ij − ρ
∂ψ

∂αi
α̇i Φ2 = − 1

T
q . grad(T )
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Heat equation

Decoupling of intrinsic and thermal dissipations, each of them must be positive

- Fourier’s law :

q = −k(T, αi) grad(T )

- heat equation in presence of mechanical strain:

div
(
k grad(T )

)
= ρCεṪ − r − σij ε̇ij + ρ

(
∂ψ

∂αi
− T

∂2ψ

∂T∂αi

)
α̇i (5)

(with Cε = T ∂s
∂T specific heat at a constant deformation)
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Thermo-elasticity (1)

• Zero elastic strain forσ∼
I , zero thermal strain forT I

• The state variable is elastic strain:αI ≡ ε∼
e in intrinsic dissipation

• No dissipation for an elastic isothermal perturbation around equilibrium, then

Φ1 = σ∼ : ε̇∼
e − ρ

∂ψ

∂ε∼
e

: ε̇∼
e = 0

This provides a definition for stress:

• Two state variables, two energetically conjugated variables:

State variable Conjugated variable

T entropys = −∂ψ
∂T

ε∼
e stressσ∼ =

∂ψ

∂ε∼
e

ψ is a thermodynamic potentialwhic characterizes reversible processes
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Thermo-elasticity (2)

Assume the following form for free energy:

ρψ = σ∼
I : ε∼

e +
1
2
λ (Tr ε∼

e)2 + µ ε∼
e : ε∼

e − 3KαTr ε∼
e(T − T I)

− 1
2
ρCε

T I
(T − T I)2

(1)

The stress is then:

σ∼ = ρ
∂ψ

∂ε∼
e

= σ∼
I + λTr ε∼

eI∼ + 2µ ε∼
e − 3Kα(T − T I)I∼

σ∼ − σ∼
I = λ

(
Tr ε∼

e − 3α(T − T I)
)
I∼ + 2µε∼

e

Variation of specific entropy:

ρs = −ρ∂ψ
∂T

= 3KαTr ε∼
e +

ρCε

T I
(T − T I)
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Temperature changes for elastic loadings

Temperature variation related to volume change:

(T − T I) = −3KαT I

ρCε
εe

ll

Cooling during tension

Loading curves

— isothermal :σ∼ − σ∼
I = λTr ε∼

eI∼ + 2µε∼
e

— adiabatic : σ∼ − σ∼
I =

(
λ+

9K2α2T I

ρCε

)
Tr ε∼

eI∼ + 2µε∼
e

No change on shear modulus, variation of the axial component
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Extension to dissipative processes

• Definition of state variablesαI and of hardening variablesYI

State variable Conjugated variable

T s = −∂ψ
∂T

entropy

ε∼
e σ∼ = ρ

∂ψ

∂ε∼
e

stress

αI YI = ρ
∂ψ

∂αI
state variables

• The intrinsic dissipation can be rewritten:

Φ1 = σ∼ : ε̇∼
p − YI α̇I = Z ż

with : Z = {σ∼ , YI} ; z =
{
ε∼
p,−αI

}
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Standard models (1)

• A model isstandardif one can find a potentialΩ ≡ Ω(Z ) such as:

ż =
∂Ω
∂Z

• If Ω is a convex function ofZ which includes the origin, the dissipation is

automatically positive, since:

φ1 = Z
∂Ω
∂Z

(all the points of the surfaceΩ are on the same side of the tangent plane defined by
∂Ω

∂Z
))

• One can also define (through the Legendre-Fenchel transform) a companion

potential in terms oḟz :

Ω∗(ż ) = max
Z

(Z ż − Ω(Z))

• A new potential, expressed asΩ∗(ż ) or Ω(Z ) must be introduced to characterize the

dissipative processes.
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Operational way for material model development

• Define a set of two potentials,ψ, Ω

• Derive the relation between state variables and hardening variables fromψ

• Derive thenatureof the hardening variables and their evolution rules fromΩ

In the following, example of isotropic and kinematic nonlinear hardenings; the choice for

the sets (YI , αI ) is:

Type of hardening State variable Conjugated variable

Isotropic hardening r R

Kinematic hardening α∼ X∼

NOTE: Previously,p for isotropic hardening,ε∼
p for linear kinematic hardening
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Viscoplastic standard model with isotropic and kinematic hardening (1)
Example using the von Mises criterion:

f(σ∼ ,X∼ , R) = J(σ∼ −X∼ )−R− σy =
(
(3/2)(s∼−X∼ ) : (s∼−X∼ )

)0,5 −R

Assume the following free energy:

ψ(T, ε∼
e, r,α∼) =

1
2
ε∼

e : Λ∼∼
: ε∼

e +
1
2
bQr2 +

1
3
Cα∼ : α∼

Viscoplastic potential:

Ω(σ∼ ,X∼ , R) =
n+ 1
K

(
f

K

)n+1

Viscoplastic flow:

ε̇∼
p =

∂Ω
∂σ∼

=
∂Ω
∂f

∂f

∂σ∼
= ṗn∼

with

ṗ =
∂Ω
∂f

=
(
f

K

)n

and n∼ =
∂f

∂σ∼
=

3
2

s∼−X∼
J(σ∼ −X∼ )
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Viscoplastic standard model with isotropic and kinematic hardening (2)

The state variable for isotropic hardening is found from:

ṙ = −∂Ω
∂R

= −∂Ω
∂f

∂f

∂R
= ṗ

The state variable for kinematic hardening is found from:

α̇ = − ∂Ω
∂X∼

= −∂Ω
∂f

∂f

∂X∼
= ṗn∼ = ε∼

p

It is thenmandatoryto choose accumulated strain for isotropic hardening and plastic

strain for kinematic hardening

R = bQp X∼ =
2
3
Cα∼ =

2
3
Cε∼

p

The choices made in the free energy providelinear hardening rules.
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Generalization of Hill’s principle

Maximize of the intrinsic dissipated power instead of just maximizeσ∼ : ε̇∼
p

Φ1 = σ∼ : ε̇∼
p − YI α̇I = σ∼ : ε̇∼

p − ψ̇p = Zż

With Z including stress and the hardening variablesYI ,

z including plastic strain and the state variables (-αI ) :

(Z − Z∗)ż ≥ 0

. . . with the constraintf ≤ 0.

Let us defineF(Z) = Zż − λ̇ f and search for the zero of∂F/∂Z

ż = λ̇
∂f

∂Z
then: ε̇∼

p = λ̇
∂f

∂σ∼
= λ̇n∼ ; α̇I = −λ̇ ∂f

∂YI
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Dissipation for a standard model

(1) Z actual maximizes the intrinsic dissipation;

equivalent to:

(2) the flow directionż is normal to the surface defined byf ; the domain defined byf is

convex.

If the domain defined byf includes (f=0), the dissipationΦ1 is automatically positive.
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Nature of the hardening variables

Example using the von Mises criterion:

f(σ∼ ,X∼ , R) = J(σ∼ −X∼ )−R− σy =
(
(3/2)(s∼−X∼ ) : (s∼−X∼ )

)0,5 −R

- kinematic hardening, α∼ ≡ ε∼
p

α̇∼ = −λ̇ ∂f

∂X∼
= λ̇

∂f

∂σ∼
= ε̇∼

p

- isotropic hardening, p

ṗ = −λ̇ ∂f
∂R

= λ̇

p, accumulated plastic strain, length of the strain path:

((2/3) ε̇∼
p : ε̇∼

p)0,5 =
(
(2/3) λ̇n∼ : λ̇n∼

)0,5

= λ̇

Under onedimensional loading,ṗ = |ε̇p|
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Non linear hardening (1)

kinematic and isotropic hardeningboth are needed for a realistic modeling of the

behavior

- standard framework

f(σ∼ ,X∼ , R) = J(σ∼ −X∼ )− σy −R+
D

2C
J2(X∼ ) +

R2

2Q

with J(X∼ ) =
(

3
2
X∼ : X∼

)0,5

- associated framework

f(σ∼ ,X∼ , R) = J(σ∼ −X∼ )− σy −R
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Non linear hardening (2)

α̇∼= −λ̇ ∂f

∂X∼
=

(
n∼ −

3D
2C

X∼

)
λ̇

ṙ = −λ̇ ∂f
∂R

=
(

1− R

Q

)
λ̇

The state variablesα∼ andr, define the hardening variablesX∼ etR :

ψ = ... +
1
2
bQr2 +

1
3
Cα∼ : α∼

X∼ =
2
3
Cα∼ ; R = bQr

- plastic multiplyier≡ accumulated plastic strain rate, butr 6= p

- for the case where the coefficients are constants:

Ẋ∼ =
2
3
Cε̇∼

p −DX∼ ṗ

Ṙ = b(Q−R)ṗ thenR = Q(1− exp(−b p))

Georges Cailletaud, Ecole des Mines de Paris, Centre des Matériaux UTMIS Course 2003 –Stress Calculations for Fatigue–4. Thermodynamics



Dissipated energy

Φ1=σ∼ : ε̇∼
p −R ṙ −X∼ : α̇∼

=
(

σ∼ : n∼ −R+
R2

Q
−X∼ : n∼ +

D

C
J2(X∼ )

)
λ̇

since σ∼ : n∼ −X∼ : n∼ = J(σ∼ −X∼ )

Φ1=
(
J(σ∼ −X∼ ) +

R2

Q
+
D

C
J2(X∼ )

)
λ̇

=
(
f + σY +

R2

2Q
+

D

2C
J2(X∼ )

)
λ̇

Dissipation :

- f λ̇, viscous dissipation;

- σY λ̇, dissipation (due to friction) related to initial threshold;

- quadratic terms, non–linearity of the hardening;
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Trapped energy

(≡ variation of free energy) :

ψ̇=R ṙ + X∼ : α̇∼

=Q(1− e−bp) e−bp ṗ+ X∼ : (n∼ −
3D
2C

X∼ ) ṗ
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Dissipation for time independent plasticity (1)

Φ1 = σ∼ : ε̇p −AI α̇I

Perfect plasticity linear kinematic hardening

no hardening variables α∼ ≡ ε∼
p

f(σ) = |σ| − σy f(σ,X) = |σ −X| − σy

ψ ≡ ψe ψp = 1
2Cα

2

Φ1 = σε̇p = σyṗ Φ1 = σε̇p −Xα̇ = σyṗ

Φ1 = σ∼ ε̇∼
p = σyṗ Φ1 = σ∼ ε̇∼

p −X∼ α̇∼ = σyṗ

since σ∼ : n∼ = J(σ∼) since (σ∼ −X∼ ) : n∼ = J(σ∼ −X∼ )
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Dissipation for time independent plasticity (1)
Nonlinear isotropic and kinematic hardening (1D), criterion :

f(σ,X,R) = |σ −X| −R− σy = 0

Φ1 = σε̇p −Xα̇−Rṙ

with α̇ = ε̇p − (D/C)Xṗ ṙ = (1− b
R

Q
)ṗ

Then

Φ1 = (σ −X)ε̇p −Rṗ+
D

C
X2ṗ+

R2

Q
ṗ

= |σ −X|ṗ−Rṗ+
D

C
X2ṗ+

R2

Q
ṗ

= σyṗ+
D

C
X2ṗ+

R2

Q
ṗ
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Dissipation for time independent plasticity (1)

Φ1 = σyṗ+
D

C
X2ṗ+

R2

Q
ṗ

For 1D tension:

Stored forever by the isotropic mechanism∫
Rṙ =

∫
R(1− R

Q
)ṗ =

∫
Q(1− exp(−bp)) exp(−bp) ṗ =

R2

2Q

Temporary stored by the kinematic mechanism∫
Xα̇ =

X2

2C
=

C

2D2
(1− exp(−Dεp))2
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A view on dissipated and stored energy for linear kinematic hardening
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A view on dissipated and stored energy for non linear kinematic
hardening
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Adiabatic RVE

The dissipated energy will produce a temperature changeṪ =
Φ1

ρC

@Class DISSIP : SIMUL_MODEL {

@Coefs young, K, n, R0, Q, b, C, D, H, rhoCp;

@VarInt eel, evcum, alpha, evi, wp, ws, tpr;

@VarAux X, R, sigeff, f;

@Observable sig, eto; };

@Derivative {

eto = eel + evi; sig = young*eel;

X = C*alpha; R = Q*(1.0-exp(-b*evcum));

sigeff = sig-X-H*evi;

f = fabs(sigeff) - R -R0;

if (f>0.0){

devcum = pow((f/K),n); devi = sign(sigeff)*devcum;

if (C>0.0) dalpha = devi - devcum*D*X/C;

dwp=sig*devi; dws=X*dalpha+R*exp(-b*evcum)*devcum;

dtpr=(dwp-dws)/rhoCp; }

if (load[0]=="sig") deel = dglobal[0]/young;

else if (load[0]=="eto") deel = dglobal[0] - devi; };
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Energy distribution in a tensile test
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How big is the temperature change during loading ?

Low rate loadings : tests by Chrysochoos (Univ. Montpellier) on various materials, Al

alloys, 316SS, SMA,. . .
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Temperature evolution on a tensile specimen

Experimental data on 2024-T4 alloy (Chrysochoos)

Georges Cailletaud, Ecole des Mines de Paris, Centre des Matériaux UTMIS Course 2003 –Stress Calculations for Fatigue–4. Thermodynamics



A view on stored energy: the ratio Wstored/Wplast

Experimental data on 2024-T4 alloy (Chrysochoos)
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Simulation of hardening and dissipation (simple model)

Tension curve FractionF = Wstored/Wplast
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Simulation of hardening and dissipation (complex model)

Tension curve FractionF = Wstored/Wplast
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Cyclic loadings

Georges Cailletaud, Ecole des Mines de Paris, Centre des Matériaux UTMIS Course 2003 –Stress Calculations for Fatigue–4. Thermodynamics



Temperature change under cyclic loadings (1)

2024 316 Stainless steel

Temperature variations for small elastic perturbations
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Temperature change under cyclic loadings (2)

2024 316 Stainless steel

Temperature variations for cyclic elastoplastic loading under strain control
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Determination of the fatigue limit

CEDIP IS–2001
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Damage on a suspension arm

CEDIP IS–2001
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Damage on a suspension arm

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •
• Amount of plastic power providing heat genera-

tion

Φ1 = σ∼ : ε̇∼
p − YI α̇I = β σ∼ : ε̇∼

p

• Physical meaning of hardening :
Hardening is the capability to store energy

• Stored forever: isotropic hardening

• Recoverable: kinematic hardening
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •

–Track the energy in the plastic process–
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