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Solution of non linear systems

f(x) = 0 rewritten as x = g(x)

Let us assume:

xn = s + εn resp. solution, error

Then:

xn+1 = g(xn) = g(s) + (xn − s)g′(s) + 1
2
(xn − s)2g′′(s)

• Convergenceiff: |g′| ≤ K < 1

• Order(linear, quadratic convergence ?)

? Order 1 :εn+1 ∼ g′(s)εn

? Order 2 :εn+1 ∼ 1
2
g′′(s)ε2

n , if g′ ≡ 0
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Fixed point method

∃ t such as g(x)− g(s) = g′(t)(x− s)

|xn − s| = |g(xn−1)− s| = g′(s)|xn−1 − s|
≤ K|xn−1 − s|

≤ ... ≤ Kn|xo − s|
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Newton method

Residual :

R(x) = 0

Taylor development :

R(xn+1) = R(xn) +

(
∂R

∂x

)
n

∆x + ...

To getR(xn+1) = 0, try

∆x = −
(

∂R

∂x

)−1

n

R(xn)

Quasi-Newton, replace

(
∂R

∂x

)−1

n

by K (constant during iterations)
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Order of Newton method

Writing :

xn+1 = xn −
f(xn)

f ′(xn)

Equiv to :

g(x) = x− f(x)

f ′(x)

g′(x) = 1− f ′2 − ff ′′

f ′2 =
ff ′′

f ′2 = 0

εn+1 ∼ ε2 ...order 2→ quadraticconvergence
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Order of Quasi-Newton method

Writing :

xn+1 = xn −
f(xn)

K

Equiv to :

g(x) = x− f(x)

K

g′(x) = 1− f ′

K

Linear convergence if|g′(x)| < 1
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Ordinary differential equations

• Differential systems of higher order can be reduced to 1, e.g.

d2y

dt2
+ q(t)

dy

dt
= r(t) ≡

dy

dt
= z(t)

dz

dt
= r(t)− q(t)z(t)

• General form:

{v̇} = {f} (t, {v}) ; {v} (t = t0) = {v}0

• Forward Euler:

{v} (t + ∆t) = {v} (t) + ∆t {v̇} (t, {v})
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Runge–Kutta (1)

Idea = Multiple evaluations on the same time increment

• Time incrementt → t + ∆t

• RK21 method, two evaluations, second order accurate

• RK34 method, four evaluations, fourth order accurate

Starts from Taylor:

{v} (t + ∆t) = {v} (t) + {v̇} (t)∆t + O(∆t2)

Let us note{δv1} = ∆t {v̇} (t)
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Runge–Kutta (2)

RK21

Mid-point evaluation:

{δv2} = ∆t {v̇}
(

t +
∆t

2
, {v} (t) +

1
2
{δv1}

)
= ∆t

(
{v̇} (t) +

∆t

2
{v̈} (t)

)
= {δv1}+

∆t2

2
{v̈} (t)

The{v̈} (t) term can be eliminated ({v̈} (t) = {δv2} − {δv1}) the method is then

second order accurate:

{v} (t + ∆t) = {v} (t) + {v̇} (t)∆t + {v̈} (t)
∆t2

2
+ O(∆t3)

{v} (t + ∆t) = {v} (t) + {δv2}+ O(∆t3)
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Runge–Kutta (3)

RK34

{δv1} = ∆t {v̇} (t, {v})

{δv2} = ∆t {v̇}
(

t +
∆t

2
, {v}+

1
2
{δv1}

)
{δv3} = ∆t {v̇}

(
t +

∆t

2
, {v}+

1
2
{δv2}

)
{δv4} = ∆t {v̇} (t + ∆t, {v}+ {δv3})

{v} (t + ∆t) = {v} (t) +
1
6
{δv1}+

1
3
{δv2}+

1
3
{δv3}+

1
6
{δv4}+ O(∆t5)
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θ–methods

Two solutions for the discretization:

{∆v} =

 ∆t {v̇} (t + θ∆t) type A

∆t ((1− θ) {v̇} (t) + θ {v̇} (t + ∆t)) type B
(1)

Solution using Newton method:

Type Residual{R} = {0} Jacobian
∂ {R}
∂ {∆v}

A {∆v} −∆t {v̇} (t + θ∆t) [1]−∆t
∂ {v̇}

∂ {∆v}

∣∣∣∣
t+θ∆t

B {∆v} −∆t ((1− θ) {v̇} (t) + θ {v̇} (t + ∆t)) [1]−∆t θ
∂ {v̇}
∂∆v

∣∣∣∣
t+∆t

Georges Cailletaud, Ecole des Mines de Paris, Centre des Matériaux UTMIS Course 2003 –Stress Calculations for Fatigue– 8. Numerical implementation



Gauss integration

r-point Gauss integration on a [-1:+1] segment:∫ +1

−1

f(t)dt =
r∑
1

wif(ξi)

gives exact result for a(2r − 1) order polynom

Evaluation atsampling pointsξi, combined withweigthing coefficientswi

Example, order 2:

f(t) = 1 2 = w1 + w2

f(t) = t 0 = w1x1 + w2x− 2

f(t) = t2 2/3 = w1x
2
1 + w2x− 22

f(t) = t3 0 = w1x
3
1 + w2x− 23

thenw1 = w2 = 1, andξ1 = −ξ2 = 1/
√

3
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Global algorithm

For each loading increment, do while‖{R}iter‖ > EPSI:
iter = 0; iter < ITERMAX; iter + +

1. Update displacements:∆{u}iter+1 = ∆{u}iter + δ{u}iter

2. Compute∆{ε} = [B].∆{u}iter+1 then∆ε∼ for each Gauss point

3. Integrate the constitutive equation:∆ε∼ → ∆σ∼ , ∆αI ,
∆σ∼
∆ε∼

4. Compute int and ext forces:{Fint({u}t + ∆{u}iter+1)} , {Fe}

5. Compute the residual force:{R}iter+1 = {Fint} − {Fe}

6. New displacement increment:δ{u}iter+1 = −[K]−1.{R}iter+1
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Anatomy of constitutive equations

Definitions:

• External parameters(ep) imposed as input

• Integrated variables(vint )

• Auxiliary variables(vaux ), just for output

• Coefficients(coef ), material parameters

• Primal and dual variables, prescribed variables and associated fluxes
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Primal and dual variables in various fields

problem primal dual

mechanics, small perturbation ε∼ σ∼

mechanics, large deformation F∼ Π∼
thermal pb (T,gradT ) (H, q)

diffusion concentration flux

electrostatics gradV E

magnetostatics rotA H

ε∼ strain tensor,F∼ deformation gradient,T temperature,V electric
potential,A potential vector,σ∼ Cauchy stress tensor,S∼ second

Piola–Kirchhoff stress tensor,H enthalpy,q thermal flux ,E electric
field H magnetic field.
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Generic interface for any constitutive equation
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Time discretization

∆α =

∫ t+∆t

t

α̇dtτ

Explicit integration: Substepping, Runge-Kutta.

Implicit integration:

Generalized mid-point rule (θ −method A):

∆α = α̇(t + θ∆t)∆t = α̇θ∆t

Trapezoidal integration (θ −method B):

∆α = ((1− θ)α̇t + θα̇t+∆t) ∆t = ((1− θ)α̇0 + θα̇1) ∆t

• 0 < θ < 1, θ = 0, explicit; θ = 1, implicit

• 0.5 < θ < 1, stable

• θ = 0.5, second order accurate
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Discretization of the strain increment

∆ε∼
p =

∫ t+∆t

t

ε̇∼
pdτ =

∫ t+∆t

t

ṗ(τ)n∼ (τ)dτ

With θ −method A

∆ε∼
p = ṗθn∼ θ∆t = n∼ θ∆p

• full implicit case:∆ε∼
p = n∼1∆p direction given by the final normal, this gives the popular

radial returnalgorithm
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Radial return algorithm

Trial stressfor a prescribed∆ε∼:

σ∼
∗ = σ∼ t + Λ∼∼

: ∆ε∼

Actual stressat t + ∆t:

σ∼ t+∆t = σ∼ t + Λ∼∼
: (∆ε∼−∆ε∼

p)

• The corrective term is oriented by the final

normal

σ∼ t+∆t = σ∼
∗ −∆pΛ∼∼

: n∼1

n1

 2µ∆ε
2µ∆ε p

σ σ
t ∆t+  t
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Generalized radial return algorithm

Closest point projection algorithm
For generalized normality rule:

∆ε∼
p =

∂f

∂σ∼
∆p ; ∆αI =

∂f

∂YI
∆p

Fluxes:

∆σ∼ = Λ∼∼
: (∆ε∼−∆ε∼

p)

∆YI = MI .∆αI

1

t
ΣΣ t+  t∆

ν

∆Σ =


∆σ∼

∆YI

 =


Λ∼∼

: ∆ε∼

0

−


Λ∼∼

0

0 M




∂f

∂σ∼

∂f

∂YI

 ∆p
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Generic form of the implementation

Find state variables increment,∆ε∼
e and∆αI , using strain partition rule and hardening

rules.

r∼e = ∆ε∼
e + ∆p n∼θ = ∆ε∼−∆ε∼

th−∆ε∼
tr...

rpI
= rpI

(ε∼
e, αI)

Jacobian matrix [J] =


∂r∼e

∂∆ε∼
e

∂r∼e

∂∆αI
∂r∼pI

∂∆ε∼
e

∂r∼pI

∂∆αI


Note :

∂r∼e

∂∆ε∼
e

= I∼∼
; N∼∼

=
∂n∼

∂∆σ∼
=

1
J

(
3
2
J∼∼
− n∼ ⊗ n∼

)
. . . accounts for normal rotation during the increment
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Incremental consistent tangent matrix

After convergence, d∆ε∼

0

 = [J]

 d∆ε∼
e

d∆αI

 . . . then

 d∆ε∼
e

d∆αI

 = [J]−1

 d∆ε∼

0



[J]−1 =

 H x

x x

, with [H] =
∂∆ε∼

e

∂∆ε∼

Consistent tangent matrix:

L∼∼c =
∂∆σ∼∼
∂∆ε∼

e
:

∂∆ε∼
e

∂∆ε∼
= Λ∼∼

: H
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(Visco-)plastic models with isotropic hardening

f(σ∼ , R) = J(σ∼ )−R− σy

J(σ∼ ) =
√

(3/2)s∼ : s∼ ; s∼ = σ∼ − (1/3) traceσ∼ ; σy = init yield

ε̇∼
p = ṗn∼ ; ṗ =

√
(2/3)ε∼

p : ε∼
p ; R = (1− exp(−bp))

Time independent (TI) behavior:f = 0

Time dependent (TD) behavior:ṗ =

〈
f

K

〉1/n

;

3D 1D tension

TI J(σ∼)−R− σY = 0 σ = R + σy

TD J(σ∼)−R− σy = Kṗ1/n σ = R + σy + K (ε̇p)1/n
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Implementation of (visco-)plastic models with isotropic hardening (1)

Unknowns =∆ε∼
e, ∆p

Time–independent plasticity:

r∼e = ∆ε∼
e + ∆p n∼ θ = ∆ε∼ −∆ε∼

th−∆ε∼
tr...

rp = f(σ∼ t+∆t) = 0

∆p is the increment of equiv (visco-)plastic strain
n∼ θ is the normal to the yield surface att + θ∆t

Time–dependent plasticity, replace previousrp by:

rp = ∆p−∆t Φθ(J −R, . . . ) = 0
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Implementation of (visco-)plastic models with isotropic hardening (2)

Time–independent plasticity:

[J] =

 I∼∼
+ θN∼∼ θ : Λ∼∼ θ∆p n∼ θ

Λ∼∼ 1 : n∼ 1 −H = −dR/dp


Incremental consistent operatorL∼∼ c versus tangent continuous operatorL∼∼ t

L∼∼ c = L∼∼ t − 4µ2∆pN∼∼
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Implementation of (visco-)plastic models with isotropic hardening (3)

Time–dependent plasticity, now

rp = ∆p−∆t Φθ(J −R, . . . ) = 0

AssumeΦ = K

(
∆p

∆t

)1/n

, then

∂Φ

∂∆ε∼
e

= 0 ;
∂Φ

∂∆p
=

K

n∆t

(
∆p

∆t

)−1+1/n
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θ–method, TI and TD plasticity (1)

 trial

time t

time t+    t∆

Time indep plasticity

time t

time t+    t∆

 trial

Time dep plasticity
increasing rate
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θ–method, TI and TD plasticity (2)

 trial

time t

time t+    t∆

Time indep plasticity

time t

time t+    t∆

 trial

Time dep plasticity
decreasing rate
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Implementation of models with multi-kinematic hardening (1)

Constitutive equations (i=1. . . N kinematic variables)

ε̇∼
e + ε̇∼

p = ε̇∼

α̇∼ i = ε̇∼
p − ṗD∼∼ i : α∼ i

ṙ = ṗ− ṗbr

Discrete counterpart

r∼e = ∆ε∼
e + ∆pn∼ −∆ε∼ = 0∼

r∼αi = ∆α∼ i −∆p n∼ + ∆pD∼∼ i : α∼ i = 0∼

rr = ∆r −∆p(1− br) = 0

rp = ∆p− φ(f, . . . )∆t = 0
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Implementation of models with multi-kinematic hardening (2)

∂r∼e

∂∆ε∼
e

= 1∼∼
+ θ∆pN∼∼

: Λ∼∼
(2)

∂r∼e

∂∆α∼ i
= ∆p

∂n∼
∂X∼ i

:
∂X∼ i

∂α∼ i
:

∂α∼ i

∂∆α∼ i
= −θ∆pN∼∼

: C∼∼
i (3)

∂r∼e

∂∆r
= 0 (4)

∂r∼e

∂∆p
= n∼ (5)

∂r∼αi

∂∆ε∼
e

= −∆p
∂n∼
∂σ∼

:
∂σ∼
∂ε∼

e
:

∂ε∼
e

∂∆ε∼
e

= −θ∆pN∼∼
: Λ∼∼

(6)

∂r∼αi

∂∆α∼ i
= 1∼∼

+ θ∆pD∼∼
i (7)

∂r∼αi

∂∆r
= 0 (8)

∂r∼αi

∂∆p
= −n∼ + D∼∼

i : α∼ i (9)

(10)
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Implementation of models with multi-kinematic hardening (3)

∂rr

∂∆ε∼
e

= 0∼ (11)

∂rr

∂∆α∼ i
= 0∼ (12)

∂rr

∂∆r
= 1 + θ∆p d (13)

∂rr

∂∆p
= b r (14)

∂rp

∂∆ε∼
e

= −∂φ

∂f

∂f

∂σ∼
:

∂σ∼
∂ε∼

e
:

∂ε∼
e

∂∆ε∼
e

= −θ∆tφ,fn∼ : Λ∼∼
(15)

∂rp

∂∆α∼ i
= θ∆tφ,fn∼ : C∼∼

i (16)

∂rp

∂∆r
= − ∂φ

∂R

∂R

∂r

∂r

∂∆r
∆t = θ∆tcφ,f (17)

∂rp

∂∆p
= 1 (18)
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Presentation of the material library Zmat

• Numerous material models, plususer material

• Interface with the classical FE softwares

• Provide automatic time stepping and consistent tangent stiffness

• Coefficients presenting unlimited dependence on internal variables

• ZeBFRoNT, automatic code generation

• MuLTiMaT concept, for recursive multiscale modeling
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ZeBFRoNT concept

• Preprocessor, using building bricks likeelasticity , flow , etc...

• Use a macrolanguage, with a limited number of keywords likeCoefs , StrainPart ,

derivative , implicit , etc...

• Generate C++ code
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Explicit programming with ZeBFRoNT
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Implicit programming with ZeBFRoNT
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Multimat capabilities (1)

• Use homogenization rules

? Localization rules

? Local constitutive equations (possibly multimat)

• Macroscopic level (0)

***behavior mori_tanaka

**material 0.65 matrice

*file matrice.mat

**material 0.35 fibre

*file elas.mat

*rota-

tion x1 0.2 0.3 0.4

x2 0.7 0.1 -0.3

***return

• Material at level (1) to be defined
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Multimat capabilities (2)

• Level 1
matrice.mat

***behavior berveiller_zaoui

**mu 75000. **nu 0.3

**material 0.50 austenite

*file austenite.mat

**material 0.50 ferrite

*file ferrite.mat

***return

fibre.mat

***behavior linear_elastic

**elasticity orthotropic

y1111 100000. y2222 120000.

... y3131 90000.

***return

• Level 2
austenite.mat

***behavior gen_evp

**elasticity isotropic

young 260000. poisson 0.3

**potential gen_evp ep

*flow plasticity

*isotropic constant

R0 130.

***return

ferrite.mat

***behavior gen_evp

...

***return
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What is inside Zmat ?
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Use of the material library Zmat
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Use of the material library Zmat
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Object oriented modular design in Zmat
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Isotropic and nonlinear kinematic model in Zmat
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Example of data files in Zmat
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Use of the material library Zmat
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Implementation of a Norton model in Zmat
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• Nothing else is needed

• Valid for explicit and implicit

integration mode

• All the coefficients are known

by the code, they can depend

on external parameters and

internal variables

• The variables are automatically

known by the code for postpro-

cessing
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Implementation of an aging model in Zmat
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Implementation of an aging model in Zmat
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• Valid for explicit mode

• The thermal dilatation can be

customized if needed

• Use of preprogrammed build-

ing bricks
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FE calcul

Parallel computations

• ZéBuLoN FE code

• Z-mat material library

• Computations on a linux PC cluster

• FETI method for parallel computation

(Farhat-Roux, coll. Onera/Feyel)
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Example of recent computations

Head engine

Exhaust manifold

Turbine blades
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Turbine blade: computation of several hundreds of cycles

Single crystal model
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Post-processing for lifetime prediction
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Performance of a PC cluster on the ”small” turbine blade

The CPU time is reduced by a factor of 13 with 8 processors !
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Use of a cycle skip technique
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Estimation of the cycle skip
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Skip history in the time-strain diagram
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Skip history in the time-stress diagram
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Comparison of the cycle skip technique with the direct calculation
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Computation of an exhaust manifold

345000 dof, Viscoplastic constitutive equations including aging

Mesh decomposition for parallel computing
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Computation of an exhaust manifold (2)

Life computed after 12 cycles
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Computation of an exhaust manifold (3)

Sensitivity of the constitutive equations
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Numerical implementation

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •
• Open framework needed to implement new

constitutive equations

• With parallel computing, problems in the range
105–106 can be solved

• Consistent lifeprediction rule

• MORE on aluminium alloys

• MORE on GS cast iron

• MORE on grey cast iron

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • •

–Do it yourself–
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